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XX -y +3y*—3x=2
X2 + 41— X2 —3\/2y—y2 =-2

Cau 1. (1,5 diém) Giai hé phuong trinh {

Loi giai:

Diéu kién x?<1,2y—y2=1-(y-12?>0«>(y-1)?<1

Taco (1) & x*-3x=y*-3y*+2

o xP=-3x=(y-1°>-3(y-1)

Xét f(x)=x>-3x thi f'(xX)=3x*-3<0vxe[-11] va f'(X)=0<>x==+1
Suy ra f(x) ddng bién trén [-1,1]

Ma x,y—1le[-11] nén f(x)=f(y-1)<«>x=y-1

Thay vao phuong trinh (2) ta duoc X2 +2+y1—x> —3J1-x2 =0 <> x> +2=24/1-X
Binh phuong hai vé x*+4x?+4=4(1-x*) <> x*+8x* =0<>x=0.

Déi chiéu diéu kién thay thoa man.

Vay (x,y) =(0,1) la nghiém cta phuong trinh

Cau 2. (2,0 diém) Cho day sb (a,) théa man dong thoi hai diéu kién 3a,,, >a, va
6a,,+a,, <5a vn>2,neN. Chang minh rang diy (a,) c6 giéi han hitu han va tim giéi han do.

Léi giai:

e Néu 3INeN saocho a, >0,taco 3a,, >a, >0 véi moi k nguyén duong hay a, >0vn> N

Lai cé: 6a,,<6a,,+a ,<

+a <5an—>03ans(gj a, .

Ta dugc lima, =0 theo nguyén ly kep.

(1,0 diém)

e Néua <0 VneN,thi3a

n+1

>a —>0>a > (%) a, Nén ciing theo nguyén ly kep thi
lima, =0

Vay lima, =0



(1,0 diém)

Céu 3. (2,0 diém ) Cho céc s6 thuc duong x,y,z thoa man xy+ yz +zx+2xyz =1. Chirng minh rang

X2+ y2+7°+10xyz > 2.

Loi giai:

Theo bt dang thic Schur, ta c6

X(X=Y)(X=2)+y(y =Xy —2)+2(z=X)(2—Y) =0 <> X* + Y* + 22 +3xyz > X* (Y + 2) + Y* (2 + X) + 2° (X + Y)

9xyz
X+Yy+1z

SX Y+ -Bxyz+9XYZ > (X+ Y+ 2) (XY + YZ+2X) > X°+ Y + 27 + > 2(Xy + Yz + 2X)

xyz X+ Yy 77 >2(1-2xy7) - 9xy2
X+Yy+z X+Yy+z

SXH Y+ 22Xy + YZ+12X) —

Vay chi can chiing minh 10xyz + 2 — 4xyz — oy

20<—>x+y+zzg

(X+y+12)°
3

Lai cO xy+yz+2zx< va xyzs%(x+y+z)3

Pit t=x+y+z, t>0. Tu gia thiét co

2 5 t ) 3
—t'+—2>21(2A-3)(t+3) >0 t>—
27 3 2

Ta c6 diéu phai chizng minh.
DAu bang chang han khi x=y =z :%

Cau 4. (1,5 diém) Cho day s6 nguyén (a,) thoéa man: voi moi p nguyén té va k nguyén duong thi
a,., = pa, —3a, +13.
Tinh a,,,
Lo gii:
Xét hai s6 nguyén to q va p bat ky. Theo gia thiét thi
a,., = pa,—3a,+13 (1)va a,,=0a,—3a,+13 (2)

Tir (1) va (2) suy ra pa,—3a, =qa, —3a, <> (p+3)a, =(q+3)a, (3)



(0,5 diém)

Trong (3)
Cho p=3va q=2, ta dugC 5a, =6a, <—>a3:ga2
Cho p=2,q=7 taduoc 5a, =10a, <> a, = 2a,

Trong (1), cho p=2,q=3 duoC a, =2a,—3a,+13«> 2a, :%az—?;a2+13$uy ra a,=5

(0,5 diém)
Ma tir (3) voi moi p nguyén t thi a, =pT+3.a2 nén a, = p+3
VAy 8, =80, =1009.3 —33,,, +13=1009.5 —3(1009 +3) 3
Hay a,,, = 8094
Dap s6 a,,, = 8094
(0,5 diém)

Cau 5. (2,0 diém) Cho tam giac ABC ndi tiép duong tron (O). Mot duong tron (K) qua B va C cat
cac doan thang CA va AB lan luot tai E va F. Goi BE cat CF tai H. M 14 trung diém BC va tiép
tuyén tai B va C caa duong tron ngoai tiép tam giac BHC cat nhau tai 1. Goi S 1a hinh chiéu cia A
trén IH va D la giao caa IH véi BC. Chitng minh rang duong tron ngoai tiép tam giac SMD tiép xuc
véi duong tron (O).

Loi giai:



Goi EF cit BC tai G. Tur dinh ly Brocard thi H 14 tryc tam tam giac KAG, hon nita giao diém R cua
AG va AH la diém Miquel cua tam giac ABC véi E,F,G thang hang.

Vay R va S cling thudc duong tron dudng kinh AH. Ma tir giic RKMG ndi tiép dudng tron dudng
kinh GK nén ZRMD = /RKG = Z/RAH = Z/RSH = Z/RSD

Tir d6 RSMD 1a tir gidc noi tiép, tic 1a (O) va duong tron ngoai tiép tam giac (SMD) ¢6 diém chung
la R. Ta ching minh chdng tiép xdc nhau tai R.

(1,0 diém)

2
That vay, ké tiép tuyén tai R cua duong tron (O) cat BC tai T thi % = FF:Ez

Lai c6 KH.KR = KB? = KC? nén tam giac HBK d6ng dang tam giac BRK va tam gidc HCK dong
HB HK HK HC
RB BK CK RC

dang tam giac CRK. Ta duogc



TB HB?
Suyra —=——
TC HC

hay TH tiép xtc véi duong tron (HBC).

Lai c6 HD l1a dudng dbi trung cua tam giac HBC wng véi diém H nén (B,C,D,T) =-1, ta dugc

TR? =TBTC =TDTM , tic 12 TR tiép xUc v4i duong tron ngoai tiép tam gidc DMS.

Viy dudng tron ngoai tiép tam giac DMS tiép x(c véi dudng tron (0). Biéu phai chitng minh.

(1,0 diém)

Cau 6.

Dién vao mdi 6 cua bang vudng 7x7 cé4c sb

tu nhién tir 1 dén 49 nhu hinh v&. Mdi lan, dugc

phép chon 1 6 cia bang va dong thoi tang s6
15 | 16 | 17 {18 | 19 | 20 | 21

trong 6 d6 thém 1 rdi giam mdi sb trong hai 6
2223 | 24| 25|26 | 27| 28

nao d6 ké voi né di 1, hoac giam so trong 6 d6 di
. 1 . . 29 30| 31|32|33| 34|35
1 va tang moi so trong hai 0 ké vai no thém 1

36| 37|38 | 39|40 | 41| 42

(hai 6 ké nhau la hai 6 chung canh). Hoi c6 thé

43 | 44 | 45 | 46 | 47 | 48 | 49

dua tat ca cac so trong bang vé bang nhau sau

mét s6 hitu han bude duoc hay khdng?

Loi giai: Cau tra loi 1a ¢d thé. Xét quy trinh sau:

X a “1+1+1 x-1| a+1 +1-1-1 X-2 | a+1

b| c b+1| ¢ b+2| c-1

+1-1-1 X-2 | a +1-1-1 X-3 | a+1 +1-1-1 X-3 | a
b+1| c b+1| c-1 b c

Nhan thay, sau mot quy trinh nhu vay, ta c6 thé giam s trong mot 6 di 3 don vi ma khéng lam anh
hudng dén cac 6 khac. Luu y rang vi tri cua x,a,b,c ¢6 thé thay doi cho nhau dé x c6 thé & bt ky
goc nao trong 4 géc cua mot hinh vuéng 2x2 nhu trén.

(0,5 diém)

Vay sau mét sé hitu han budc, ta c6 thé chuyén bang vé chi con céc sé 0,1,2 nhu hinh v& sau



Bang cac thao thac véi cac & 2x2 trén cung bén trai va dudi cing bén phai cia mdi 6 3x3 d6 nhu
sau

2| 0| -1+1+1 111 112 +1-1-1 111
> va >

\

Ta thu dwoc bang hau hét 1a sé 1.




Bay gio xu ly ndt hang trén cing

Tuong tu Véi cot ngoai cung.
Vy, ta c6 thé dua tat ca vé thanh sé 1.

(0,5 diém)



