CUC TRI TAP HOP | MOT SO PINH LY QUAN TRONG

1. MOT SO PINH LY QUAN TRONG

Dinh nghia 1.1. Cho .Z 12 mdt ho cac tp hdp con ctia mot tip n phan ti X. Khi d6 .# dudgc goi 1a ho
giao néu véi moi A,B € .% ta c6 AN\B # 0.

Pinh Iy 1.2. Cho .Z la mét ho giao ciia mét tdp n phan tit X. Khi do |.F| < 2",

Chiing minh. Liy mot tap con A C X. Khi d6 véi méi cdp tap con (A, X\A) ctia X, thi nhiéu nhét 1a
mot trong hai tap A hodc X\A thudc vao .F (vi néu cd hai tdp A, X\A déu thuéc vao .F thi do

AN(X\A) =0
mdu thudn véi .F la mot ho giao cdc tdp con ciia X). Vi X ¢6 2" tp con, va mdi cdp tap con (A, X\A)
c6 nhiéu nhit mot tap thudc .% . Do d6
1 n n—1
| 7| < z.2"=2"".
2
L]

Pinh ly 1.3 (Pinh ly Erdos-Kr(])-Rado). Mot ho F cdc K_tdp (mot tdp hop co K phan ti goi la K_tdp)
ctia mot tdp N phdn tr X (kK < 5). Khi do
n—1
F| < .
[#1 < <k— l)

Chitng minh. 1. Véi n,kla cac sd nguyén duong véi n > 2k. Mot k_cung 1a mot tap {i,i+1,...,i+
K}, v6i cac s6 nguyén lay theo modulo n. Mot cach hinh dung cho mot k_cung nhu 1a k doan
cung tron lién tiép, ndi hai diém i va i +k( modn) trén dudng tron. Ta néi hai cung A va A’
giao nhau néu ching cé chung nhau mot doan cung tron (K_cung va hai cung giao nhau dudc
minh hoa bdi hinh dudi day).

an a1 an a1

cung chung

A/

2. Mot ho {Ag, Az, ..., A} cdc K_cung giao nhau d6i mot cia [n] thi t < k. That vdy, moi diém i
(di€ém gan cho mot cung tron) 1a diém két thiic cta hai cung: mot cung nhan i 1a diém dau tién
va mot cung nhan i 1a diém cudi cung.
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Do hai cung nay khong giao nhau, din dén nhiéu nhdt mét trong hai cung nay thuéc vao ho .7 .
Xét mot cung A cho trude. Vi cac cung con lai déu phai giao véi Ay mot doan cung chung. Do
d6 cac cung con lai phai nhan mot trong cac di€ém trong ctia cung Aq, 12 cdc di€miq,io, ..., Ik_1,
la diém két thic. Vi mbi diém két thic c6 khong qua mot k_cung thudce %, nén c6 k— 1 diém
két thiic s& c6 khong qua K_cung thudc .#, cong véi cung A; thi c6 khong qua K_cung thudc tap
F.

i+l !1+2

I+k—1

I +K

3. Bay gid xét mot hodn vi ctia [n] ¢6 dang (a3, ay, ..., an). Ta danh diu c4c doan cung tron bdi cac
s6 a nhu hinh vé ban dau. M6i mot tap clia .# xem nhu 12 mot kK_cung ctia hodn vi nay. Theo
két qua trén, thi v6i mot hoan vi nay ta c6 < k cac k_cung.

o LAy tong hét tit ca cac hoén vi [n] trén duong tron, ¢6 (N— 1)! hoan vi, thi ta thiy c6 nhiéu
nhét 1a k(n— 1)! cac tip nhu thé nay.

e Tuy nhién, khi sip xép trén dudng tron va trong cach dém trén, tap A; dudc dém 1am nhiéu
lan (vi sap xép trén dudng tron, thi tip A; hay bt ky tip nao 1iy dé lam thi tu 1a gidng
nhau). Vi trong nhiéu 1an hodn vi ctia (n—1)!, sé tao ra nhiing hoan vi khac nhau, nhung
phan ti ctia Ay vAn nhu vay. Do d6 c6 k! cach sip xép cdc phan ti cda A; va (n—K)! cach
sap xép cdc phan ti bu ctia tip A1. Do d6

| Z K (n—Kk)! <k(h—1)!

o~ _ Kn=1)!  /n-1
:>|‘/|§k!(n—k)!_<k—1>'
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DPinh ly 1.4 (Bollobas). Cho A1, Ay, ...,Amva B1,By,...,Byla cdc tdp con cia S= [n|. Ddt a = |A|

va by = |Bi| vdimoii =1,2,...,m Gid su AiNBj = 0 khi va chi khi | = ]. Khi do
m ) N —1
2\ a
Chitng minh. 1. V6i mdi hoan vi trong sd n! hodn vi cic phan tif cia S ta néi mot hoan vi 7T 14

chita B sau A néu tit ca cac phan tif ctia A déu duing trudc cac phan ti cia B trong 1T,

2. V6i mot hodn vi 7T¢6 tinh chat chia Bj sau Aj, ma ciing ¢6 thém tinh chit chita Bj sau Aj, khi d6
ANBj=0 (néu A diing truéc B j> minh hoa hinh du6i)

cdc vi tri cho han tr cua A | cac vi tri cho céc phan 7_}1’1’ cua B;
|
l I

céc vi tri cho cdc phan ti cla B;

cac vi tri cho cdc phan ti cia A

hodc AjNB; = 0 (khi A két thic sau Bj). Nhung diéu nay mau thuin véi gid thiét Aj N Bj = 0 khi
va chi khi i = j. Do d6, vdi mdi hodn vi T, ton tai nhiéu nhat mét chi sé i dé 11 chifa Bj sau A.
3. Ngugc lai, véi méi i € {1,2,...,m}, ta dm s6 hoan vi ma A ding truéc Bj.
e Chon a; + bj vi tri d€ sap xép cho A va Bj, ta co (a;ibi) céach.

e Diit a; phan tif ciia Aj vao a; vi tri dau tién trong a; + bj vi tri vita chon c6 &! cach, sau dé
sap xép bj cac phan ti ctia B vao céac vi tri con lai c6 bj! cach. Vay c6 a;!.bj! cach sip xép
A truée B;.
e Sip xép n— a — bj phin ti con lai ctia Svao N—a; — byj vi tri con lai 6 (N—a; — by)! cach.
Vay ta co
n n!
cal-bl(n—a —bj)l = —= .
(ai+bi) ail-bi!-( a i) (&;—bu)

4. LAy tong sb tAt cac cac chisdi=1,2,...,mtacé

M 3
T
=)
o
VAN
=]
J
INE
VR
o
Q 4
o
N——
AN
[
H

DPinh ly dudc chiing minh.
O

Dinh nghia 1.5. Cho Sla mot tdp hgp hitu han. Mot ho cac tap con Ag, Ay, ..., Ay cia Sdudc goi la
mdt xich néu
A CAi1 va |Ap=I|Al+1 Vi=12....n
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Dinh nghia 1.6. Cho P la mot tap hgp hitu han. Mot ho céc tap con Ag, Ay, ..., Ay cua Sdude goi la
mot phan xich néu

AZALYI#]
Pinh ly 1.7 (Bat dzzmg thire LYM, Lubell, Yamamoto, Meshalkin). Cho F la mét phdn xich trong
[n] (ta diing ky hiéu [N thay cho {1,2,...,n}). Khi d6 ta cé bdt dang thitc

PA <|/2|>_1 <t

Chitng minh. 1. Goi ¢ 1a tap hop tat ca cac xich C, mdi xich C gém n tap hop, mdi tip hop 1a mot
tap con cta [n] va day 1a xich chida nhiéu phan ti nhat, C; CC C ... C Gy, |G| =i,Vi=1,2,...,n.
Hoi € ¢6 bao nhiéu phan tG? (mdi phdn ti thuéc € la mét xich dé dai n). Xét mot xich C € €
thi
e Co ncach chon cho tdp Cq. That vay, vi [C1| = 1nén Cy € {{1},{2},...,{n}}.

e V6i mbi cach chon tip Cy, ¢6 n— 1 cach chon tap Cy. That vy, minh hoa cho C; = {3}, khi
do
Co € {{3,1},{3,2},{3,4},...,{3,n}}.
e Cii tiép tuc nhu vay, ta c6 n— 2 cach chon tap Cz, N — 3 cach chon tap Cy, ... va cudi cling
la 1 cach chon tap C, vi Cy = [N].
Vay % c6 n! phan td.
2. Mot tap A C [n] thi A ¢6 thé vira thudc vao xich &, vira thudc vao doi xich F. Do d6 ta di dém s6
cap
N={(A,C)| vdiC e % vaAlamdt tap hop vita thudc xich C vira thudc dbi xich F}.

e V6i mbi C € €, c6 nhiéu nhat mot tip Ama A € C va A € F. That vay, gia st c6 hai tap
A1, Ao vira thudc vao C, vira thudc vao F. Vi Ap, Ay thudc xich C nén hoac A; C Ao hoac
A, C Ag, nhung khi d6 thi Az, A; khong thé thudc vao F dugc, vi céc tap con clia F khong
c6 tap nao la tap con cua tap khac. Vay

IN| <nl

° Vc’fi mbi tap A € F ma |A| = k. Khi d6 c6 k! cach chon cac tap Ag, Ay, ..., A 1 (cach dém
giong hé y 1) ma

AlCAC...CA1CA |Al=1lVi=12..., k-1
va c6 (N—K)! cach chon cac tap Ax 1, ... An ma

ACAG1C...CAy, |A=],Vj=k+1k+2,...,n

Suy ramdi A € F ta co
Kl(n—Kk)! = |All.(n—|A|)!

cach chon xich C chia A. Do do

IN| =A; [Alt(n—[A])*.

Ths Tran Minh Hién(0989.541.123) - Truong THPT chuyén Quang Trung 4



CUC TRI TAP HOP | MOT SO PINH LY QUAN TRONG

Tit hai cach dém trén, ta ¢

[Alt(n—|A])! |A|)
[Alt(n—|A])!

Ack Ae

T

day chinh 12 diéu phai chitng minh. L]

Nhan xét 1. Bit dang thiic LYM c6 thé d& dang suy ra tit dinh ly Bollobas, dinh 1y 1.4 biang céch, dit
F={A1,Az,...,An} vadit B; = [n]\A;. Khi d6 diéu kién A N B; = 0 thoa man va diéu kién AjNB;j # 0
trd thanh Aj € A, tic 1a diéu kién ctia mot phén xich. Chu y 1a bj = n— a;. Dén day thi

30 20 =

Dinh ly 1.8. Mot ho .F cdc tdp con ciia tdp n phan tit X dugc goi la khong so sdanh dide néu A,B la
hai phdn tit bdt ky ciia .7 thi AZ B.

Dinh ly 1.9 (Dinh ly Sperner). Cho .Z la mét ho khong so sdnh dugc cdc tdp con ciia tdp n phan tit
X. Khi do n
7| <cid.

Chiing minh. Mit khéc, theo tinh chét ctia nhi thiic Newton thi hé s6 trong khai trién (1+X)" thda tinh

| B« <()<(3)

Ap dung vio ta c6

Thay vao (*) ta co6 danh gia

m. 1.

IN

m 1
B AD

N A s X 2. 2, . A M 2 . 2, A P ~ PN X 2 n A 2
Tu day ta c6 dieu phai chiing minh. Dau bang xay ra khi B chua tat ca cac tdp con gom c6 [E] phan tu

NIS S

cua tap B. ]

Hé qua 1.10 (Bat dfmg thie Lubell). Cho % la mét ho khéng so sdanh dugc cdc tdp con cia tdp n
phdn tit X. Goi &y la s6 cdc K_tdp con thudc % . Khi do

RS

DQI 2
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2. MOT SO PHUONG PHAP GIAI TOAN CUC TRI TAP HOP

2.1. KHOANG CACH HAMMING - CH:&N PLOTKIN
Cho n1a sé nguyén duong, ky hiéu

[0,1]" = {xax2...%|% € {0,1},i =1,2,...,n}
1a tap tAt ca cdc xau nhi phan do dai n.

Dinh nghia 2.1. Cho hai xau nhi phan X = Xp...X, vay =V1...¥n. Khi d6 khoang cach giita hai xau X
va Yy dudc dinh nghia la
d(x,y) = s6 vi tri i ma X #£ V.

Khoéng c4ch nay goi 1a khoang cach Hamming thoa tat c4 cdc diéu kién ctia mot khoang cach

d(x,x) =0,vx € [0,1]";

d(x

(
(
(
(

> 0,Vx#ye[0,1"

Y)
y) =

d(x

d(y,x),vx,y € [0,1]";

7

Dinh nghia 2.2. Cho d 1a s6 nguyén duong. Goi C la tap hop tht cac cic xau nhi phan trong [0,1]" sao
cho

d(x,y) >d,vx#yeC.
Dinh ly 2.3 (PLOTKIN). Cho n,d la cdc s6 nguyén duong. Bét M = |C|. Khi doé

1. Néu d chdn, 2d > n thi

d
< .
M_Z{Zd—n]

MSZ{&},

2. Néudlé 2d+1>nthi

2d+1—n
Dé chitng minh dinh Iy, ta sit dung mét s6 nhdn xét sau:

B dé 2.4. Gid sit N,M la cdc s6 nguyén duong va 0 < N < M thi

|\/|2 A o
L neu M chan
NM—N)<{ 4 )
( = {M241 neu M le.

Bo dé 2.5. Néux e R thi [2] < 2[x]+ 1.

B6 dé 2.6. Cho v la xdu nhi phan € [0,1]". Khi d6 d(v+ W) bing vdi s6 s6 1 xudt hién trong v+ w.
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Chiing minh. Bang viéc kiém tra tit ca cac kha ning ctia vi va w;, ta thiy

0 néuvi =W,
1 néuv £ W.

W+Wﬁ—{
Do do
d(v.w) = [{ilvi # wi}|
= {il(v+w)i = 1}|.
1

Chitng minh dinh Iy vdi d chdn. Ta viét ma trin A = <|\2/|> x N, v6i mdi dong 13 mot phan ti u+ v, véi
u,v € C. Ta dém s6 1an xuét hién s6 1 trong ma tran trén.

1. Ta dém s6 1an xuat hién s6 1 trong mdi cot. Xét mot cot j. Lay mot dong tiy v, gia st dong dé6 1a
x4u nhi phan ctia U+ w, khi d6 s6 1 xuat hién & ¢t j néu va chi néu v va wcé motsd 16 vitri j,
xau con lai ¢6s6 06 vi tri j. Goi N 1a s6 xau ky tu trong C ¢6 s6 1 & vi tri j, khi d6 s6 cach chon
cdp U,w sao cho V+wc6 sd 1 6 vitri j 1a N(M — N). Khi d6 s6 s6 1 xuat hién trong cot thi j 1a

2 2 S
MT néu M chan
M2—

1 1 pnéuM Ieé.

N(MN)<{

Diéu nay ding cho moi j = 1,2,...,n. Do d6 s6 s6 1 xuét hién trong ma tran A 13

2 £ o
nMT néu M chan
N néu M 18.

2. Ta dém s6 1an xuét hién s 1 trong mdi dong. V6i mot dong chitau+ w. Ta da biét s6 sb 1 trong
dong d6 1a d(v,w). Ma theo gid thiét thi d(v,w) > d. Do d6 c6 it nhit d s6 1 trong mbi dong. Do
d6 sb cac s6 1 trong A it nhat 1a

M d
(2)

1. Néu M chan. Khi d6 két hop hai két qua trén thi

M <n =
2)~ 4

dM?2 dMm M?2
- < -

> 2 ="
= (2d —n)M?2 < 2dM.

Tir day ta thiy

Theo gia thiét thi 2d —nva M déu 1a cic s6 nguyén duong, nén

2d
M < }
—2d—n
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Lai vi M 1a s6 nguyén duong nén

2d d
< < ;
M= {Zd—nl —ZlZd—nl L

ma M chan, va 2 [ﬁ] + 118 nén

. Néu M 1¢, thi

Do d6 (2d —n)M < nnén

Do M 1a s6 nguyén, ta dugc

2d—n]’

tiic chuing ta da c6é dudc chin Plotkin cho d chan.

X1 X2...X7,

e Néu {aj,a,a3,a4} € Athi g ¢ B,Vi = 1,2,3,4. Khi d6 hai x4u c6 dang

O

Vi du 2.1.1 (Vinh Phiic 2012). C6 7 em hoc sinh tham gia vao m nhém hoat dong ngoai khéa, mdi
hoc sinh c6 thé tham gia nhiéu nhém hoat dong. Biét rang véi hai nhém tity ¥ thi ¢6 it nhat 4 hoc sinh
chi tham gia vao mot trong hai nhém dé. Tim gid tri 16n nhét c6 thé c¢6 cta m.

Chiing minh. Goi by hoc sinh 1a a1,ay,...,a7 va dit X = {ay,ay,...,a7}. Ta moi nhém la mot xdu
nhi phdn

trong d6 X = 1 néu nhém d6 chita & va x; = 0 néu nhém d6 khong chifa g;. Xét hai nhém A, B tiy y
trong s6 Mnhom, khi d6 c6 it nhat 4 hoc sinh, gia st 12 a1, ap, as, 84. Goi hai xau biéu dién cho A, B 1a
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Khi d6 d(v,w) > 4.

e Néua; € A {ap,a3,a4} € B. Khi d6 hai xau c6 dang

Khi d6 d(u,v) > 4.
Xét tat c4 cac trudng hgp tuong tu, ta ludn c¢6 d(v,w) > 4 véi moi V,w. Vay d = 4,n = 7. Khi d6 theo

dinh ly 3.3 thi
mgz{ 4 ] =8.

24—-7
Khi d6 m < 8. V6i m= 8 ta c6 mot cach xay dung cac nhom 13, véi a,b,c,d,e f,hla 7 hoc sinh  [J

Ai: a b ¢

A a d e

Az a f g
A4 b d f
As: b e g
As: c d f
A7 C e f
Ag: a b c de f g

Vi du 2.1.2 (China TST 1994). Cho A1, Ay, ..., Ay la cac tap con cia X = {1,2,...,10} sao cho

IA|=5Vi=12,.. .k
IANAj|<2Vi<i<j<k

Tim gia tri 16n nhit ¢6 thé c6 cha k.

Chitng minh. Ta coi mdi tip con A 12 mot xau nhi phan dang Xy ... X0, trong d6 X = 1 néui € A; va
Xi =0néui & A. Do
ANA|<2¥1<i<j<k

nén suy ra d(x,y) > 6.
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(Gid sit xdu V biéu dién cho A, xdu W biéu dién cho Aj. Néu |A NAj| = 2 thi cé hai xdu V,W chi c¢6
diing hai 56 1 triung nhau vi tri. Nhu hinh bén minh hoa cho hai s6 1 ngodi ciing bén trdi. Poi voi
xdu V con 3 s6 1, tuong iing 3 vi tri do ciia xdu W phdi la sé 0 va nguoc lai déi véi xdu W con 3 s6 1,
fuwong ving 3 vi tri do ciia xdu V phdi la s6 0. Trong truong hop nay la d(v,w) = 6. Néu [ANAj| =1
hay AiNA;j = 0 thi r6 rang d(X,y) > 6.) Theo dinh ly 3.3 thi

(<2 5505] =6

2.6—10
Viy k 16n nhit bing 6, va duéi day 1a mot cach xay dung céc tip 0]
Ai: 1 2 3 45
Ap: 2 3 6 7 8
Az: 3 4 8 9 10
As: 4 5 6 7 9
As: 1 5 6 8 10
Ag: 1 2 7 9 10

Cdch xdy dung 6 tdp hop trén khong phdi la duy nhdt. Dudi ddy ciing la 6 tdp hop théa mdn

Ai: 1 2 3 45

A 1 2 6 7 8

Az 1 3 6 9 10
As: 2 4 7 9 10
As 3 8 10
As 4 5 6 9

Vi du 2.1.3 (PTNK 2012). Cho s6 nguyén duong n va tap hop X = {1,2,3,...,4n}. Hai tap con A,B
cia X dugc goi 1a khong giong nhau néu

IAAB| > 2n+1,

v6i AAB = (A\B) U (B\A). Xét mtap hop A1, Az, ..., Amla cic tap con doi mot khong gidong nhau clia
X. Chiing minh ring

4(n+1)
3

Chitng minh. Ta dong nhit mdi tip A; 12 mot xau nhi phan do dai 4n

m<

X1X2...X4n

v6i Xi=1néuic A vix =0néui ¢ A. Xét hai tap A, Aj tuy y trong m tap, goi V,W la hai xau nhi
phan biéu dién cta chiing. Do
IAAB| > 2n 41
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nén tuong ty nhu vi du 3.1 thi
d(v,w) > 2n+ 1.

Tu d6 suy rad = 2n+ 1. Do 2.d = 4n+ 2 > 4n, nén theo dinh ly 3.3 thi

<o n+1+1 _5 2n+2 <4(n+1)
~ |4n+2+1-4n 3 |- 3

[

Vi du 2.1.4 (Inspired IMO 1998). Trong mdt cudc thi cé n thi sinh va p giam khéo, 6 d6 n, p 1a cac
s6 nguyén duong, p > 2. Mdi giam khdo danh gid tiing thi sinh va cho két luan thi sinh d6 dd hay truot.
Gia st k 1a s6 thoa man diéu kién: vdi hai gidm khdo tity y, sé thi sinh ma ho cho két qud giong nhau
nhiéu nhdt la k. Ching minh ring

p—2
2(p—1)

Chitng minh. Giasitnthisinh1a §,S,...,S,. Mdi giam khéo cho twong ving véi mét xdu nhin phin
do dai n: X1X2. .. Xy voi X; = 1 néu thi sinh § do va X; = O néu thi sinh S rdt. Theo diéu kién bai toan
thi d = n— k. Xét hai truong hgp

SIx

>

1. Néu 2(n—k) < nthi

> - >
—k
2. Néu 2(n—K) > n, xét hai kha ning xdy ra

e Néu n— Kk chan, theo dinh 1y 3.3 thi

pgzlﬁ] §22(nn—_k;<—n: 2r(1n—_2ll?
Do do « b2
p(n—2k)§2n—2k:ﬁ > 2p—1)
e Néu n—k1¢, theo dinh ly 3.3 thi
n—k+1 n—k+1 2(n—k+1)
pgzlz(n—k)ﬂ—n] =M —K+il-n n-2kil
Do do K. p-2 ntl p-2
p(n—2k+1)§2n—2k+2:ﬁ > 20— n > 2p=1)°
Bai toan dudc chiing minh hoan toan. 0]
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2.2. SUDUNG CAC NGUYEN LY TO HOP

Vi du 2.2.1. Goi A la tap tit ci cac sb tu nhién 1é khong chia hét cho 5 va nhd hon 30. Tim s6 K nho
nhit sao cho mdi tap con ctia A gdm K phan tif déu ton tai hai s6 chia hét cho nhau.
Giai. Tacé

A= {1,3,7,9,11,13,17,19,21,23,27,29}, |A| = 12.

Xeét tap
B=1{9,11,13,17,19,21,23,29}.

Khi d6 hai phan ti bat ki thudc B thi khong chia hét cho nhau. Tir d6 ta suy ra dugc k > 9. Ta chiing
minh k= 9 théa dé bai. Xét S1a mot tap con bat ki ctia Ava |§ = 9. Xétba cap {21,7},{27,9},{1,11}
ta thAy mdi cip 12 boi clia nhau. Néu trong 3 cip trén c6 it nhit mot cip thudc Sthi bai toan dudc gidi
quyét. Gia st trong ba cip trén khong c6 cdp nao cung thudc S do |§ = 9nén Sphai chita mot s6 trong
mdi ciip va chifa 6 s6 con lai. T d6 suy ra trong Sphai c6 cip {3,9} hoic {3,27} va mdi cip nay la
bdi ctia nhau. Hay néi cach khéc trong Sludn tdn tai hai s6 chia hét cho nhau. Vay mink = 9. O

Nhan xét 2. MAu chét trong bai todn trén 12 chiing ta phat hién ra tap Ag dé tit d6 ta khang dinh dudc
k > 9 va du dodn mink = 9. D& tim tap B, ta liét ké hét cac sb trong A ma khong c6 hai s6 nao 1a boi
cua nhau. V6i bai toan nay, viéc tim ra tap B kha don gian.

Vi du 2.2.2 (KMO 1990). Cho n tap hop A1, Ay, ..., A, thda min

A|=30,Vi=12,....n
IANA]| = 1Vi# ]
AiNAN---NA,= 0.

Chiing minh n < 872.
Chiing minh. 1. Gia st n > 872. Xét tdp hgp Ag, |A1| = 30. Do
IANA=1Vi=23,....n

nén theo nguyén ly Dirichlet, ton tai phan tif a € A; thudc vao it nhat 1a

[%]+12l%]+1:30

tap hop. Khong mat tinh téng quat, goi céc tap hop do 1a Ay, Ag, ... ., Ass.

2. ViAINAN...NA, = 0, nén ton tai mdt tip B trong s6 cac tip Asp, ..., An khong chita phan tir
a.

3. Xét31 thp hop Ag,Ag,..., Az vaBvsiac A;,¥j=23,...,30vaa¢B.

e Vi|AjNB|=1,Vj=23,...,31, cdc tdp Aj déu chita a, con B khong chia &, nén {X;} =
A;NBthi x; € B\{a}.
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e C6 31 phan td Xp, ..., Xs1 trong tip B\{a}, mdi phan tif trong ching thudc vao it nhit mot
tap hop trong 30 tap Aj, | € {2,...,31}, nén ton tai mot phan it %, véit € {2,3,...,29}
thudc vao hai tdp hop Ar, As (r,s€ {2,3,...,31}).

e Khi d6 {a,x} C Ar N As, mau thuin véi gia thiét |A, NAg| = 1.
Vay diéu gia st 12 sai. Bai toan dudc ching minh. ]

Vi du 2.2.3 (China TST1994, Vi du 3.1.2). Cho Aq,Ay, ..., A la cic tp con cia X = {1,2,...,10}
sao cho

A >5Vi=12,...k
ANAj|<2Vi<i<j<k

Tim gi4 tri 16n nhat c6 thé c6 ctia k.

Chiing minh. Trong vi du 3.1.2 ta da gidi bai toan nay bang chin Plotkin, va xiy dung dudc véi k = 6.
Do d6 k > 6. Néu k > 7, ta trinh bay mot 15i gidi két hop dém sb tap hop chida phan ti va nguyén ly
bao ham loai trur (inclusion - exclusion principle). Véi moi i € X, dat

n={je{l,2... Ki€Aj}}

ttic dém sb tap hop trong Aq, Ay, ..., A chida phan tit i. Khi d6
10 k
n=Y |AJ>5k=35
2"

Do d6 phai ton tai chi s6 ig sao cho iy, > 4, vi néu tat ca ny < 3thi $1°, n < 3x 10 = 30, mau thuin v6i
danh gia trén. Tiic 12 ton tai mot phan ti ig trong X thudc vao it nhit 4 tap hop trong K tap Aq, Ay, ..., Ax.
Khong mat tinh tdng quat, gia st ig thudc vao 4 tap hop Ar, Ao, Az, A4. Khido véimoi 1 <i< j <t <4
thi

IANANA] > [ALNANAINA > 1.
Theo nguyén ly IE thi

10 = [X| > [ALUA U A3 U A4

4
:le_ z IANA|+ Z IANA NA|— [ALNA N AN AL
i= 1<i 1<i

<J|<4 < <t<4

o (§ e () o

mau thuin. Do d6 diéu gia st 1a sai. Suy ra k < 6. Vay k= 6. [

Vi du 2.2.4 (India Postal Coaching 2014 Set 5 Problem 4, Vi du 3.3.3). Tap M dudc viét dudi dang
M=AUAU...UAsvaANAj =0v6imoi 1 <i< j<n,thicdctap A,Ay,..., A, dudc goi 1a mot
n_phan hoach cua M. Gia st A1, A, ...,Ay va B1,By, ..., By la hai n_phan hoach cia M thoa man
IAUBj| >n,V1<i,j<n.
n2
E.
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Dudi day ta trinh bay mét 10i gidi khdc bang cdch cing céng thiic IE.

Chiing minh. Dt k= min{|Ajli = 1,2,...,n}. Khong mét tinh t6ng quat, gia st |A;| = k. Khi d6
M
IM| = |ALUAU...UAR| = |A1l + -+ |An] > n|A1] = |A1] < e

Tuong tu dit j = min{|B;j|i = 1,2,...,n}. Khong méit tinh t6ng quat, gi& st |By| = j va tuong tu nhu
danh gia trén thi
M
Bi| < —.
[Baf = —

Theo gié thiét bai todn thi |A; UB1| > nnén theo cong thiic IE thi

2|M|

N < |AUBy| = [Agf+ [By| = [AcNBy| < [Aaf +[Ba < ——

2
n
=M>—.
-2

O

Vi du 2.2.5. Cho 2005 tip hop, mdi tap hop c6 c6 44 phan . Biét ring hai tap hop bat ky déu c6 diing
mot phan tif chung. Chiing minh ring ton tai mot phan ti thudc tit ca 2005 tap hop da cho.

Ta cdn khdng dinh ton tai mot phdn tit thudc tdt cd 2005 tdp hop dd cho. Do dé ta sé lam viéc vii
mot phdn tit X thudc nhiéu tdp hop nhdt (vi chi cé phdn tit nay mdi cé coi héi nhiéu nhdt théa dé bai).
Dé’lam duoc diéu nay, ta phdi biét dugc X thudc bao nhiéu tdp hop. Néu X thudc it hon 2005 tdp hop,
bang ldp ludn dén dén vo ly.

Gidi. Ta c6 2005 tap hop, mbi tip c6 44 phan ti nén c6 tdi da 12 2005 x 44 phan td. V6i X 1a mot phan
tl bat ky trong chiing, dit

Ny = {56 tdp hop trong 2005 tip hgp ma chia phan ti X} € N.

Vi {n}x C N 12 hitu han nén ton tai phan ti 16n nhét trong chiing, ma ta gia st ludn 1a x. Tic X 1a
phin t& thudc nhiéu tip hep nhat, goi cic tap hop nay 1a Aq, Ay, ..., A.. Néu k = 2005 thi bai toan
dudc ching minh. Gia st k < 2005, tiic ton tai mot tip hop B, trong s6 2005 tdp hop, khong chia X.
Theo gia thiét bai todn

X1 =BNA1L #X,

Xo =BNAy #X,

dé thiy X; # X vi néu khong thi X; = Xp € A1 N Ay, trong khi d6 theo diéu kién bai todn thi AN Ay =X,
duy nhit. Tuong tu ta c6 B sé chifa cac phan ti X1,Xp, . . ., X. Tuy nhién B chi chifa diing 44 phan t nén
k < 44. Vi mdi phan t cia B khong thudc qud 44 tip hop (vi phan tit X thudc nhiéu tdp hop nhdt la K
tdp hop ma K < 44) nén B c6 giao khéc réng v6i nhiéu nhit 1a

447 = 1936 < 2004
tap hop, mau thuin véi gia thiét B c6 giao khac réng véi 2004 tap hop con lai.

Vay diéu gia st 1a sai, tifc k = 2005. Bai todn dudc gidi xong. ]
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Vi du 2.2.6. Cho 2014 thung trai cAy, moi gio trdi ciy c6 ca ba loai trai cAy Tdo, Xoai, Cam. Chiing
minh ring c6 thé chon ra dugc 1008 thiing trdi cdy, sao cho tdng s6 Xoai, tong sd Tdo, tdng s6 Cam
trong 1008 thung trdi cdy nay déu 16n hon mot niia tong s6 Xoai, tong sd Tdo, tdng s6 Cam cuia 2014
thiing trdi ciy ban dau.

Chitng minh. Danh sd Aq, A, -+, Aocp1412 2014 thung trai cay do. Goi (a bi, ci )lan lugt 12 s6 tdo, xoai,
cam trong thung A;. Chon ra 2 thung Aj, Aj co so tao va so xoai 16n nhét. Néu i = j thi ta chon thung
A va mot thiing bat ky. Goi A va B 1an ludt 1a s6 tdo va s6 xoadi 6n nhdt trong 2012 thing con lai. Ta
sé chiing minh trong 2012 thung con lai, ¢6 thé chia vao 2 nhém I, IT (mdi nhém c¢6 1006 thing) sao
cho

Ja— 3 a| <A
i€l iell

-5 bi|<B
iel iell

Gid st ag > ap > ... > a2, ta xét cdc cip X = (agi_1,a2), (i = 1,2,...,1006). V6i mdi cdp

ai-1€X
az €X
ta s€ cho cdp do6 vao 2 nhom nhau. Khi d6 v6i moi cach chia thi

Zai— ;a <aptag+--tagpou——a— - — a0
[ i€

=ay+ (ag—az) + - + (ago11 — a010) — A2012 < aA1;
Zaa— & > a+ast-+ape—a1—ag— - —aou
I ic

=—a1+ (ag—ag) +--- + (a2010 — &2011) + &2012 > —a3.

Nén v6i moi cach chia thi

—;a <A
ic

12
Goi T 12 mot cach chia nhu thé. Néu
Zbi — bi| <B
e i€
thi chon cach nay. Néu
Zbi — 9 bi|>B
e i€

khong mat tinh tong quat, gia st

;bi >i;bi:>;bi—i;bi>8.

Khi d6 ton tai j € I,k € I sao cho bj > by. Khi d6 ta chi viéc d6i chd (8, bj) tif nhém I sang nhom II

va (8, b) tr nhom II sang nhém I (cach d6i chd nay khong anh hudng dén dleu kién (1)). Khido 3 by
i€l
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s& gidm di it nht 1, con ¥ by s& tdng 1én it nhét 1. Do d6

i€l
b — b:
.% | i€ |

s& giam di it nhat 12 2. Néu sau khi d&i chd ma thoéa diéu kién (2) thi diing, néu chua thda thi tiép tuc
lam nhu trén sé dén ldc thda vi hiéu trén giam ngit trén tap sd nguyén ducng. Vay ta ludn chia dugc
thanh 2 nhom sao cho

Zaa— a| <A
e ic

gbi—i;bi <B.

Trong hai nhém I va I, thi tdng s6 cam trong mdi nhém da dugc xac dinh, nén ta sé chon dugc nhém
nao s sb cam nhiéu hon. Gid sit nhém 1. Khi d6 thém 2 thiing da 14y ra cho vio nhém I, thi s6 cam 14y

ra 16n hon 1 nua va
—Aézaa— Za <A= ;aSZa+A,
e ic i€ e

tiic s6 T4o théa man diéu kién. Tuong tu kiém tra cho sd Xoai. O

Vi du 2.2.7. Cho X 1a mot tdp hgp hitu han, |X| =nva Ag,Ap,...,Anla cac tip con ciia X thda man
Al >2Vi=12,...,n va [ANAj|#1V1i<i<j<m

Chitng minh ring c6 thé t6 cac phan tif cia X bang hai mau, mdi phan ti t6 mdt mau, sao cho moi tap
A déu chifa c4c phan ti dudc td ca hai mau.

Chiing minh. 1. Gia stt X = {X1,Xp,...,%n}. Gi& st két luan bai todn sai. Trong tAt ca cdc cach
t6 mau mdi phan ti cla tap X, chon cich té dwdc mét tdp con cuc dai cia X, gia si Y =
{X1,%2, ..., %} (k < n) thba man bai todn theo nghia: néu thém phan tf X, 1 vao Y thi khong thé
t0 mau cho X, 1 dudc dé€ thoa man bai todn.

2. Diéu d6 din dén sé c6 hai tap, gia st 1a Ay, As chifa X1 va Ar, As C {X1, X2, . . ., Xk, Xk11} sao cho
o Néu X¢, 1 dugc t6 mau xanh thi Ay NY gdm toan cic phan tif mau xanh;
e Con néu X, 1 dudc to mau do thi AsNY gdém toan cac phan ti mau do.
Nhung khi d6 thi Ay NAs = {Xk1}, mau thuin v6i giai thiét bai toan. Vay diéu gia s 1a sai. Bai

toan dugc chung minh.
O

Vi du 2.2.8 (2000 Hungarian-Israeli). Pit S= {1,2,...,2000}. Néu A va B 1a hai tap con cla S ta
ky hiéu |A| va |B| 1a s6 phan tif trong tip A va tip B tuong ting. Gié st ring

|Al.|B| > 3999.
Chiing minh ring khi d6 hai tip hop A— A va B — B chifa it nhit mot phan ti chung. Ky hiéu
X—X={s—t,se XvateX,s#t}.
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IT| = |Al.|B| > 3999.

TapW = {a+blac A b€ B} 1a mot tap con clia tap {2,3,...,4000}. NéuW = {2,3,...,4000} thi vi
hai s6 2 va 4000 déu nam trong W nén suy ra ca hai tip A va B déu chifa hai s6 1 va 2000. Suy ra hai
tap A— A va B— B déu c6 mot phan tif chung 1a 1999.

NéuW # {2,3,...,4000} thi W ¢6 it hon 3999 phan tii. Theo nguyén ly Dirichlet, phéi ton tai hai
cip (a,b) # (a,b') trong T dé

a+tb=a+b — a—-d=b-0.

Khi d6 hai tap hop A— A va B— B déu chita chung mot phan ti 1a a—a = b—b'. Ta c6 diéu phai chiing
minh. U

2.3. THIET LAP ANH XA GIUA CAC TAP HOP

Vi du 2.3.1 (Ttaly 2000). Cho X la mdt tdp hgp hitu han véi [X| = n, va dat Ag, Ay, ..., Am la cac tip
con chifa 3 phan tii ctia X théa man |AjA;j| < 1v6imoii # j. Ching t6 ton tai tap con A ctia X chia
it nhét [v/2n] phan tif ma khdng nhan bét cu tap Ai(i = 1,2,...,m) nao 1a tip con clia né.

Gidi. 1. Détip A khong chiia bdt ky tdp A nao lam tdp con, thi Ié tw nhién tdp A chita cang it phdn
1 cang tot.

2. Tuy nhién dé bai lai yéu cau |A| > /20, tikc mot chin dudi cho |A|. Nghia la dé bai yéu cdu ton
tai tdp A c6 sé luong phdn tit "tuong doi" nhiéu. Dé lam viéc véi nhitng tdp twong doi nhiéu
phan ti, théng thuong ta lam trén tdp cé nhiéu phdn t nhdt. Gia st Ala mot tap con cia X ma
khong chita bat ky mét tap A nao, véi s6 phan tir 16n nhat. Dit k = |A|.

e Y nghia nhu sau: bdt ky tdp con nao ciia X ¢é sé phdn tit > K, sé déu chita mot tdp con A
nao do.
e Do do ta sé khdo citu nhitng tdp vi pham sinh ra tic A, nhitng tdp do bang tdp A thém mot
phan ti ngodi A tiic thém vao A mot phdn ti ciia tdp X\A
3. Cach 1. Vi |A| chia k phan tif nén X\A c6 n— Kk phan tt.
4. Céch 2. Xét x1a mot phan i ctia X nhung khong thudc A, X € X\ A. Theo tinh t6i dai ctia tap A, thi
AU{x} sé khong théa man diéu kién bai toan. Nghia 1a sé ton tai mot chi s6 i(x) € {1,2,...,m}

sao cho

Ai(x) - AU{X}'
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Y,
Gy

Vi Ay Z Ava Ay € AU{X} nén X € Ajy. T d6 suy ra

Ai(x)\{x} CA.
Vi moi tap A; 6 ba phan ti nén A \{x} chi c6 hai phan tit, ma no lai la tip con clia A, dan dén
tap

Lx= Al A

c6 dung hai phan tir. Lai theo gia thiét bai toan |AjAj| < 1 v6i moii # j nén cdc tap Ly déu la
céc tap phan biét (theo nghia, hai tdp hop Ly va Ly, & ddy X # Y thuéc X\A thi Ly # Ly. Vi néu
thudn).

5. Tur d6 chiing ta da xac 1ap dugc mot don anh ti tap X\A dén tdp hop chita cdc tdp hai phan tit
ctia A. Do d6 theo tinh chit don anh thi

2 _ _ A/
n—k< (;) _k 5 N kK+k>2n = k> 1+ 21+8n>\/%—1.

Vi k nguyén va k > v/2n— 1 nén k > [v/2n|.
0]

Vi du 2.3.2 (AMM, E3459). Cho X la mét tap hop, [X| =n>12va .F = {A1,Ay,...,An} 1a ho cac
4_tap cua X sao cho
IANA||>2Vi#je{12,...,m}.

Chiing minh ring ton tai mot tp con Sciia § |§ > v/6n—6sao cho A ¢ S\Vi € {1,2,...,m}.
Chitng minh. 1. Ta goi mot tap con T ctia X 12 mot tap ddc ldp néu

AgTVie{l2....m}.

2. Xét Sla tap doc lap c6 kich thudc ldn nhdt trong X, dit |§ = k. Khi d6 k > 3. Vi S16n nhét, nén
v6i mbi phan ti X € X\S sé t6n tai mot 3_tap f(x) C Ssao cho

f(X)U{x} € F.

(vi néu moi tip B chiia 3 phan tif trong Sma BU {x} ¢ F thi ta b6 sung X va Sva dudc tap SU {x}
cling 1 tap ddc 1ap, mau thuln vdi tinh 16n nhit cia S).
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X

J

3. Ly X1 # X2 (X1,X%2 thudc X\S). Theo két qua trén, ton tai hai tp chia 3 phan td f(x1), f(x2)
trong Ssao cho
fx))u{xi}teF, f(x)u{x}eF.

RO rang f(x1) # f(x2), vinéu f(xq) = f(xz). Khi d6 hai tap Ay = f (x1) U{x1}, Az = f (x2) U{X2}
co
[ALNA| =[f(x1)| =3

mau thuin gia thiét.

4. Tu trén ta thiy f 1a mot don anh tir X\ Svao céc tap con chia 3 phan ti ctia S Do d6

|X\as|s@n—kg®.

Tu day suy ra
K
6n§6<3> +B6k=k —3k?+8k<k®—-3=k>6n+3.

Bai toan dudc chiing minh hoan toan. L]

Vi du 2.3.3 (India Postal Coaching 2014 Set 5 Problem 4). Tap M dugc viét dudi dang M = A; U
AcU...UALvaANA;j =0v6imoi1<i<j<n,thicictip Ay, Ay, ..., Aq dudc goi la mot n_phan
hoach cua M. Gia st A, Ap,...,Anva By, By,...,By1a hai n_phan hoach cia M thoéa man

IAlUBj| >n,V1<i,j<n.

n2
Chiing minh |M| > ox

Chitng minh. Dat k=min{|Aj|,|B;|,1 <, j < n}. Khong mit tinh tong quat, gia sit |A1]| = k.

1. Do By,By,...,By 1a cdc tp con phan biét. Va |A;| = k, nén c¢6 nhiéu nhdt K tap Bj trong
{B1,Bo,...,Bn} ma Ay N Bj # 0. Khi do6 ton tai it nhdt n—k tap Bj trong {By,Bp,...,Bn} ma
A1NBj=0.

2. Gia st trong cdc tap By, By, ..., Bn ¢6 chinh xdac mtip Bj ma A; N Bj # 0, khi d6 m < k. Khéng
mat tinh tdng quat, goi m tip d6 1a By, By, ...,Bm. Khi d6 n— mtip Bmy1, Bmy2, ..., Bn con lai
c6 A1NB; =0,Vj=m+1m+2,...,n
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3. ViBjNA1=0,Yj=m+1,m+2,...,n, lai theo gid thit |B;UA1| > n,Vj=m+1m+2,...,n
Ching té
Bj| >n—|A=n—-KVj=m+1,...,n

4. Theo dinh nghia cda K thi
Bj| > Al =k, Vj=1,2,....m

Tu dotacod

IM| = [B1UB2U...UB|
= |By| + -+ |Brn| + Byt -+ [Bn]
m‘trf?lp n—mtép
>mxk+ (n—m) x (n—Kk)

=n(n—Kk) —m(n—2k).

e Néun> 2k, thi n— 2k > 0. Do m< k nén

2
M| > n(n—K)—k(n—2K) = > +2(3 k) > =

e Néu n < 2k, khi d6

2
n
M| = [B1UB2U...UBn| = [Ba| ++-- +[Bn| > nxk> =
Bai todn dudc giai quyét hoan toan. O

Vi du 2.3.4. Cho A 1a cdc tap hop hitu han, v6i i = 1,2,...,n. Ching minh ring néu

thi ton tai g € A(i=1,2,...,n) d€a #a;,V1I<i<j<n

Chitng minh. Dat S={1,2,....n} vaT = AfUAU...UA,. Xét anh xa f : S— T sao cho: v6i mdi
i€ Sthi f(i)€A (=12...,n). Goi M Ia tap hgp tht ca cac anh xa nhu vay. Khi d6

M| = |As].|A2]... |An]|.

Ta chiing minh ¢6 it nhit mot don anh trong M. Néu f € M ma khong 1a don anh, khi d6 ton tai
i,j €Si#jsaocho f(i) = f(j). V6i dnh xa f nhu vay, thi f(i) = f(j) nhan nhiéu nhét 1a |A; N A;|
gia tri khac nhau, va f (k) (K #1, j) nhan nhiéu nhat 1a |Ay| gia tri khac nhau. Do d6 véi i, j € (i # j),
s6 dnh xa f ma f(i) = f(j) nhiéu nhét la

il IAINA;|
IANA|- A = LMl
k_1|,_k|7éi,j AL A
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Tt d6 suy ra s6 4nh xa trong M ma khong phéi 1a don dnh nhiéu nhét 1a
JAINA;]
1<i<j<n |A'||AJ|

M < |M|.

Tir d6 suy ra ton tai it nhAt mot don 4anh fg € M. Dit
foli)=a(i=1,2,...,n).
Khidoa € A(i=1,2,...,n) vado fpdon anh nénii, j € §(i # j) thi
a = fo(i) # fo(j) = a.
(]

Vi du 2.3.5 (Iran 1999). Cho nla s6 nguyén duong va tip hop X = {1,2,...,n}. Céc tap A1, A, ..., A
la cac tap con cua X sao cho v6i moi 1 <iq,ip,i3,i4 < Ntacod

|A51 UAiZUAiSUAj4| <n- 2.
Chiing minh ring k < 2"2,

Chiing minh. Mot tp con T C X dugc goi la 2—pht néu T C A/UA| véi i, j thudc {1,2,...,k} G, ]
khong nhat thiét phan biét). Trong sb tit ca cac tip con ctia X khong bi 2—phi, ta chon ra tip c6 sb
luong phan ti nhé nhat. Goi d6 1a tap A.

1. Xét ho tap hop S; = {ANALANA,...,ANAJ} (6 diy ANA ¢6 thé trung AN A|, néu xdy ra
diéu nay ta bé khdi tap S; nhiing tap trung nhau). Vi A khéng phdi 2—phi nén néu X € S thi
A\X ¢ S (that vay, gia st ca X va A\X € Sy, khi d6

X=ANA, AX=ANAs
vGi r,sthudce {1,2,...,k}. Nhung khi d6 thi
A=XU(AX) = (ANA)U(ANAS) = AN (A UAS) = A C A UA,

mau thudn véi A khong 1a 2—phd.) Nhu vy c6 khong qua mot nia s6 tap con clia A ndm trong
S1. Do do
S| < 2A7E

2. Bay gio lay B = X\ A (di nhién B sé& 1a 2—phd, vi |B| > |A|), lai xét tiép tap hop
S = {BNALBN A, ..., BAA.
Khi d6 néu X € S thi B\X ¢ S,. Thét viy, gi st ca hai tap X va B\X déu nim trong $. Khi d6
X =BNA, B\X =BnNAq

thi
BC ApUA,
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Theo tinh nhé nhét ctia |A|, suy ra bt ky tip nao c6 < |A| phan tii sé 1a 2—phii. Do d6 véi me A
thi
A\{m} = AcUAq
véic,d € {1,2,...,k}. Khi do6
[AcUAIUARUAG| > [BU(A\{m})[ = [X\{m}| =n—1,

mau thuin vé6i gia thiét. Tir ddy, tuong tu 1ap luan trén, ciing suy ra

|SZ| S 2‘B|—l — 2n—|A\—1.

3. Mit khac, mbi tap A xdc dinh duy nhat bsi (BNA) U (ANA). Do d6

k S |S_|.||SZ| S 2\A|—1.2n—|A\—1 — 2n—2.

2.4. PEM SO TAP HOP CHUA PHAN TU - PEM HAI CACH

Vi du 2.4.1 (PUTNAM 1980). Cho A1, Az, ..., A10s6 la cac tip con cua tap hitu han X sao cho |Aj| >
1 . . R ) < s o
§|X|, v6i moi 1 <i < 1066. Chiing minh rang ton tai 10 phan ti X1, X2, ..., X109 cia X sao cho moi tap
Aj(j € 1,1066) déu chia it nhat mot phan ti trong mudi phan ti nay.

Chitng minh. Bai todn chi xét khi [X| > 10. Dt X = {X1,%, . ., Xm}, v6i m= [X].
1. Véimbit te{1,2,...,m), dit
= |{j €{1,2,...,1066}|x € Aj}|
tic ny dém s tap hgp Aj chia phan ti X;. Khi d6

e M dém s6 tap hgp Aj chita phan ti X;;
e Ny dém s6 tap hgp Aj chita phan ti X2;

e Nmdém s6 tap hgp Aj chita phén ti Xm.

Do do m
nN+Np+---+Nm= |A1|—|—|A2|—|—---—|—|A1066| > 1066-5 = 533m.

Tir day suy ra c6 mot s6 n;, khong mét tinh tdng quat gia st 1a Ny, ma ny > 533. Tiic 1a ta c6 hon
mot nita tdp hop trong soé cdc tdp A1, Ay, . .., A1oss chita phdn tit X1.

2. Goi By, By, ..., Bsla cic tap hop trong sb cac tip A ma khong chita phan tir X,. Ta c6

|s=1066—n; < 532|.
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batY = X\{x1} = {x2,...,Xm}. Ngoai ra

1 1 1
Bi| =|A| >-m>_-(m-1) =Z|Y|.
Bil = |A| > Sm> 5(m—1) = 5|Y|

Véimdit (t € {2,...,1066}), dit
ke=1{j€{1,2,...,8}|% € Bj}|
tic ke dém s6 tap hop Bj chia phan tit %;. Khi d6

m—-1 s
ko kgt Akm = [Ba| +[Bp| + - +[Bs| > 8- ——= = 2.

Vé trai 12 tdng ctia m— 1 s6, do d6 phai ton tai mot kj, khong mat tinh tdng quat gia st ko sao cho

m—1).

S N 2 A 2 A A -, A 2
ko > > Nghia la c6 hon mot nua tdp hop trong so B1,Bo, . .., Bs chita phdn tu Xo.

3. Dén day lai dit Cy,Cy, ..., C; 1a cédc tap hop trong sb cdc tap Bj ma khong chita phan tik Xo. Ta
co

s s 532
—s— =< ,
r=s—ky<s 265

< A 2 ~ A . 2 r A 2, A 2 A 2,
Tiep tuc qua trinh trén, ta lai chi ra dugc > > (hon mdt nua trong so cac tap Cq,...,C;) chia

. r \
phan ti X3. Ta lai chi ra dugc mot day tap hop D1, Do, ..., Dy véi|ju < 5= 132 |khong chuia phan
to X4.

4. Ci tiép tuc qua trinh nay & 1an thd 5 dén lan thi 10, mbi ddy sé khong nhiéu hon 65, 32, 15, 7,
3, va 1. Do d6 ta nhian dugc cac phan tif X, Xp, . . ., X10 thda min yéu cau bai toan.

0
Vi du 2.4.2 (China 1996, Romania 1994). Cho 11 tap hop Mi,i = 1,2,...,11 théa man

{|Mi_5,v|_1,2,...,11 0

MinM; #0,V1<i< <1l

Goi m1a s6 nguyén ducng 16n nhat sao cho ton tai cdc tdp M, ..., M., trong s6 11 tap trén dé
m
() M, #0.
k=1

Tim gi4 tri nhé nhét ctia m trén tit ca cach chon 11 tap hop M; thda man (I).

Chiing minh. Pt X = J, M;. V6i mbi x € X, dit
n=1|{j€{1,2,...,11}|x € M;}|

va m= max{ny|x € X}. Khi d6

Z(I‘IX: IM1| 4+ [M2|+ - -+ |[M11]| = 55.

Xe

Theo gia thiét thi MiNM;j # 0 véimoi 1 <i < j <11
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e Co (121) cach chon giao khdc réng, mdi cach chon giao khac rong 1a mot cach chon mot ciip tap
hop Mj, M; trong s0 11 tap M1, My, ..., M1a;

e Mit khdc, moi phén ti X xuat hién trong (') giao khdc rong cua cac tap M;, M;.

3(2)=(2)-=
Ny(Nx — 1)

X;T > 55.

Do do

Do do6

Ving<mVxe X, dodo

m
<

-1 m-—1 m-—1
nn=———U55=——>1=m>3.
2 £ 2

55 < ; nX(nXZ_ =) 5
Xe

Néu m= 3, khi d6 diu biang phai x4y ra trong tit ca cdc bat dang thic trén, nén ny = m= 3,V¥x € X.

Nhung ¥ ycx Nx = 55 khong chia hét cho 3, nén ny khong thé bang 3 v6i moi gia tri clia X € X. Tu day

suy ram> 4.

Tiép theo ta chiing minh m = 4 théa man. Xét

abbd
e f gh
1234
56 78

Khi d6 11 tap M; dugc 14y nhu sau:
e 4 tip dong
M; = {ab,c,d,D}, My={e f,g,D}, M3={1,234D}, Mys={56,7,8,D}.
e 4 tip cot
Ms ={a,e1,5C}, Mg=1{b,f 26C}, M;={c0g3,7C}, Mg={d,h48C}.
e 3 tip duong chéo
Mg={a, f,3,8,D}, Mip={b,0,4,5D}, My ={ch16D}.
(Méi tdp trén déu ldy trén méi dong, mdi cot diing mot phan tiy) O
Vi du 2.4.3 (USAMO 2011). Cho Ag,Ay,...,As1 1a cac hgp sao cho

A =45V1<i<1l
IANA]|=9,V1<i< <1l

Chiing minh rang |[AUA2U...UA1| > 165 va cho mét vi du véi trudng hop diu bing xay ra.
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Chung minh. Diat X = AfUAU...UA1, véi mdi X € X, dit
ny={j €{1,2,...,11}x € A}}|.
Khi do
Z(nx — |Ad|+ |Ao| + -+ |Aqa| = 11 x 45 — 495,
xe
e Co (121) cach chon hai tip giao khac rong A, Aj trong s6 11 tap A, Ay, ..., Aq1.
e Mit khdc, moi phén ti X xuat hién trong (') giao khac rdng cla cdc tap Aj, A

Theo gié thiét thi |ANAj| =9 v6i moi 1 <i < j <11 nén mdi tap giao clia hai tap Aj, Aj thi mdi phan

t dugc dém 1ip 9 lan. Do dé
11
> (nx> —9x ( ) — 495,
Xe 2 2

Z(nxz Z((Z‘) = ny=3,¥xe X.
Xe S
ym=3 (gx) :495:X€Z<n)2(:3><495

Dit n = |X|, theo bét ding thic Cauchy - Schwarz thi

2
1n] < 1 n2 | = 4952 < nx 3 x 495 = n > 165.

Dé Kkét thic bai todn, ta chi ra mot thuat xay dung. Coi 11 tdp hop la 11 mdt phdng trong RS, trong do
khong cé hai mdt phdng nao song song véi nhau. Khi dé ba mdt phdng tity ¥ cdt nhau tai mot diém.
Tong sé giao diém dat duoc la
11
= 165

la cdc diém trong tdp X. ]

Tu day suy ra

Mit khac

Vi du 2.4.4 (USA TST 2005). Cho n la sb nguyén duong 16n hon 1. Vi mbi s6 nguyén duong m, dit
Xm=1{1,2,...,mn}. Gid st ton tai mot ho .Z% = {A1, Ay, ..., Ao} gdm 2n tap con clia Xy, sao cho

. |Al=mVYi=12...,2n;
2. IANA|<1LVL<i<j<2m
3. Mbi phin ti ctia Xy déu nam trong diing hai tip hop thude 7.

Tim gi4 tri 16n nhat ctia mtheo n.
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Chuing minh. Vi mbdi i € X, dit
n={je{1,2....2n}|i € Aj}|.
Khi d6, theo gia thibt thit 3 thi n = 2,¥i = 1,2, ..., mn. Mt khéc, sit dung gi thidt thit 2 thi

mn
ni> 2n
= |A| ﬂAj| < 1= < ) .
i; <2 1§i<zjgmn 1§i<zjgmn n

mn < (22n> =m<2n-—1.

Tu day suy ra

Mit khdc, ta 1y 2n dudng thing trong R?, trong d6 khong c6 hai dudng thang nio song song. Tong s6
giao diém cia cac cip duong thang nay 1a

(22n> =n(2n—1)=nm

1a céc phan ti ctia Xy Khi d6 mdi tap Aj chita 2n — 1 giao diém trén dudng thang i. Nhan thiy céc tap
A, thdéa man diéu kién bai toan. VAy gia tri 16n nhit ctia nla 2m— 1. O

Vi du 2.4.5. Tim s6 nguyén ducng n 16n nhit sao cho ton tai N tp hop Ag, Ay, ..., An thdéa min
Al =4Yi=12...n
ANA|=1LVl<i<j<n
|AfUAU...UA =n.
Chitng minh. 1. Pit ALUAU...UAy={1,2,....n}. V6i mii € {1,2,....n}, dt
ni=|je{1,2,...,n}i € Aj.
Khi do ta co N
izlni = |Ag|+--+|An| =4n. (%)
Dén dén v6i mdi i, thi frung binh né xuat hién trong 4 tip hop A,.

2. Gid st tdn tai mot phan tif, khong mét tinh téng quat, gi st 1a 1 nam trong nhiéu hon 4 tdp hop.
Khong mét tinh téng quat, gid st 1a Ag, Ay, . .., As.

e Vi[ANA||=1V1i<i<j<5vataluonco ANAj={1},V1<i<j<5nén3x5=15
phan ti con lai clia cac tAp A, Ap, Az, Ag, As phai khic nhau.

e Ngoai ra 1 khong thé nam trong tit ci céc tdp hop Aq,...,An, vi néu khong 4p dung lap
luan trén thi
3xNn=3n

phan ti con lai trong céc tp Ag, ..., A, phai phan biét. Nhung khi d6 thi
AL UAU...UA) =3n+1>n,

mau thuin.
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e Do d6 ton tai mot tip hop trong A, ...,An khong chia phan ti 1. Gia st Ag = capA
(i=1,2,...,5) 1a cdc tap phan biét. Néu nguoc lai, gia st

AsNAL=AgNA = {b}

thi b # 1 do 1 & As. Nhung khi d6 thi b € Aq,b € Ay, mau thuin vé6i y dau tién. Tur day dan
dén tap Ag phai c6 it nhat 5 phan tif, mau thuin véi gia thiét.

Vay mdi phin tif nam trong khong qua 4 tap hgp. Ngoai ra néu c6 mot phan ti nao dé nam trong
it hon 4 phan tt, theo (*) phai c6 mot phan tif ndm trong < 4 tip hop, din dén mau thuin. Vay
mot phan tl xuat hién trong diing 4 tdp hop A;.

3. Gia st 1 ndm trong A1, Az, Az, Ag. Khi do, gia su
A1 ={1234}, A={156,7}, A3=1{1,8910}, As={1,1112 13}.
Khi d6 n > 13.

4. Néu n > 14 thi phan tif 14 nam trong mot tap hop, gia sit As. Khi d6 3 phan ti con lai clia A sé
nam trong cac tap Ag, Ao, Az. Dan dén As va A4 khong c6 phan tif chung, méau thuén.

5. Vay n16n nhét 1a 13, va dudi day 1a 13 tap hop thda man
A1 ={1,234}, A={1,56,7}, A3=1{1,8910}, As={1,1112 13},
As ={2,58 11}, As=1{2,6,9,12}, A;={2,7,10,13}, Ag={3,5,10,12},
Ag=1{3,6,8,13}, Ai0=1{3,7,9,11}, A11=1{4,5913}, A;p={4,6,1011},
Agz = {4,7,8,12}.
[

Vi du 2.4.6 (China 1999). Cho n nguyén ducng va X la mét tap hgp véi [X| = n. Goi A, Ap, ..., Aqla
cac tap con cua X sao cho
A >2¥i=1,2,...n

Gia st ring v6i mdi tap con A C X, |A'| = 2 thi tdn tai duy nhit mot chi sd i sao cho
A CA.

Chiing minh ring
ANA#A0V1<i<j<n

Chitng minh. 1. Vi mdi tap con, gid st {a,b} ctia X thi ton tai duy nhit mot chi s6 i sao cho
{a,b} C A va mbi tap con chia hai phan ti ctia A thi khong thé 1a tap con clia mot tdp Aj ndo

khac. Do d6 .
5(5)=() @
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2. bat X = {x1,%2,...,Xn}. Voimdii € {1,2,...,n}X, ky hiéu

ni=|{je{1,2,....,n}x €A}

.§W5§W*<a

e Mdi phin tf X; € X s& nam trong n; tdp hop. Do d6 mdi phan tk X; s& xuat hién trong (3)
tdp giao.

Khi do

Miit khac

e Xét mot tap giao, gia st {X;, % } = A, NAs. Khi d6 ca X va % déu dugc tinh trong tap giao

nay. Do do
> (3)= 5 mnal @
pr— 1 J .
i; 2 1<i<)<n
3. Theo gia thiét bai toan, thi |A NAj| < 1. Va két ludn bai todn cdn chitng minh |ANAj| = 1.

Khi d6 (3) trG thanh
n <ni> <n>
iz_l 2 2

Tir day theo (1), (2) va dang thiic trén ta dudc

n |A|| n n| n n
2(2)-22) 2n 2
din dén két luan bai todn dua vé chiing minh
S 2w (a2
3=y AR ()
i= i=

4. V6i mdi phan ti x; € X, xét tdp Aj ma X; & Aj. Gid st Aj = {y1,Y2,...,Ys}. Khi d6 mbi tap hgp
chita 2 phan tif sau day

{Xi7y1}7 {Xi7y2}7 AR {XivyS}
1a tip con clia cdc tip, chang han A, Ay,...,As (Iuu ¥ khong thé xay ra {x;,y1}, {X,y2} cing
thudc vao mot tap, chang han A;. Vi khi d6 {y;,Y»} ciing 1a tap con ctia Aj, mau thuin véi gia
thi€t. Diéu nay ding cho tt cd cdc tdp con lai). T day suy ra X thudc vao s= |Aj| tap hgp
A1,Az, ..., As (di nhién X con thudc vao mot s6 tap khdc nita). Diéu nay ching tO néu X; ¢ A; thi
n Al
n—n — n—JAj|

nj > |Aj|:>

5. Sé tap hgp Aj khong chia x; 1a n—nj. Do d6

N N

n (n_ni)'n—ni

= =0n;.
XA,
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Do do

=
=
I

N

=1 j|x ZA; n-
Al
n—|Aj|
Al
n—|Aj|

Vv

s IMs M s

I=1j[x ZA|

J 1i\Xi€Aj

>

I
i
'_\_
Z

Nhung theo (2) dang thic phai xy ra trong udc lugng trén. Do d6 nj = |A||. T day suy ra

tlr d6 (*) dudc chitng minh. Bai toan két thiic.

2.5. XAY DUNG - QUY NAP - TRUY HOI

Vi du 2.5.1. Cho nnguyén duong va tdp hgp M = {1,2,...,20}. Goi A1, Ay, ..., Ay la cac tip con phan
biét khéc rong ctia M sao cho
IANAj| <2 V1<i<j<n

Tim gia tri 16n nhit ctia n.

Chitng minh. 1. Gia st Aq,Ap, ..., Ay 1a cac tap con clia M thdéa mian diéu kién bai todn. Néu mot
trong cac tap A1, Ag, . .., A, c6 it nhit 4 phan ti, khong mét tinh téng quat, gia st |A;| > 4. Goi a
12 mot phan tif trong A;.

e Khi d6 A1\ {a} l1a tap c6 it nhét ba phan tid. Do |[A;NA| < 2,Vi=2,3,...,nnén tap A;\{a}
phéi phan biét véi tAt ca cac tap Ay, ..., A, (vi néu Aj\{a} = A nao do, thi

Al\{a} NA = Ad\{a;}

c6 it nhdt ba phdn . Khi dé Ay N A ciing cé it nhdt ba phan tit, vé 1y.)
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e Ngoaira
|[(Ad\{a}) NAj| < [ALNAj <2Vj=23,....n

2. Tu cac két qua trén, néu thay A; bdi A;\{a} thi hé tap hop
Al\{a}7A27A37 s ;An

van thda man bai toan. Hé méi nay c6 cung s6 tap hop v6i hé ban dau, nhung sd phan ti trong
mbi tap hop < 1 so vdi s6 phan i trong mdi tp hop clia hé ban dau. Cif tiép tuc qud trinh nay,
ta thu duogc day tdp hop A;, ..., A, thoa man bai todn va

A <3Vi=12...n

Tiic 1a cac tp hdp nay, mdi tap hop chi cé tbi da ba phan ti. Do d6

< (2)+(2) ()

3. Tiép theo, téng s6 cac tip con chia 1 phan i, chita 2 phan td, chda 3 phan ti cia M 1a

20 20 20
= 1350
() (2)+(5)
va tit ca cdc tap nay théa min diéu kién bai toan (16 rang hai tdp phdn biét bdt ky trong cdc tdp

nay cé giao khéng vuot qud 2 phdn tir). Do d6 n = 1350 dat dudc.
Tir d6 suy ra gi4 tri 16n nhit cia n 13 n = 1350. O

Vi du 2.5.2 (Indian 2014). Cho s6 tu nhién nva X = {1,2,...,n}. Véi hai tap con A va B cta X, ky
hiéu
AAB = {i € X|i € (A\B)U(B\A)}.
Goi . 1la mot ho cac tap con cua X sao cho v6i moi A B € .# thi
|AAB| > 2.

Chiing minh ring |.% | < 21 va tim tit c4 cdc ho .# c6 2"~ phan ti.

Chitng minh. 1. V6i mdi tap con A C {1,2,...,n— 1}, thi trong cip tap hop (A, AU {n}), tdi da
maot tdp hop thudc vao % . That vay vi

A\(AU{n}) =0, (AU{n})\A={n} = AA(AU{n}) = {n}.
Mit khéc, ta c6 t6i da 2" cip tap hop (A, AU {n}). Do d6 tip .Z c6 ti da 2"~ phan td.

2. Tiép theo ta chiing minh biang quy nap theo nla néu |.%| = 2"~1 thi .7 hodc chiia tdt cd cdc tdp
con chita so lé phan tiw hodc .7 chiia tat ca cdc tdp hop chiia so lé phan tu.

e Két qua hién nhién diing véi n = 1.
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e Gia st két qua ding dén n= m— 1, v6i m nguyén duong 16n hon 1. Xét trudng hop véi
n=m. bat
F1={Ae Fme A}, F={Aec F|mdA}.
Theo gia thiét quy nap, tp %< c6 nhiéu nhit 22 phan td.
e V6i mdi tap hop A € .71, ta xét tap hop méi A\ {m}. Khi d6

F3={A\{m}Ac F1}

Khi d6 tap .#3 cling théa man yéu cau bai toan va theo gia thiét quy nap thi lai c6 |.F3| <
2™-2 Nhung

| Fo| = | Fa| <2M 2 = | F| = | Fa| + | Fo| < 2™ 242 2= 2™

Do d6 néu |.7| = 2™ 1 thi |.71| = |.%5| = 2™ 2. Nhung khi d6 lai theo gia thiét quy nap,
ho .%¢ chiia tht ca céc tap con ctia \1,2,...,m— 1 vdi, gia st, s6 chan phan ti. Khi d6 Z
chia tit ca cdc tap con cta {1,2,...,m}, chda m, dang AU {m}. Tuy nhién A khong thé
thudc vao .#», vi néu khong thi cd A, AU {m} déu thudc vao .% vo ly. Khi d6 A phéi c6 sd
1é phan tir, A C {1,2,...,m—1}, va |.%;| = 2™ 2 nén A phai chay trén tt ca cic tip c6 sb
18 phan tii. Do d6 .%1 ciing chida cac tip c6 s6 chin phan ti. VAy .% chifa tit ca céc tap hop
6 s6 chdn phan ti. Tuong tu khi .%; chia tat ca cac tap c6 s6 1é phan t.

Bai toan dudc chiing minh. L]
Vi du 2.5.3 (Bankal 2012). Cho n 14 sé nguyén duong. Dit tap hop P, = {2",2"—1.3, 22,32 3",
V6i mdi tap con X cua P,, dit S 12 tdng tat ca cac phan ti trong X, § ddy S = 0. Cho y 1a mot s6 thuc

théa man diéu kién 0 <y < 3™1 — 21 Chitng minh rang ton tai mot tip con Y clia P, thoéa man diéu
kien 0<y— Sy < 2"

Gidi. Taco

S, =3"4+3"124... 432002 3001 on

=(3-2)(3"+3" 124 432224321 2N
— 3n+1 . 2n+1

Bing cach chia cach phan ti ctia P, cho 2" ta dua bai toan vé dang tuong duong nhu sau:

A 3 2 > 4 X .. . 2 2
Cho n la so nguyén duong, a = > va Qn={1,8, a,... ,a"}. Chiing t6 rang vdi moi gid tri cuia X thoa
man 0 < x< l+a+a’+---+a", luon ton tai mét tdp con X ciia Qn sao cho 0 < x—Sx < 1.

. 3 5 o
Ta ching minh bang quy nap theo n. Khin=1thi =0,y = 1,54 = > Si1a = > Tu day kiém

2, A N A N A A P 5 N A s A A 2 2 A X
chung thay ngay la néu X 1a mdt so thuc thoa 0 < x < > thi luén c6 mot tap con X cua Q; thoa yéu cau.
Gia st két qué bai toan diing dén s6 nguyén duong n.

Xét x1a mot sd thuc v6i 0 < x< 14+a+a?+---+a"+arl
+Néu 0<x<1l+a+a?+---+a" thi theo gia thiét quy nap ton tai tip con X C Qn C Qmy1 thoda
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0<x—& <1l
n+1 1
+Xétvéix>1+a+a’+---+a= —— > khidowi
atl-1 amtl-oa 1
7 — T :z(an-‘rl_l):an+1_|_(an+1_2)>an+l_’_a2_2:an+1+z>an+l
a 5 1
nén
O<(x—a"h <i+a+a?+.---+a
Theo gié thiét quy nap, ton tai tip con X C Q,, thda main
0<(x—a"h—S <1 = 0<x-S¢<1
vGi
X' =X J{a"!} € Qny1.
Bai toan dudc ching minh. ]

Vi du 2.5.4 (Romania, grade 9, final round). Cho p,q1a hai s6 nguyén duong, p > 2,q > 2. Mot tap
hitu han X goi 1a c6 tinh chit (S) néu: vé6i bat ky cach chon p tip con By C X,i = 1,2,...,p, khong
nhat thiét phan biét, mdi tp c6 g phan tii, thi ludn ton tai tip con Y C X ¢6 p phan td, sao cho

YAB|<2,Vi=12,...,p.
Chiing minh ring
1. Moi tap X c¢6 pg— q phan ti déu khong c6 tinh chét (S).
2. Moi tap hop X ¢6 pg— g+ 1 phan tif déu c6 tinh chit (S).

Chitng minh. 1. Néu X ¢6 pg— g = (p— 1)q phan tt, khi d6 ta chon p— 1 tap, mbi tip c6 ¢ phan
tu (1a phan hoach cua X) nhu sau

Bi={12,...,q9}, Bx={q+1,9+2,...,209}, ..., Bp-1={(p—2)q+1,....(p—1)q}

va tap Bp la mot tap tuy y co q phan ti. Khi d6, theo nguyén 1y Dirichlet, thi v6i moi tap Y ¢6 p
phan ti trong X, sé ton tai it nhat mot tap B; (i € {1,2,...,p— 1}) sao cho giao ctia né véi Y ¢6
> 2 phan td. Vay tap X khong c6 tinh chét (S).

2. Bay gi6 vdi moi i cho trude, nhan xét tp
UB
i
c6 < (p— 1)q phan ti. Trong khi d6 tap X c6 pq—q+1= (p— 1)q+ 1 phan tit. Do d6 ta tim

dudgc it nhdt mét phdn i ciia tdp X ma né khong ndm trong moi tip Bj, véi moi j # .

e V6ii=1, st dung lap luan trén, ta tim dugc phan ti X, ma X; & Bj,Vj = 2,...,p. Néu
X1 € By, ta tiép tuc qua budc 2, néu X; & By, ta xay dung tip By mdi bang cdch bé ra khéi
By mét phan tit y1, va thém vao tap B phan tit x;. Di nhién phan tif y; van la phan t trong
X.
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e Tiép tuc v6i i = 2, luu y tap By st dung bay gid 1a tip By "méi". Lai st dung lap ludn trén,
ta tim dudc phan tl X, ma X khong nam trong bét cif tap By, Bs, By, ..., Bn. Khi d6 Xo # Xq
(Vi X1 € By, %o & By). Néu X, € By ta tiép tuc quy trinh, néu X, & By, ta xay dung tap B, mdi
bdng cdch bé ra khéi B, mét phan tic s, va thém vao tip By phan tit Xo.

3. Cu tiép tuc quy trinh nay dén budc p, ta s€ tim dugc tap Y = {X1,X,...,Xp}. Tap Y giao véi mdi
tap Bi "mdi" chinh x4c mot phan t, d6 13 x;. By gio thay ngudc trd lai x; bdi y; ta quay trd lai
tap Bj "ci". Néuy; Y thiYNBj =0, connéu y; € Y thi YNB; = {y; }.

L]

Vi du 2.5.5 (China TST 2015). Cho X 1a mot tap khdc rong va Ag, Az, ...,An 1a ntip con cta X sao
cho

LA <3Vi=12...n
2. Bit ky mot phan ti no clia X cling ndm trong it nhit 4 tap trong sb A, Ao, ..., An.

. . 3n ; X
Ching minh rang c6 thé chon [71 tap hop trong so cac tap Ag, Ao, ..., An ma hop cua ching bang X.

Chiing minh. Két luan bai todn yéu cau chon dudc mdt s6 tap hop, hop lai bang X, do dé ta sé

1. Chon tdp ddu tién c6 3 phdn tit, gid st A1, |A1| = 3. Sau do, ta chon tiép tdip Ao ma |Az| = 3 va
AoNA = 0. Sau khi chon duogc tdp Ay, ta chon tiép tdp Az ma |Ag| = 3va AsNAL=0,A3NA =0,
cif tiép tuc nhu vdy dén khi khong thé’ chon thém duoc tdp ndo nita vao trong hé. Trong tht ca
cach cach lya chon cac tap hgp trong A1, Ay, ..., A, ta chon ra hé tip hdp S3 cuc dai, gia su
S = {A1,Az,..., A} (i <) (tifc la ho S3 chita nhiéu tdp hop nhdt cé thé cé) ma |A| = 3, Wt =
1,2,...,iva A, NAs=0,V1 <r < s<i (diéu ny c6 nghia, mbi 1an bS sung mot tip hop vio S
thi tap Xa c6 sb luong phan tit ting 1én 3).

OQE

Dit X3 = Up, cs, Ar- Do tinh t6i dai ciia tap Sz, nén véi bat ky tap hop Aj (j > i) thi
/AN (X\Xa)| < 2
vi néu khong thi ta ti€p tuc bo sung A vao tdp Sz, mau thuln véi tinh toi dai cia Sg. Va khi d6

IXg| = 3i.
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2. Bay gid ta tiép tuc chon ho S cue dai chiia cdc tap A;j con lai trong 6 Ai+1,. .., Ay, sao cho moi
lan thém mot tdp hop vao ho S, thi so luwong phan tw trong hop cua ching tang lén 2. Khong
mét tinh téng quat, gia st

SZ = {Ai+17Ai+27' .. 7AJ}

Xo= | AN(X\Xa)
AES
thi theo cach xac dinh ctia S; ta c6 |Xp| = 2j va theo tinh ti dai ctia tip S thi

AN (X\(XUXs))| <LVt=j+1,....n.

3. Bay gio ta tiép tuc chon ho S; chifa cac tp Ag con lai trong s6 Aji1,...,An, sao cho méi lan
thém mét tap hop vao ho S, thi sé luong phdn tit trong hop ciia chiing ting lén 1 va di nhién
cdc tdp hop trong ho S; chiia hét tat cd cdc phan tir ciia X\ (X3 U Xz) = X;. Khong mit tinh
tdng quat, gia st

S_l. = {Aj+17Ai+27"'7Ak}'
4. Khi do |X| = [Xa| + [Xo| + [X3| =3I+ 2] + k, X = Xg UX2 U X3 va
S3| + S|+ S| =i+ ]j+k=m

Ta can chiing minh m< 3.

e Vimodi phin tii trong X; nam trong it nhit 4 tip hop, nhung do |A NXy| < 1,Vr = j+1,....n
nén
n>i+j+4k. (1)
M&i phan ti trong X3 U Xo xuat hién it nhat trong 4 tp hop, nhu do |A/| N (XU Xp) <
2,¥Vr=i+1,...,nnén

n>i+ —4(21; K

—it4jr2k (2)
MBbi phan tif trong X xuét hién it nhit trong 4 tap hop, va |A, N X| < 3,Vr=1,2,...,n, do
do
431 +2]+k
n> ( +3J+ ) 3)
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e Liy20x (1) +12x (2)+27 x (3) ta cb

. 99n  3n
> = < < .
59n > 140(i + j + k) 14Om:>m_140< z

Bai toan dudc chiing minh hoan toan. 0]

Vi du 2.5.6 (Romania TST 2006). Cho n la s6 nguyén duong. Mot tap con SC {0,1,2,...,4n—1}
dudc goi 1a tap roi rac néu véi sd k bit ky, hai diéu kién dugc sau théa man

1. Tap SN{4k— 2,4k — 1,4k, 4k + 1,4k + 2} ¢6 tbi da 2 phan ti.
2. Tap SN{4k+ 1,4k + 2,4k + 3} c6 tdi da 1 phan ti.
Hoéi tap {0,1,...,4n— 1} c6 bao nhiéu tap con rdi rac?

Ching minh. e Ta dién gidi tip S trong tap 5 s0: gdm 4 sb chia hét cho 4, chia 4 du 1, chia 4 du
2, chia 4 du 3 va thém mot sb chia 4 du 2 thi tAp Schiia tbi da 2 phan ti trong ching. Trong mot
tap 3 s0: chia 4 du 1, du 2, du 3 thi tip Schifa tdi da mot s6. R0 ra hai s6 chia cho 4 du 2 va du 3
khong thé ciing nam trong tip S(vi vi pham diéu kién (ii)).

e Goi S, 1a tp hgp chita céc tip con r6i rac cla tap {0,1,2,...,4n— 1}. RS rang la cdc s ¢6 dang
4k + 1,4k + 2 bi rang budc bdi hai diéu kién. Day chinh 1a co s8 cho viéc xay dung cong thiic
truy hoi.

e Goi X, 1a tip hop chida céc tap con ctia S, ma mdi tap con clia né chifa phan ti 4n— 1 (tifc la cdc
tdp con ciia Sy ma cdc tdp con dé chita phdn tik chia 4 du 3).

e Goi Y;, 1a tap hop chiia cdc tap con ctia S, ma mdi tip con ctia n6 khong chida ca hai phan ti
4n— 1 va 4n— 2 (tiic la chita cdc tdp con ciia S, ma moi tdp con ciia né khong chita hai phdn tir
chia 4 du 2 va chia 4 du 3, nghia la né sé chita cdc phdn ti chia hét cho 4 hodc chia 4 du 1).

e Goi Zy, 12 tap hop chiia céc tip con clia S, ma mdi tap con clia né chiia phan ti 4n — 2 (tic la
chita cdc tdp con ciia S, ma cdc tdp con do chita phan tit chia 4 du 2).
Khi d6
1Sh| = [Xn| +|Yn| + |Zn| -
1. Xét tdp hgp Xni1 duge xdy dung tir cac tp hgp con lai. Xét tdp hop {1,2,...,4n—2,4n —
1,4n,4n+1,4n+2,4n+ 3}.

e Tir tip X, khi d6 ta chi c¢6 thé thém vao méi tip clia X, phan ti 4n hoic khong thém vao,
vi béan than tap X, 1 da chia phan td 4n+ 3. Vay |Xqi1| = 2| Xy

e Tir tip Y, ta ciing chi c6 thé thém vao mdi tap clia Y, phan tif 4n hoic khong thém vao. Vi
vy [Xn+1| = 2[Yn.

e Tir tip Zp, ta ciing chi c6 thé thém vao mdi tip ciia Y phin tif 4n hodc khong thém vao. Vay
[Xnt1] = 2|Za|.

Tir d6 ta c6 quan hé truy hoi

[Xot1| = 2[Xa| + 2|V +2|Z0[ = 2[S] (D).
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2. Xét tap hdp Yn41 dude xay dung tu cac tap hop con lai

o Tir tap Yy, khi d6 ta c6 thé thém vao mdi tip con clia Y phan ti 4n hoic 4n+ 1, thém ca hai
hodc khong thém phan tif nao. Khi d6 [Yn, 1| = 4[Ya|.

o Tir tip Xn, khi d6 ta c6 thé thém viao mdi tip con ciia X, phan ti 4n hoic 4n+ 1 nhung
khong thé thém dong thdi hai phan ti nay, hoidc khong thém vao. Khi d6 |Yni1| = 3|Xa|.

o Tir tip Z,, khi d6 ta c6 thé thém vao mdi tip con ctia Zn phan ti 4n hoic 4n+ 1 nhung
khong thé thém dong thoi hai phan ti nay, hodc khong thém vao. Khi d6 [Yn, 1| = 3|Zy|.

Tir d6 ta c6 quan hé hoi quy

Yni1] = 3| Xa| +4[Yn| +3|Za|  (2).

3. Tuong tu ta cing co
[Znia] = 2 X[ +2[¥a[ +2]Z0 = 2|S5]  (3).

Shi1| =7.|Sy|. Tu d6 ta tinh duge
Shaa| = 7" |S1| = 8.7".

Tu ba quan hé (1), (2), (3) taco

3. BAI TAP VAN DUNG

Bai tap 3.1 (Olympic KHTN lan 1). Xéttap M = {1,2,3,...,10} va A, Ay, ..., Anla day cac tap con
khéc rong, phan biét ctia M sao cho

IANA|<3Vli<i<j<n.
Tim gi4 tri 16n nhit ctia n.
Pdp s6: n= 385,

Bai tap 3.2 (Pai Loan 1998). Chon >k >3 va X ={1,2,...,n}. Goi F 1a mot ho cac K_tap ctia X
sao cho v6i moi A, B € F thi
IANB|<k-—2.
Chiing minh ring ton tai mot tip con My ctia X, [My| > [log, n] + 1 sao cho My khong nhén bt cti phan
ti nao cua R la tap con cua nod.
Chitng minh. 1. Néu k > log, n thi két qua hién nhién diing. Xét trudng hop k < log,n. Pit m=
[log, n| + 1.
2. Mot tap con M chita kK — 1 phan tit ctia X, thi ton tai nhiéu nhat la mét phén tic A € F sao cho
M C A. That vay, néu c6 hai phan tit A, B trong Fc ma M C A/M C B thi

IANB| > M| =k—1,

mau thuin véi gia thiét. Mit khiac mdi phan tif A thudc R né sé chita K tap con, mdi tap chita
k — 1 phan td.
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(Ta gidi thich cho hinh minh hoa trén mot chiit. Goi Sc_1 la tdp tdt cd cdc tdp con, moi tdp con
chita K— 1 phan tir ciia X. Mét phdn tit X € R, thi A chita K tdp con, méi tép con chita K— 1
phan tit. Khi do tuong iing K tdp con nay sé nam trong Sc_1, va hop cia K tdp con nay trong Sc_1
chinh la tdp A Vdy trong tdp S, thi K tdp con nay cho ta twong ving mét phan tit A thuéc F. Di
nhién co thé xdy ra mot phan tit trong Sc_1 s€ khong la tdp con ciia bdt cit phan tit nao trong Fy).

Tu do tacod 1 1
n n
< = =—— ().
Al < k<k—1> n—k+1<k)

3. Bay gid ta goi Sy 12 ho céc tip con, mdi tip con M phan ti ctia tp X. Truong hop ''xdu nhat",
ticc la can nhiéu tdp con nhdt trong Sy, ma méi tdp dé déu nhdn mot phan i trong R la tdp
con, la moi phan tit A cua R, riéng biét, la tdp con cua mot tdp Y trong Sy

DPén day ta c6 ngay dugc két luan bai toan néu chiing td dudc

S| = [Rl-
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(khi d6 sé c6 mot phan ti trong Sy khong nhan bt cii tip nao trong F 14 tip con, tip nay c6 m
phan tii. Di nhién ta c6 thé b3 sung vao tap nay mot sd phan ti nita néu khong bi vi pham.) Ta
c6 dugc két luan néu chiing té dugc

1 ny _ (N N 1 n! < n!
n—k+1\k/ = \m n—k+1kl(n—k)! = mi(n—m)!

hay

1 m _ (n—k)! 1 m! (n—Kk)! 1 m n—k
n—kJrlﬁS (n—m)! @n—k+1k!(m—k)! = (n—m)!(m—Kk)! (:)n—kJrl(k) = <m—k>'

Nhung két qua trén 14 hién nhién, vi ta c6 dudc khang dinh manh hon la

n——i+1 (T:) <1 (%).

4. Ta st dung két qua

(T) <32™3  ym>k> 3,

That vay, v6i m= 3, m= 4 kiém tra dé dang diing. Gia st két qua diing cho moi gid tri < m. Khi
d6 v6i m+ 1 thi, st dung tinh chét nhi thic va gia thiét quy nap, c6

m+1 n n m—3 m—3 m—2
(M) < (1) (") a2 srazs sz

Theo gia thiét quy nap thi ding.

5. (*) sé dugc chiing minh néu chiing t6 dugc

1 1
— = 32"l 32l0%N-2 g
n—k+1 S e n—k+1 <

hay

3
> ollogn 1
an—k+1) <

Vi 210021 < 210621 — 1y vy

3n

— <14k <n+1
An_dkgl oSNt
(két qua cubi cuing ding do

4k < 4.1og,n =log2(4n) < log,(2"1) =n+ 1.

) Tt d6 (*) dudc chiing minh. Bai toan két thuc.
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Bai tap 3.3 (THTT 444 - Tran Nam Diing). Cho 100 diém Ay, Ay, . .., Aqo nim trong hinh vudng
ABCD c6 canh bang 1. Chiing minh ring ludn ton tai mot tip con X ctia E = {1,2,...,100} gdm 50
phan tif sao cho

<V2.

S AA- S AR
i€ ieE\X

Bai tap 3.4 (China 2006). Cho trudc s6 nguyén duong n > 2 va tap X hitu han. Goi By, Bp,...,By1an
tap con tuy y clia X, mdi tdp chia it nhit hai phan td. Tim gia tri nho nhit ctia |X| sao cho ton tai mot
tap con Y ctia X thda man hai diéu kién

L. Y| =n;
2. [YNBi|<1LVi=12,...,n.
Ddp s6: |X| =2n— 1.

Bai tap 3.5 (Tuyén tip Olympic 30-4 nam 2007). Cho Aq, Ay, ..., Aqq la céc tip hop thoa man diéu
kién

1. |A|=8,Vvi=1,2,...,10;
2. |AiﬂAj|:1,V1§i<j§10.
Ching minh rﬁng |A1UAU...UAgp| > 39.

Bai tip 3.6 (Dan Schwarz). Cho X 1a mot tap hop. Goi n va m > 1 1a cic s6 nguyén khong am sao
cho
IX| >m(n—1)+1.

Gia sti By, Bp,...,Bp 1a n tip con ciia X sao cho |Bj| < m,Vi € {1,2,...,n}. Ching minh ring ton tai
mot tdp con Y cia X saocho [Y|=nva [YNBj| <1,Vi=1,2,...,n.

Bai tap 3.7 (China 2010). Cho s6 nguyén ducng n > 2 va Ay, Az, ..., Ao 12 céc tp con phan biét clia
tap {1,2,...,n}. Xéc dinh gia tri 16n nhit ctia

2n |ANA 1]
& IALIA]

Chitng minh. 1. Ta nhan thiy cic tap Aj(i = 1,2,...,2n) phai khéc rdng, vi néu c6 tap ndo bing
rong, thi bi€u thic khdng xé4c dinh.

2. Chung ta chi quan tim t6i nhiing biéu thic
ANA1#0

vi néu Aj N A1 = 0 thi tir s6 bang 0 va ta loai bd biéu thifc d6 ra khéi tdng can tinh.
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3. V6i m6i i ma AjNA1 # 0. Dat X = AiN A1 thi |X| > 1. Ngoai ra do
XCAH XCAH—].
va Aj, Ai+1 phan biét nén
A A ] > X (X[ +1).

Tu do suy ra
IANA L] < X
A Al — XX +1)

1
< —.
— 2

4. Tu do suy ra ,
N A NA 1
RN
5. Ta xdy dung mdt trudng hop cho diu bing, d6 1a
Agi_1 =i}, Ax={i,i+1}, i=12...,n

véi chi ¥ Agn = {n, 1}.
0

Bai tap 3.8 (Chon déi tuyén KHTN 2010). Cho s6 nguyén duong n > 10. Tim s& nguyén duong m
16n nhét thoa man diéu kién: Ton tai m tap con A cua tap {1,2,...,2n}, mdi tap con gdm N phan t
sao cho

ANANA]<LVI<i<j<k<m

Pdp s6: m=4
Bai tap 3.9 (China 2014). Véi cic tap hop khdc rong S T, ta dinh nghia hai tap
S+T={s+tlseSteT}, 2S={25seS}.

Cho n1a s6 nguyén duong va A, B 1a cac tap con khac rong ctia {1,2,...,n}. Chiing minh ton tai mot
tap con D cua A+ B sao cho

1. D+D C 2(A+B);

| |'| |
2. |D| > ——.
| |_ 2n

Chitng minh. 1. V6i mdi phan ti a € A, xét tap hop
a—B={a—blbe B}.
Khi d6 |a— B| = |B| va

a—-Bc{-n+1-n+2...,-10,12,....n—-2n—1} =M.
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Ta thiy |M| 2n— 1. Khi do ta c6 |Al.|B| tap hgp dang a— B, tuong ting sé c6 |A.|B]| s6 nguyén,
tht ca cic s6 nguyén nay déu nim trong M. Do d6 theo nguyén ly Dirichlet, ton tai mét phan tic
X € M, thudc vao it nhat

_ [IALIB] 1 |A|~|B|>|A|-|BI
2n—1 2n—1 2n

tap hop. Gia st mtap hgp do chia x 1a
ag—B, a—-B,...,.an—B
véi {al,az,...,am} CcA

2. Khi dé, cic phan ti

a1—a,a—X...,am—X
déu thuodc vao B. Xét tap D = {2a; — ., 2am— X} thi
|Al.[B]
Dl =m= 1
D L_1+

va dé dang ki€m chiing
D+DC 2(A+B).

[

Bai tap 3.10. Cho n va k 1a cic s6 nguyén duong sao cho n > k? — k+ 1. Cho n tap hdp, mdi tip hgp
c¢6 k phan tit sao cho hai tip hop tlly y trong n tap hop dé déu c6 diing mot phan ti chung. Ching minh
N tap hop d6 déu c6 mdt phan ti chung.

Bai tip 3.11. Cho k> 112 mot s6 tu nhién. Tim s6 tu nhién nhé nhét n sao cho v6i moi tap gdom N s6
nguyén ludn cé 2 sd ma tdng hodc hiéu cia ching chia hét cho 2k + 1.

Bai tap 3.12. Xdc dinh s6 n16n nhit sao cho ton tai sao cho ton tai cic tip phan biét $;,S, ..., S, théa
man

1. |SUS;| <2006 véi moi 1<i,j <n.

2. SUSUS= {1,2,...,2010} véimoi 1<i < j <k<n

Bai tap 3.13 (VMO 2004). Cho tap A gdm 16 s6 nguyén duong dau tién. Hay tim s6 nguyén duong
k nhd nhét c6 tinh chit: trong mbi tap con c6 K phan ti ctia A déu ton tai hai sé phan biét a,b sao cho
a?+ b 1a s6 nguyén to.

Bai tap 3.14 (Stars of Mathematics 2014). Cho cac sb nguyén duong M, m,n théa man 1 < m <
n1<M< m(m+1)

tap con B C A sao cho

va Ala mot tap con ctia {1,2,...,n} sao cho |A| = m. Chiing minh ring ton tai

0< Zb—Mgn—m.
beB
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Bai tap 3.15 (China 2007). Cho X 1a tip hop gdm 56 phan ti. Tim s6 nguyén duong n nhé nhit sao
cho véi bat ky 15 tap con tlly y ctia X, néu hdp ctia 7 tip tly y trong 15 tap nay chia it nhat n phan td,
thi ton tai 3 tap trong 15 tip nay ma giao clia chiing khac rong.

Chiing minh. 1. Gidsu X ={1,2,...,56}. Néu n < 40, dat
A={i,i+7i1+14)i+21,i+28,i+35,i+42,i+49}, i=12...,7.
Viét tudng minh nhu sau
A1 ={1,8,15,22,29,36,43,50}
A ={2,9,16,23,30,37,44,51}
Az ={3,10,17,24,31,38,45,52}
Ay ={4,11,18, 25,32, 39,46,53}
As = {5,12,19, 26,33,40,47,54}
As = {6,13,20,27,34,41,48,55}
Ay ={7,14,21,28,35,42,49,56}.
bat
Bj={j,j+8,j+16,j+24,j+32,j+40,j+48}, j=12....8
Viét tudng minh nhu sau
B; ={1,9,17,25,33,41,49}
B, = {2,10, 18,26, 34,42,50}
Bz = {3,11,19,27,35,43,51}
By = {4,12,20,28,36,44,52}
Bs = {5,13,21,29,37,45,53}
Bs = {6,14,22,30,38,46,54}
Br = {7,15,23,31,39,47,55}
Bs = {8,16,24,32,40,48,56}.
2. Khi d6 ta co
IA|=8(1=1,2,...,7), |ANA]|=01<i<|j<7),
Bj|=7(j=1,2,...,8), |BiNBj|=0(1<i<j<8),
IANBj|=1(1<i<7,1<j<8).
3. Khi dé v6i moi 3 tap trong 15 tdp con nay, s€ co hai tap hodc thudc ho A, hodc thudc ho Bj. Do
do giao cua ba tap nay bang rong. V46i 7 tap tiy y trong 15 tip con trén, gia st 1a
AA,,...,A,Bj,Bj,,...,Bj, s+t=7

ta co

|Ai, UA,LU...UA UBj, UBj,U...UBj|

= Ay A (B By |~

— 85+ 7t —st =854 7(7—5) —s(7—5) = (s—3)>+ 40 > 40.
Do vay n > 41.
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4. Ta chting minh n = 41 12 gi4 tri nho nhét can tim. Gia st ngudc lai, ton tai 15 tip con ctia X, sao
cho hgp ctia moi 7 tap trong s6 15 tap con d6 chia it nhat 41 phan ti, nhung khong ton tai 3 tap
trong s6 15 tap nay c6 giao khac réng. Do mdi phan tif ctia X chi c6 thé thudc vao tdi da 2 tap
trong 15 tap do, ta c6 thé gia st mdi phan ti ctia X thudc vao chinh xéc 2 trong s 15 tip dé (néu
khong, thi ta c6 thé mot s6 phan tif vao mot s6 tip hop trong 15 tap do, thi diéu kién dau tién van
dam bio). Theo nguyén ly Dirichlet, ton tai mot tip hop trong s6 15 tap, ky hiéu 12 A, ma

va goi 14 tap con lai la A, Ay, ..., A1g.

e Do hop ctia moi 7 tap trong Aq, Ao, ..., Ay chiia it nhit 41 phan td. Do d6 tdng s6 phan ti
trong 15 tap nay
14
<41 x .
e
e V6imbdiace X, néua

not € A thi a thuoc vao chinh 2 2 tip trong sd Aq, Ay, ...,A1s. Do dé a dugc tinh lip
(4) — binom127 1an. Néu a € A, thi A chi thudc vao ding mot tap Ag, Ay, ..., Azs. Do d6 a
dugc tinh 13p 147 — (%) 1An. Do d6

(%) <y
< (56— |A)) <(174) —~ (172)) + A ((174) N (173>)
<so((7) (7)) ((7)- (7))
g56<(174) - < )) —8<(173> ) <172>>

tir ddy dan dén 196 < 195, mau thuan.

12
7
12
7

Dinh 1y 3.1 (Erdos). Cho .% la mét ho cdc tdp con clia tdp 0 phan tit X théa man
1. || >2vavdimoi A€ .Z thi |Al > 2
2. V6i hai phdn tit bat ky X,y € X tén tai duy nhdt A€ F dé'{x,y} C A

Khi do
7| >n.

Bai tap 3.16 (China 2011). Cho n la s6 nguyén duong va dit S= {1,2,...,n}. Véi hai tap con khéc
rong A, B, hiy tim gid tri nhd nhit clia

|AAS + |BAS + | (A+ B)AS.
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Chiing minh. 1. PatX=ANSY =BNS Khido A=XUA vaXNA' =0,B=BUB’,vaB'NY =0.
Khi do

(ALY = [A] 41§ — 2/ANSY = [A| + [X| + 8 = 2[X| = |A| + [§ — [X]
[BAS = |B|+ |8 —2BNY = B[+ [Y|+[§ - 2Y| = B+ ] — |Y|

2. Taciing ¢6 véi hai tp hop A, B thi |A+B| > |A| + |B| — 1.

3. Néu c4 hai tip A\B C S khi d6 A= X,B=Y,A' = 0,B' = 0. D& nhan thiy 1 ¢ A+ B, do
min(A),min(B) > 1. Tir day suy ra

(A+B)NSg <n-—1
Ta co
(A+B)US =|A+B|+[§—[(A+B)NY > (JA[+|B[—1)+n—(n—1) = [A[+]B].

Do do
(A+B)AS =[(A+B)US —[(A+B)NS > |A|+[B[— (n—1).

Vay trong truong hgp nay ta dugc
|AAA| + |BAS + |(A+B)AS > 2|5 — [X| = |Y|+|Al+|B|—n+1=2|§ —n+1=n+1

4. Néu it nhat mot trong hai tap A, B khong 1a tap con clia S Khi d6
(A+B)AS = |A+B[+[5-2/(A+B)NS > |A+B[+[5-2|F = |A+B| - |§ = |A|+|B[ -1-S.
Do do

[AAS| + [BAS| +[(A+B)AS > |A'| + S — [X| + B +[S — [Y|+|A| +[B| - 1S
= A+ = [X[+[B|+ | = [Y[+ A+ [X] + [B] + Y] - 1- [
=2|A|+2B'|+|5 -1
>2+|§—-1=n+1

Bét dang thiic cudi ciing c6 dugc do it nhit mot bat dang thic |A'| > 1 hoidc |B'| > 1 phai xdy ra.
Vay trong ca hai trudng hgp, thi GTNN cua bai toan la n+ 1. [

Ta chiing minh |A+B| > |A| +|B| — 1. Thdt vdy, gid si cdc phan ti ciia tdp Ala ag < ap < ... < &
va cdc phdn tit ciia B la by < by < ... < by. Khi do trong tong A+ B luén cé K+ — 1 56 ting dan trong
day sau

ag+bi,a1+by,...;a1+by,ap+b,az+b,as+ by, ... ac+ Dby

Diéu nay ching t6 két qud can chiing minh.
Bai tip 3.17. Cho n la s6 nguyén duong va Sla tap gdm n phan ti, Ag,...,Amla mtap con, mdi tap

chita it nhat hai phan tt, ciia Sthoa man: v6i bd ba chi s0 (i, j, k) ma AiNA;j # 0, AjNA# 0, ANA # 0
thi s€ c6 AjNAjN A, # 0. Chiting minh rangm< 211,
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Chiing minh. Ta chiing minh bang quy nap theo n. Hién nhién phat biéu dé bai diing v6i n = 2. Gia st
két luan diing v6i moi s6 nguyén duong bé hon n. Xét hai trudng hop

1. Khong ton tai i, j nao trong {1,2,...,m} d€ A;UAj = Sva |ANAj| = 1. Goi X 1a phén ti tay y
thude S Khi d6

e Theo gia thiét quy nap, s tap A 16n nhét khong chita x 12 2"2 — 1.

e S6 céc tap con chifa X clia Sbiang 2", Néu x € A thi sé khong ¢6 chi sb j nao dé A =
(S\A)) U {x}, néu khong s& dan dén |A N Aj| = 1, mau thun. Do vay, chi c¢6 cing 1dm 1a
mot nita s tp con chifa X cia S xuat hién dudi dang cac tap Ai. Nhu thé s6 16n nhét céac
tap Ai la

2n—2 . 1+ 2n—2 — 2n—1 1
2. Ton tai mdt phan t X € Ssao cho AjUA; = Sva AN Ay = {x}. Dit |[A] =1 +1,|Az] =s+1
thir+s=n—1.

e Theo gia thiét quy nap, s6 16n nhit cac tap Aj sao cho Aj C Ap1a 2" — 1.

e Theo gia thiét quy nap, s0 16n nhat cdc tap Aj sao cho Aj C Apla 25— 1.

e Biy gid dém tiép xem c6 bao nhiéu tap dang Aj ma khong 1a tip con ctia A, Ax. Néu A
khong 1a tip con ciia A, A thi AyNA; # 0,AiNA;j # 0. Vi AN Ay # 0, nén theo gia thiét
thi

ALNANA #D0= A1NANA = {Xx}.
Do d6 A = {xU (A\A2) U (A\A2)}. Ngoai ra co cdc tap khic rong AjNA; va A\Az ¢
thé dugc chon tuong ting theo 2° — 1 va 2" — 1 cach, nén sb 16n nhit c4c tap Aj dang nay 1a
(25— 1)(2 —1).
Tir d6 suy ra s6 16n nhit cac tp dang nay la

2142514 (2 -1 (-1 =2"S_1=2"1_1

Bai toan dudc chiing minh hoan toan. L]
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