TiM HIEU SAU THEM TOAN HOC SO CAP

DAY SO CONG TiNH DUOI

Kiéu Pinh Minh — Hoang Bio LAm — Nguyén Ping Khoa
THPT chuyén Hung Vwong, Phi Tho

Trén cac sd bao TH&TT trude, chung toi da gio1 thi€u mot s6 day s6 dic biét: Day s diéu hoa, diy
s0 101, ... Trong sO nay chung toi tiép tuc giri dén ban doc mot loai day so cling rat thu vi khac, do 1a
day s6 “Du6i cong tinh”.
l. Pinh nghia va tinh chat
1. Dinh nghia
Diy so (X,),,
m,n=12,3,....
Néu diay s (x,)
(%, )., duoc goi la day s6 Cng tinh trén.

duoc goi la diy so Cong tinh dwéi néu théa man x ,, <X +X,, VvOi moi

N

_ théa min bt ding thic X, >X,+X,, v6i moi mn=123... thi

RS rang néu day sd (x,)., thoaman x . <X +X +C,¥vmn=123.. véic la mot hang sb
thi day (x, +c)

Ban doc c6 thé ty 4y thi du vé cac ddy sb cong tinh dudi hay ddy sé cong tinh trén, chang han:
Day sb (x,) véi x,=Vn(n=12..) 1a ddy sb cong tinh dudi, diy s& (x,) voi

,» cung la mot day cong tinh dudi.

n.

Xx,=n’(n=12,..) 1a day s6 cong tinh trén. Trong bai ndy, chling t8i chi noi vé tinh chat cua
day sb cong tinh dudi nhu tén ciia bai bao dd néu. V& ddy sd cong tinh trén, ban doc hdy tu tim
hiéu thém.

2. Tinh chat

Tinh chdt 1: Véi moi ddy cong tinh duéi(x,) ,taco

n>1"’

X, < Kb, + X, o VK <= (m,n,k 7). (1)
m

n—km?
Ching minh. Ta s& ching minh bang quy nap theo k . Theo gia thiét, X0 = Xon(nom) < X F Xpm»
nén (1) dungkhi k =1. Gid sir (1) ding dén k, taco

Xo S KX+ Xy =K+ X ) S KK X+ X = (K1) X+ X nghia 1a (1) ciing

n—km-m —(k+1)m?

2 . n A . .
dung dén k+1, véi k+1<—. Theo nguyén ly quy nap ta c6 dicu phai chirng minh. m
m
. . . n
O day ta chi quy nap theo k dén chirng nao bat dang thirc k < — van dlng!
m
Tinh chit 2: V&i moi diy cong tinh dudi (X, )nzl' ta co
X, <mx, +(£—1jxm,Vn >m(mnel’). (2)
m

Chirng minh. Tir gia thiét ta c6
X = X,y S % Xy S ST Vit n=mk+r, voi k21, re{0;L..;m-1}. Taco x, <mx,

s A .o s km+r
va X, <rx. Tacanchirarang X, <mx +( -1|x,
m

hay mx,,., <m?x +((k=1)m+r)x, (*)
Ta s€ chirng minh (*) bang quy nap theo k.



Véi k=1, ta phai chimg minh mx_, <m’x +rx . Ta c6 dugc diéu nay bang cach cong hai

m+r —
bat dang thirc sau
Xy < F2X HTX

m+r —

(m=1)X,., <(m=r)(m+r)x =(m—r?)x

m+r —

Gia sir (*) dung dén k, tic 1a mx, . <m’x +((k—1)m+r)x

.
thire nay véi mx,,, ta duge mx,,,, +mx, <m?x +(km+r)x,.
Laico mx, <M (K + Xy ) = MKy, + MX,

k+1)m-+r

Cong ca hai vé cta bat dang

Tur d6 suy ra (*) dung cho k+1. Theo nguyén Iy quy nap ta c6 di€u can chirng minh.m

Tinh chat 3: Cho day cong tinh dudi (x,) _, khido néu m=n thi

"D, (g

+X, ...+ X 2>
X:L 2 n 2m

Chirng minh. V6i m=n thi (3) dung, nghia la c6

n+1
**
X + X, + .t X szn (**)

That vy, ta c6 thé thdy diéu nay bang cach cong cac bat dang thirc ciing chiéu sau

X +X, =X,
X, + X, 2 X,

n
Suy ra 2(X, + X+t X ) 2 (N=1) X, = X + X, o4 Xy + X, ZTXn +X =

A . P * . X+ X . E X . i .
Bay gio vo1 JED , dat yj:m Khi do, tu (**)

m=n=j=k+1, taduoc yjoj Va y;2y,,. Tirdo, khi m>n, taco

yn 2 yn+l 2.2 ym—l 2 ym Zx_m-
m
Tinh chit 4: Cho day cong tinh duéi (x,) _ , khi do

n>1’

Xl+ﬁ+§+...+52xn,VneD* (4)
2 3 n

n+1

2 "

bang cach cho

Ching minh. Ta ching minh bang quy nap theo n. Hién nhién khang dinh dung véi

n=1n=2. Gia sk khing dinh ding véi n=12,...k-1(k e ,k>2). Taco

X=X

Cong theo vé cac bit dang thirc nay ta dugc



(k—l)x1+(k—2)%+...+li(k—llz X+ X, ot X

= k(x1+%+...+;("—11}2 2(X, + %, + ot Xy ) = (k=1) %,

X2 Xk
=X A 2X, .
2 k

Theo nguyén ly quy nap thi (4) dugc ching minh xong.m
Ta cling c6 thé st dung tich chat 3 dé ching minh (4) nhu sau: Bang cach ép dung (3) nhiéu
lan ta duoc

X x 1 il 1
X1+?2+"'+Fn:ﬁ(lerXZ+"'+X”)+J.Z_;(]_j_ﬂj(xl+x2+m+xj)2

o o
2i.n(n+1)xn+z_ 1 .J(J+1).xn:xn.
n 2n Fi(i+1) 2

Tinh chit 5 (Bo dé Fekete) : Cho day cong tinh dudi (X, ) _ khdng am, khi d6 ton tai gioi han

lim X0 va gioi han d6 bang inf X0

n—+o nx1 n
) . . X , - Je \ £
Chirng minh. Pit L= |n11= —L. Véi £>0 batky, chon n sao cho a,<n(L+¢) (s6 n nhu
nzl n
vay 1a ton tai theo dinh nghia cua infimum). Pat ¢ = max X;. Néu m>n, dat m=qgn+r véi

1<i<n

0<r<n. Tutinh chit cong tinh dudi cua diy , ta co

X = Xner = Xpanpener < Xg X+t X+ X, < OX, +C.
n(L+e¢ . .
Vi vay X—ms%+£<w+£—>L+g khi m — +oo, do %—ﬂ khi m - 4. m
m m m m m m
Il. Mot sb thi du
Thidu 1. Cho a,,a,,...,a, €] théamin a,; <a +a;, v6imoili, j>1 i+ j<n. Ching minh
rang:
a, a, a, 11 1) a
+=+=+. . +=>|1+=+=+..+= |
% 22 F n’ ( 2 3 n)n
v ene s . a, a, q Car e 4al A L .
Loi gidi. Bat t =min al,E,...,— :T (1£I£n). Khi d6 xét day so (bi) xac dinh boi
n

b >0,Vi=1n, b =0,b =a —ti. Khidécé b, <b+b, hayddy (b)théa man didu kién dé
bai Ta cc')

I S X

_1| i-1 |1| |1| |1| el B | Bl it |

Suyraz &, nz z_ _Z_ %)

n i i1 | ni=l

Ta chirng minh ( ) bang phuong phap quy nap. That vay, voi n=1 thi khang dinh dung. Gia
str khang dinh dang dén n—1. Xét cac truong hop
+)Néu I=n tac b =0 thikhang dinh luon ding.
+) Néu | #n, theo gia thiét quy nap, ta co
Z”:%>”'b, s Py b, nI1 bn|+blz_ b ”*'_}.
el Iyl —I i iz 1 n-lFi

_n



: . 51
Ta chirng minh day s6 u, = —Z— la giam. That vay

i=1

S 1 &1 1 1 1 3 11 1 1
2 tele 1 Y1 didunaydingvi Y =51 N
;|<n_1j_l _<:>n2< (n—l),-z_;‘j iéu nay ungv1jZ_;J> >n(n—1)>n2

n n-I

Do d6 sz' > —— b, | Zl > b—Z— ta c6 didu phai chirng minh.
I nN=157 1 Nl

Thi du 2. Gia st diy cac sd nguyén khong 4am 31 A,y Qg thoa man

a+a;<a,;<a+a;+1 Vi, j=1 va i+j<1997. Ching minh rang ton tai s6 thuc X Ssao

cho a, =[nx] véimoi 1<n<1997 (trongd6 [x] la sb nguyén 16n nhat khong vuot qué x ).

a,.a +1 N , A
Loi giai. Ta phai chi ra ton tai X e{ J v1<n<1997. Do vay can chi ra sy ton tai cua
n n
v Ao ~ s .. T . \an+1 a,
X v6i 1997 phan tir ctia day thi cac doan 1a giao nhau, tirc 1a voi moi m,n  thi >,
n m

Ta ching minh diéu nay bang quy nap theo m+n.

Néu m+n=2<m=n=1 thibit dang thirc 1a hién nhién.

+) Néu m=n thi bt dang thirc hién nhién dung

+)Néu n>m=n=mq+r,0<r<m. Doddé m+r<n+m vatgia thiét quy nap suy ra
a, +1 a, a +1 a a a,+1 S 8

—=a,, +tl>gqa,+a +1=0qa, +r——=qa,+r—=n—= >
m m n m

mq+r

rm
+)Néu n<m=m=ng+r, 0<r<n. Dodd n+r<n+m lai theo gia thiét quy nap suy ra
a, _a,+1 a, a, +1_
- < = na, =na,,, <n(ga,+a, +q)<nga, +nqg+nr.—-<nga, +ng+nr.
r n r

a, _a +1
=nga, +nq+ra,+r=m(a, +1)=-"> :

m n

Thi du 3. Cho ddy (u,) céc sé nguyén duong théa man O<u,, —u,—u, <2, vmnzxL1.
Ching minh rang ton tai hai sb thuc duong a,a, sa0  cho
[an]+[a,n]-1<u, <[an]+[a,n]+1, ¥n<2017.

Loi gidi. Trudc hét ta chung minh bang quy nap véi moi m,n nguyén duong thi

mu, <n(u,+2) (1) (hay UF” < Umr: 2 nhu thi du 2)

Véi m+n=2=m=n=1 (1) tréthanh u, <u,+2, tathdy (1) ding. Gid st (1) ding véi
vm+n ma 2<m+n<k. Ta chimg minh (1) ding v6i m+n=k. Thét vy

+)Néu m=n thi (1) tro thanh mu, <m(u, +2), bat dang thic nay dung.

+) Néu m>n. Xét cap s6 (m—n,n), tacd m-n+n=m<m+n=k. Do d6 theo gia thiét

quy nap thi
(m—n)u, <n(u,_,+2). Mt khéc tir diéu kién ctia dé bai u,+u, , <u, suyra

n(un+um_n)3num:>(m—n)un+n(un+um_n)<n(um_n+2)+num:>mun<n(um+2).
+)Néu m<n. Xétcgpsd (m,n—-m), tacd m+n-m=n<m+n=k. Do d6 theo gia thiét quy

nap co
mu, , <(n—-m)(u,+2). Mat khac, tr didu kién d& bai u,<u,,+u,+2 suy ra

mu,, <m( o U+ ) Thanh thtr

mu,_, +mu, <(n—m)(u, +2)+m(u,_, +u, +2)=mu, <n(u, +2).

u u +2 .
Tro lgi bai todn : T (1) suyra -~ <-"— Vm,nell”. Dit

n



_\u U, +2
q

1<n<2017\ N p 1<n<2017 n

U, U +2
Do (1) c6 2<=" K<L Do u=>l nén kz%—lzo. Viy 0<K<L. Chon

p q
a =1a,e(K;L). Véimoi 1<n<2017, taco

+) an< Lns(u”+2—1)n:un+2—n:>[a2n]£un—n+l. Do d6

[an]+[a,n]-1=n-1+[a,n]<n-1+u,—n+1=u,.
+)a2n>an(uﬁ—ljnzun—n:[azn]2un—n (dou,—nell vaan>u —n).

Vay [an]+[a,n]+1=n+1+[a,n]=n+1+u,—n=u,+1>u,.

Thi dy 4. Day céc so thuc X;,X,,... thoéa man |X,,, —X,—X,|<1 ¥m,n=12,... Ching minh

rang

m__n <1+1, vYm,n=12,...
m n m n

Loi gidi. Bang quy nap ta s& chimg minh |x,,, —nx,|<n (1).

Véi n=1taco |x,—x,|=0<1, khingdinh (1) ding. Gia st (1) dungcho n, khid6

X X

Xnezy = (N +1) X0 | < Xonem = Xan = X [ X =X, | <141, do do (1) dung cho n+1. Tir do ta
co
ImX, =X, | < [Xn = MX, |+ [X, =X, | <M+n=> Xn_ % l+1 vmn=12,..

n m mn n mn m m n m n

Thi dy 5. Cho ham s6 f:0 —0 thoa man |f (x+y)-f(x)-f(y)/<L vx,yel. Ching

minh ring ton tai ham cong tinh g:0 —[ théa min ‘ f(x)-g (X)‘ <1 vxel.
X - A . ‘. o x
Loi giai. Theo thi du 4 thi day (—”j la ddy Cauchy nén né la day hoi tu. Co dinh x, xét day
n
6 (x,) xéc dinh  béi  x,=f(nx),nel”. Theo gia thiét ta ¢6

LA .. o . f(nx)
— Xy —%,| <1, vm,n=12,... Do d6 ton tai gi6i han hitu han g(x)= lim ——=.

N—-+o0 n

|X Ta sé

m+n
chirng minh g 1a cong tinh. That vay, tir gia thiét ta c6

f
—1< f (nx+ny)—f (nx)— f (ny)31:—%£ (n(;(+y))_ f(:x)_ f(:y)g%,VneD*, cho

(y) VX, y €ll. Mat khac, theo nhan xét trén thi

n— +oo, ta dugc g(X+Y)=g( )

M_ f (x)sl—l,VneD*.
n n

)<1=|f (x)-g(x)|<Lvxel.

g
—n+1< f (nx)—nf (x)<n-1=-1+ i
f(x

Cho n— -+, taduge 1< g(x)—

Trén ddy, chung toi da gici thiéu mot cach co ban vé khdi niém day sé6 Cong tinh dudi cing nhu
mét s6 thi du c6 lién quan. Rat hy vong ban doc sé khai thac thém nhiéu tinh chdt cho day sé thii
vi nay. Sau cung chung toi gioi thiéu thém mot so  bai tap dé ban doc tur luyén tap.

1. Cho sb thye C>1 va day sb thyc duong (a,) , c0 & =1,a,=2 thoa man cic diéu kién

n>1
sau a,, =a,a, va a,,, <C(a,+a,), mn=12,...



N

Ching minh réng a,=n,vn=L12,..
Cho ¢>2, a,a,,... ladiy cac s thyc khong 4m sao cho &, <2a_ +2a,vmn>1 va
1
a, < -,
“ o (k+1)

vk >0. Chimg minh ring diy sb (an )n21 bi chan.

rr el K , N 1 N , .
Xét day so thuc X, X,, X;,.... théa man |x,., —X, —X|<——, Vm,ned . Ching minh
m+n

day s6 da cho 1a mot cip sb cong.
Cho day so thyc (a,) , thoa mdn a,+a,-1<a,,, <a,+a,+1 Vmn>1 Ching minh

n=1

N A o, - . a R
rang ton tai giéi han hiru han lim =0 va on-1<a, <wn+1, Vn>1.

n—>+o N
u,21L,vn=12,..
Uy, SUU,VMN=12,..

m~n?

Cho day s thyc (u, ) va ddy s6 (v,) ., xac dinh

n=1 n=1

sao cho {

boi
_Iny,

n

,Vn=12,.... Ching minhring (v, ) _, hoity va giéi han cua n6 1a inf (v,).
n nz el



