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Mon Toan

Ngay 04/09/2023
Thai gian lam bai: 180 phut ( khéng ké thoi gian phdt dé)

Cau 1. (5,0 di€m) Tim tt ca cdc ham s6 f : IR — R sao cho véi moi s6 thuc x; y, ta c6:

JU@+N+ /@S (SOD=x () +x+y (1)

Céu 2. (5,0 diém) Cho tam gidc ABC c6 dudng trdn ndi tiép (/) tiép xtic vdi BC,CA, AB tai D, E,F. H |3
hinh chiéu cia 4 trén BC. N 1a trung diém cud AH .Duwong thing qua D, N cit CA, AB I3n lvot tai
J,S;BJ c3t CS tai P.Céc duongthing DA, DP Ian luot cit (/) tai G, L. Goi EF cit BC tai X .

a) Chirng minhrang A4, P, X thang hang.
b) GoiK,T theo thit ty |a giao diém thit haicla D/, DN va (I). Ching minh: K,T,X thing hang.
c) Ching minh rdng bén diém B,C,G,L clng ndm trén mét duong tron.
Cau 3. (5,0 diém) Cho 56 nguyén duong n va p 13 s6 nguyén t818. Gid st n=gp+r véi 0<r< p—1va g
qp

nguyén duong. Bat. S, = Z(-'l)"'.C,'.;_k

k=0
a) Khi p =3, chira mét gid tri n nguyén duong Ién hon 5 sao cho S, chia hét cho p.
b) Chitng minh rdng néu p 13 wdcclia S, thi g lasé 8.

Céu 4. (5,0 diém) Tim tat ca cac s6 nguyén duong n sao cho cé thé phan chia tap {1,2.....3n} thanh » tip
con 3 phan t& roi nhau {a,b,c} sao cho b—a va c—b la céc s6 khac nhau trong tap {n—1,n,n+1}.




DAP AN DE KIEM TRA CHON 01 TUYEN HSG CAP TRUONG NAM HQC 2023-2024

Cau 1. Tim tat cd cdc ham s8 f : IR — R sao cho véi moi s6 thyc x; y, ta co:

SUQQ+»+ SN =x () +x+y (1)
Lo gidi:
+) Thay x =y =0 vao phwong trinh (1), tacd f(f(0))+ f(0)f(f(0))=0.
suyra f(f(0))=0 hodc f(0)=-1.
Ta xét cac truong hop sau:
+) Néu f(f(0))=0.
Thay y =0, vao phuong trinh (1), tacé f(f(x))= xf(0)+x,VxeR
Thay x = f(0) va st dung f(f(0)=0, taduoc f(0)= [f(0)) + f(0), hay /(0)=0.
Do dé f(f(x))=x véimoi xeR. Thay vao phuong trinh (1), ta c6
SU@+N+ 3 () =5 () +x+y,Vx,yeR,
Thay y b&i f(y) va st dung tinh d&i x(ng cla vé trdi, ta duoc
JU@+fON+fDf ()= +x+ (V) =xp+y+[f(x).
Dodd f(x)—x=f(y)—y véimoi x,yeR, hay f(x)=x+c.Thirlai,tacé ¢=0.
+) Néu f(0)=-1.
Thay y =0 vao phuong trinh dé cho, tacéd f(f(x)+ f(x)f(-)=0,VxeR.
T déysuyra f(f(=1)=-[f/(-DI.
Thay x =0 vao phuong trinh dé cho,tacd f(y-D)-F(f () =y.VyeR.
Két hop céc dang thire trén lai, ta co f(x—D+ f(x)f(-)=x,VxeR.
Thay v =—1 vao phuong trinh dé cho va stt dung f(f(-1)) = —f(=DT, talaicé
SU@=-D=fOLf(DF =x/(-D+x-1VxeR
Mt khac, ta cling ¢6 (=D f(f () + F)[f (DT =0,VxeR.
Cong vé theo vé& hai biéu thirc trén lai, tacd f(x)=[1+ f(-D]x+1,VxeR.
Thir lai, ta thdy khéng thda man.

Vay phuang trinh cé nghiém ham duy nhatla f(x)=x.

Cau 2. Cho tam gidc ABC cé dudng tron ndi tiép (1) tiép xtc véi BC,CA, AB tai D, E,F. H la hinh chiéu
cla 4 trén BC. N latrung diém cud AH . Dudng thang qua D, N cit CA, AB lan lwot tai J,S;BJ cit CS
tai P. DA,DP Ian luot cat (/) tai G,L.Goi EF cit BC tai X .




d) Chirng minhrang A4, P, X thang hang.
e) GoiK,T theo thity |a giao diém th haicla DI, DN va (I).Chiéng minh: K,T,X thang hang.
f) Chitng minh riang bén diém B,C,G, L clng ndm trén mot dwong tron.

Lo giai:

Trong |di gidi nay ki hidu ZZ chi tiép tuyén véi (1) tai diém Z thudc (/).
Goi X', Q theo th ty 12 giao diém cla BC véi AP,GL
Dé thady AD,BE,CF déng quy nén (BCDX)=-1.

Vi JD,BA,CP dbdng quy (tai S ) nén (BCDX') =—1.
Viy (BCDX) = (BCDX') .Didudécénghiala X=X,

Vi DG,EE,FF dbngquy (tai 4 ) nén t& gidc DEGF diéu hda. Do dé6 EF,DD, GG déng quy (tai X ). NGi
cach khac GX tiép xuc vai (1) (1)

Vi N latrung diém cla AH va DK//AH nén D(GDTK)= D(AHNK)=-1.
Do d6 DTGK |a tir gidc diéu hoa (2)
Ttr (1) va (2) suy ra KT diqua X . Dé thay
D(GLTD) = D(APJB) = A(DPJB) = A(DXCB) = (DXCB) = -1

Do d6 DGTL la ti gidc diéu hoa. Diéu d6 cd nghia la 7Q tiép xuc vai (7).




Viy OD = OT . Két hop véi XTD =180 —KTD =180"-90" =90, suyra QD = 0X .

Tlr d6, theo hé thitc Newton, suy ra @E‘: Q_D1 = @Q_G
Ta duwoc bén diém B,C, G,L cung thudc mbt dwdng tron. Diéu phai chi*rng minh.

Céu 3. Cho s6 nguyén duong n va p la sé nguyénté 1&. Gid st n=gp+r véi 0<r< p—1 va g nguyén duong.
[/

pit. 5, =Y (-D*.Cl,,
k=0

a) Khi p =3, chira mét gid tri » nguyén duang Ién hon 5 sao cho S, chia hétcho p.

b) Chirng minh rdng néu p la wéccla S, thi g lasélé

Lo gidi:

a)Chon n=11 la dugc

p=1
b) V&i i=0,1,2,...,g-1, d5t 4 =D (-1)".C/, .,
k=0

Do p 1€ nén (=1)” =1 néu i chdnva (-1)” =-1 néu i é.

Nhu vay ta cd thé viét

p-1 2p-1 gp-1
S Y CDIC Y E D et ¥ DL DR
k=0 k=p k=pl(g-1) {1)

+(-)?C;

r+qp*

=A0_A|+"'+(_])qp_l‘4q—|
Vip>2var<p,tacoveir<k,

e+ p)(k+ p=1)---(k+ p—r+1) = (k)(k—1)---(k —r +1)(mod p) > C,, =Cl(mod p)(2)

kip
T (2)tacodvéi i=0,1,2,...,g—1, thi
Aml O 4 lmiod p)-5 A = 4,(mod p).

N&u ¢ chdn, thayvao (1)tacé S, =1 (modp)

Vay g phaila sé lé.



Cau 4. Tim tat cd cdc s6 n e N sao cho cé thé phan chia tdp {1,2,...,3n} thanh n tip con 3 phin tl r&i nhau
{a,b,c} saocho b—a va ¢—b |a cac sb khic nhau trong tap {n—1,n,n+1}.

L&i gidi:
Xét mot da giac déu 3n canh AP, ... B, trén mot dudng tron. Xét tam giac tao béi céc dinh P, F,,P. véi b—a
va c—b la hai sé khac nhau trong tdp {n—1,n,n+1},khidé néu b—a=n—1l,c—h=n thi c—a=2n-1,ta

s _] 2 s 2” , N . e X "‘"‘1 2
duoccung £ F, 656 do 93-3—)—” cung BP, c6 58 do n3— do d6 cung con lai PP, c6s6 do 3 E—,)"‘E -
n n 3
; e ... =1 _n EES p ‘ o
suy ra ba goc trong tam giac LE P, s€la —m,—m va 7 . Cac trwong hop khac cling twong ty nhu

3n  3n 3n

A

Vay.

Tur do, viéc phan hoach tap {1,2,...,3n} thod man dé bai twong (ng vdi viéc phan hoach céc dinh ciia mét da
5 ) . A A . .y s . N "‘] N
gidc déu 3n canh RPR,...B, thanh cachd {4,B,,C,} ma mbitam gidc 4,B,C, cb céc géc la ”3—;:,3’_’;r va
n n

n+l
3n

Tir d6, ludn ¢ 1 cach danh sé cac dinh clia da gidc dé sao cho 4,,B,,C, l1a P, R, _,,P,, theo thi ty nao dé.

Hay néi cach khac ludn cé thé gia sir 1 trong cac bd cla {1,2,...,3x} 1a X, = {n,2n-1,3n}.

Vidu: Voi n=4, tép {n—1,n,n+1} la tdp {3,4,5}, taco 12 dinh B,P,,R,...,F,, gid s& phdn chia tép
{1,2,3,...,12} thanh cdc tép {1,6,9}, {3,8,11}, {2,5,10}, {4,7,12}, hay tng vdi cdc tam gidc

RP.P,,PRP,,P,PE,,P,P,R,, khidd tap {n,2n—1,3n} chinh I tap {4,7,12}.

Nhung néu phén hoach khdc di, nhu {1,5,8}, {2,6,11}, {3,7,10} ,{4,9,12} thi ta duoc cdc tam gidc
RRR,PFR, PPE, FPFE,, nghiald khdng gdp b {4,7,12}, ( ciéch nhau 7T—4=3,12—-7=35, tirc la tring
hop vdi b6 {5,8,1} (vi tri cia 1 gibng nhu vi tri thir 13), nhung gié ta b6 tri lgi cdc diém B, P,,..., B, thanh
005 s @y md Oy =R, 0 = F,....0, =R,...,0, = R, khi dd ta lai gdp b6 0,0,0,,.

M6t trong n—1 tip con lai phai chira 2 s trong [2n,3n—1] (cd n s8). Theo nguyén ly Dirichlet, ton tai 2 s6
trong do thudc cung 1 tap, nhung hiéu 2 s6 d6 khéng vuot qud 3n—1—2n=n—1 nén hai s6 d6 phai la 2n va
3n—1,nén bo tiép theo phaila X, ={2n,3n—-1,n} hodc X, ={2n,3n—-1,n—1}, nhung n € X, nén ta dugc
X,={n-1,2n3n-1}.

Bay gi& con lai n—2 tdpva cacphantl {1,2,...,n—-2,n+1,n+2,...,2n=2,2n+1,...,3n—=2, nhung vi

n—-2-1=n-3,2n-2—-(n+1)=n-3,3n—-2—(2n+1)=n-3 nhd hon n—1 nén trong 1 tap khong thé cé 2
phan tl thudc cung 1 tép trong 3 tap [LLn—2],[n+ 1,2n—2] va [2n+1,3n-2].

Tirc la mdi tép con 3 phan tlr trong phan hoach déu chiva 1 s6 trong méi tap [I,n—2],[n+ 1,2n—2] va
[2n+1,3n-2].




Gia str phan hoach {a,b,c} thoamén ae[l,n—2],be[n+1,2n-2],ce[2n+1,3n—2] va b—a,c—b 1a2s6
phéan biét trong tép {n.n—1Ln+1}, ta xét twong &ng (a,b,c) > (a,b—-2,c—4) =(A4,B,C)

Ta dugc phan hoach {4,B,C} ma B—A=b-a-2,C—B=c—b-2 |42 sé khac nhau thudc tép
{n=2,(n-2)-1,(n—2)+1}. Tlc la néu mudn c6 phan hoach ban dau thoad man dé bai, ta cin ¢ 1 phan hoach
twong ty thod man dé bai &ng véi N, cho tép {1,2,...,3N} véi N=n-2.

C& nhu vay, néu n |& ta can c6 phan hoach cho tap chi gébm 3 phan t& {1,2,3} ma hiéu 2 phan tl phai la
{0,1,2}, diéu nay la khéng thé do s8 0. Téc la n |é& khéng thoa man.

Tuy nhién v&i n chdn, n=2m chan thibd (2i—1,2i+n,2i+2n-1) va (2i,2i+n—-1,2i+2n) véi i=1,...,m
thoa man dé bai

Binh luan:
Tai sao lai cén doan Iép ludn ché da gidc & phia trén? Hay thi quan sdt 1 cdch suy nghT ma ban déu téi ciing
nghT dén, mét céch tu nhién nhu sau:

Cdc tép chira s6 1 chi cd thé la {1,n,2n},{l,n,2n+1},{l,n+1,2n},{l,n+1,2n+2},{l,n+2,2n+1} hodc
fLn+2,2n+2}.

Vi trurding hop 1, tdp chira s6 116 A, = {1,n,2n} thi ta cd cdc phén t cda tdp S ={2n+1,2n+2,---,3n} ( n
phan t) phéi thuéc n—1 tap con lai.

Theo nguyén Iy Dirichlet thi tén tai 2 sé trong tdp S thudc clng 1 tép trong n—1 tdp tép d6. Nhung, vdi hai s6
x,y batkythuéc S thi |x—y|€3n—2n+1)=n-1, nén 2n+1 va 3n thudc cing mét tap. Thé thi phan tir con
lgi phdi Id (2n+1)—n hodc (2n+1)—(n+1) tdcld n+1 hodc n . Nhung sé n dd thudc tép A, nén chéc chdn cé
ltdpthir2la 4, = {n+1,2n+1,3n}.

Béy gidr chi con cdc phan tir {2,3,--.n—Ln+2,n+3,---,2n—1,2n+2,2n+3,---,3n—1} va chia vdon—-2 tap.

Tire 16 ta cé co hdi dé lam viéc vdi sé6 N mdi bang n—2, vdi s6 phan t& bét di thanh 3N =, nén dang cé co hdi
quy nap lti. Trong trudng hop nay, thi chia thanh cdc phén [2,n—1],[n+2,2n—-1],[2n+2,3n—1] la cd thé xit ly
nhu trén.

Tuy vy, sang trudng hop thir 2, A ={1,n,2n+1} thi phirc tap hon nhiéu va phai chia thanh nhiéu trudng hop

hon, nhung cdch xd ly vén tuong tu duoc. Vi thé phdi nghl cdch dé dé phdi xét qud nhiéu trudng hop, va dé g
cdch kéo vé da gidc nhu trén.



