TIM HIEU SAU THEM TOAN SO CAP

DAY SO LOI
Kiéu Pinh Minh — Nguyén Tién Long, THPT chuyén Hung Vwong, Phu tho

Day sé 16i da tu’ng xudt hién trong nhu’ng nam 70 cua thé ky truéce nhung chwa duwoc
quan tam dung mirc, mdc di day s6 ndy ciing co nhu’ng u’ng dung nhat dinh. Ngay nay
nguoi ta ciing da nghién ciru kha nhiéu vé day sé 16i va cdc mo rong cua no. Trong bai
b&o nay ching t6i muon trinh bay mét cach co bdn, c¢é hé thong va twong doi day di
cdc kién thirc co sé vé ddy sé 16i ciing nhw nhitng dp dung ciia né trong viéc gidi cdc
bai toan thi Olympic.

1. PINH NGHiA

Dinh nghia 1. D3y cic so thuc (a,).” dugc goi 1a 16i néua,, +a,,, >2a, v6i moi
k>2 va goi 1 1om néu thoa min a,_, +a,,, <2a, vOi moi k> 2.

Dinh nghia 2. Diy s6 duong (a, ), dugc goi la 16i 10garit néu a _.a,_, >a? vk>2 va
goi 1a 16m 16garit néu a,,a,, <a? vk >2.

2. TINHCHAT

Pinh ly 1. Cho day s6 16i (a,), khid6 voimoi n>1>k>1thi a_ +a,,>a,, +a,,.
Chirng minh: Dat Aa =a,, —a,i>1, suyra Aa,, >Aa,vi>1 Taco

n+l-1 n-1-k

ZAa,, nk 7|:ZA31

i=n+k i=n—I
n+l-1 n-1-k
Vi Aa,, 2Aq,Viz1 nénsuyra > Aa > > Aa. Dodd a  +a, >3,  +a,,.

i=n+k i=n-1
Pinh 1y 2. V&i moi dy sb 16i (a,), thi max{a,a,,...,a,} =max{a,,a,}.
Chitng minh.
- Néu v6i moi k>1, tacod a, >a,,,, khido max{a,a,,...a,} =a =max{a;a,}.
- Néu ton tai k nho nhat, k >1 thod méan a, <a,,,,ta co:
a +a.,>2a ,=~>a,<a,=>3a <3, <a,<..<a.Matkhictaco a>a,>..>a,.
Nhu vay, ta suy ra max{a,,a,,...,a,} = max{a;a,}.
Trong ca 2 trudng hop, ta ¢ diéu phai ching minh.
Dinh 1y 3. Cho (a,),” 15i va bi chan. Khi d6
a) a>a,;
b) (a,),” hoitu dén mot gidi han hiru han a ;
Chung minh ’
a) Dat Aa,=a,—a =t. Gid su t>0. Tu gid thict ta co
s.—a,>a -a,>a ,—-a ,>.>a-a =t Suyraa,>a +t>a  +2t>..>a +nt
DO t>0 Nnén cho n— o, thi a,, —+o, miu thudn véi tinh bi chan cia (a,)”. Vay
t<0 hay a >a,.
b) Theo trén dé suy ra (a,).”

. giam. Lai vi (a,),” bi chan nén n6 c6 gidi han hiru han.
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3. MOT SO THi DU MINH HQA
Thi dy 1. Cho (a,);” 1a mdt day s6 16i. Ching minh ring

Attty B tat..td,

n n+1
‘ Loi gidi 7
Ta chiing minh bang quy nap. V&1 n=1, két luan ding. Gia st khang dinh ding voi
n, ta chirng minh v&i n+1, hay
(n+2)(a,+ay+...+8,,,,) < (N+1)(a, +a, +...+a,,,,)

Do (n+1)(a +a,+...+a,,,)<n(a,+a, +..+a,,) nén ta chi can chirng minh

a+a+..t+8,,+(N+2)a,, <a,+a,+..+a,, +(n+1)a,,,
Piéu nay dung vi theo dinh 1y 1 va dinh nghia ta c6
a1 + a‘2n+1 < a‘O + a'2n+2
a’3 + a2n+1 < a’2 + a2n+2

a‘2n—1 + a‘2n+l < a2n—2 + a'2n+2

a2n+l + a2n+l < a2n + a2n+2
Cong theo vé cac bat dang thirc cung chiéu ta du’oc di€u phai chirng minh.m

Thi du 2. Cho (a,) 1a mot day 16i, dat A = Za Chiing minh rdng (A,)! cling la
i=1
mot diy 16i.
Léi gidi ,
Cach 1: Binh nghia f (k)=k(k+1)(k-1)(2A —A..—A.).k=2,3,...,n-1. Ttr gid thict
suy ra
f(k)- f(k_l):k(k+1)(k_l)(2Ak_Ak+1_Ak—)_(k_l) (k-2)(2AL-A-A_)
k+1 k-1 k k—

k+1zk:a, k(k-1)> a - kk+12a —2k (k- ZZa,+k -1)(k - ZZa,+kk 1)> a

~1)(
i=1 i=1 i
=k(k-1)(2a, —a,,,—a,,)<0
Ttcla f (k)< f(k-1),k=34,..,n-1. Vivay
f(k)<f(k-1)<..<f(2)=6(2a,—a,—a)<0,suy ra 2A <A, +A_ . k=23..,n-1.=
Céch 2 : Ching minh bang quy nap : ‘
Vi k =1 thi ta dé dang c6 di€u phai chirng minh do day a, 10i.
Gia st khang dinh dng dén 1, ta c6
Ao+ A 22A k<l e (K -k)a,, +2(a+a,+..+a)> (kK +k-2)a,, vk <|
Ta ching minh A +A,, 22A, < (1°+1)a,, +2(a +a, +..+3) 2 (I’ +3l)a,,,.

N

=2(k

N
iN

That vay, do gia thiét quy nap :
(Iz—l)a,+l+2(a1+a S g (I2+1—2)a = (I2+1)a,+2+2 (@ +a,+.+a+a, f 12—1)%12
>(1+1)(a,,+a )= (2°+ 2 Ja,, = (I°+1)a,,+ 2@, +8,+..+3, )= (*+3 B,

Viy c6 diéu phai chirng minh. m
Thi du 3 (Baltic Way 2014) Cho day s6 (a) (n>3) véi a,=a, =0 théa min
a,—2a+a,=a,i=12..,n-1.



Churng minh rﬁng a,<0,i=12,..,n-1.

, o Loi gidi
Gi4 thi€t suy ra day da cho 16i. Ap dung dinh ly 2 ta ¢6 ngay a <0,vi=0,1,2,...,n
Thi du 4 (IMO SL 1988). Cho (a,).” 1 day cac s6 thuc 16i khong am sao cho

k A)
> a,;<1,vk=12,... Chung minh rang
i1

0<(a —ak+1)<%,VK =12,..
Loi gidai
Tur gia thiét suy ra day a, bi chan, tir d6 ap dung dinh 1y 3, ta suy ra ax > ak+1, moi k.
Vivay a —a,, >0,Vk.

Gia str ton tai k sao cho a -a,, > k2 .Thé thi véi Vi<k, taco

(k+ll)i:L2W”k
Suy ra
a,+a,+..+a, > k2 +ki2+ ii:: k(EH)>1 diéu nay 1a khong thé.
Vi vay
ak—ak+1<£ VK. =

k2’
Thi du 5 (IMO LL 1978) Tim mdt s6 ¢>0 sao cho véi moi diy 16m duong (a),,
ta déu co

(gaka zc(n—l)kZ:;ak2

Loi giai
Bat dang thuc trong dé bai tuong duong voi

n

Za +2 > aa;2c(n-1)> 4

1<i<j<n k=0

Trong 2 Y aa, chia cac s6 c6 dang

I<i<j<n
(ai—j+a'i+j)2 1., 1, Vi i1
a(a_+a,;)z e sal oA Wiz 2L
V61 moi i, ta xét c6 bao nhi€u cdp dang trén

#)151%| 3 || €6 cio e (8183 2 8) (0,2, Sy 12
al+a(a., +a,+1)+...+ai(a0+a2i)>ai2+%(a +a, .+ A +ag )= ;a +—(ao+ai +_._+a2[nﬂ
ol

+) [ }+1<|<n —1. Co cac cap (a,,8,):(8y 1 @it ) (8111 85 )- SUY A
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1 1
al +a (a +a,)+..+a(a,+a,,)> Eaf +—(a2i_n +...+a§)

2
Vay

n 2 1 n 1 g 1 n

(Zakj >>Nal+sy A +ai a2 Y (ag, +..+al)
k=0 2i% 23 2[7} 2i:[

Neéu n chan thi ta co

n

13 1 13 1 1
VPZEkZ(;af+EZ(a§+af+...+a§i)+5.z(azzin+...+a§)>§ a,f+§.

i=1

Neéu n 1é thita co
n-1

13 1& 1 1 1n-1 n+1Q
VPZEZ;&E+Eiz=1:(a§+af+m+a;)+§Z(azzi‘"+"'+a§)>5 af+5. aszZaf

Do d6, ta c6 thé chon ¢ = % |

Thi du 6 (China 2009) Cho day sé 18i (a, )’ (n>3) sao cho >a =0. Tim biu thirc

i=1
f (n) bé nhat sao cho véi moi k €{1,2,..,n}, ta co |a|< f (n)max{a;[a,|}.
, Loi gidai
Trudce hét, dinh nghia diy (a, ) nhu sau :
a-la, _ o+l a __h+l 2n(k—2)

n-1 n-1 (n-1)(n-2)
Thi a,+a,+..+a, =0 VA 2a <a_, +a,,,k=23,..,n—1 Trong trudng hop nay, dé kiém
tra rang f(n)z%.
Tiép theo, gia str (a,) la diy théa man bai toan. Ta s€ chirng minh bét dang thirc sau

k=3,4,..,n.

thoa man
n+1
a, smmax{|a1|,|an|},Vk e{12,..,n}
Do (&) 10inén a —a , >a ,—a ,>..>a,—a. Suyra

(k=1)(a,—a,)=(k-1)[(a, —a,1)+ (a1 =8 )+ +(a, ) |>
>(n-1)[(a, —a,)+(au—-a_,)+.+(a,-a)]=(n-1)(a -a)

Suy ra
k-1 1
a, Sn—_l(an —a)+a, :n—_l[(k—l)an +(n-k)a | (1)
Tuong tu, voi k ¢d dinh tuy ¥, k ¢{ln} vavoi je{l2..k} tuyy, tacod
1 . .
a Sk—_l[(l—l)aﬁ(k—l)ad
Vivay, véi je{k,k+1,..,n}, taco

3, <—[(i-K)a +(n-i)a]



H¢ qua, ta co
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Lay tong ctia ha b
k
Za <5 a1+ak)+

Vi vay, ta co

—k n+1 n+1-k
a + a

2 < 2

(ak+an):ga1+

1
an2—n—_1[ka1+(n+1—k)an] (2)
Tu (1)&(2), véi k=2,3,..,n-1, ta dugc

|ak|<max{—‘k ~1)a, +(n—k) ‘—‘kaﬁ (n+1-k)a,

n+1
}<n—1max{|a1| 3]}
Tom lai: f(n) bé nhit bang n—i.l

Thi du 7 (USA MO 1993) Cho a,,a,,a,,... 1a diy 1dm l6garit. Chtrng minh rang
B tAt.+q [HA .t At G+ +.t]
n+1 n-1 n n
Loi gidi

L. .vn>1

Y N k+1

Béad1: &
k+1

Chitng minh : Ta chimg minh bd d& bang quy nap. Vi k=1 thi hién nhién dung

a’ >a,a,. Gia sir bat dang thirc diing dén k = j, ta chirng minh bat dang thic cling

>a,,Vk el

dung dén k = j+1.

j+l 2(j+1) j+2

Ar A i i+2 5 G i+2 5 gl il
That vay T2 =a 2 2l & =aj,; 2 +2a0 = 51 =&

i+l J J+2

B6dé2: aaa,.a L >(aga, ) Vn>2

Chitng minh : Ta ching minh b de bang quy nap.

Véi n=2 thi a’>aa, = a >(a,3, ) Gia st khiang dinh dung dén n=m. Ta ching
minh khang dinh ding d¢én n=m+1. That vay

m-1 m-1 m+l

a1a2a3"'am—l 2 (a'Oam )T = alaZaS"'am—lam 2 aO ? a'm2 (1)
Theo bd dé 1 ta c6

m+1 1 m
1 T 1 A2
an” 2 aza?
2 0 ~“'m+1
- >a, > —>af >1> % (2)
m+1 2 2
am+l am

LAy (1) va (2) nhan vé theo vé, ta dugc
m m (m+1)-1
343,8;..-8y 2 8787 1 = (368,
Quay tré lai bai todn - Ta viét két qua bd dé 2 nhu sau




2 2n n 2n
(a,3,8,..8, 1 )" > a8, < (aa,8,..8,, )1 (8,3, )" < (aa, )ﬁ(aiaz...anfl)ﬁ >a,a,
e \]/ag lafnaZnaSZn an lan -1 > aoa
Theo bat dang thirc AM — GM, suy ra
(ag+a,+..+a,)(a,+a,+..+a,,)

71 >a,a,
<:>(ao+a1+...+a L)(a+a,+..+a, ) 23, & (a+.+a,)
2 2 2 2
n (n ) n n (n —1)
@(a0+a1+...+a ) +a,+..+a, ) a,a, +an(a1+...+an_1)_an(a1+a2+...+an_l)
2 2 2 2
n (n ) n n n?—1
c>(a0+a1+...+an (& +a,+..+a, )Jran(a1+...+anfl)>(ao+...+an71)(a1+...+anfl)+an(a0 +..+a,,)
n>-1 n?-1 - n? n?

ofBtetan & YAt ) (At tdy, (At e, 8
n+1 n+1 n-1 n n n

a+a +..+a, a+a,+..+a, S ay+..+a,, a+..+a,
n+1 n-1 n n

.
Trén ddy la mét sé thi du co ban vé ddy sé 16i. Dé hiéu thém vé van dé nay xin moi
ban doc luyén tap qua mot so bai tap sau
4. BAI TAP VAN DUNG
Bai 1 (IMO SL 1975) Cho (a,),” 1a day s6 10i sao cho 0<a, <1. Chirng minh rang

0<(n+1)(a,-a,,)<2,n=123,.

Bai 2 (IMO LL 1978) Gia su (b,)(n=0,1..) 1a mot day cac sd duong sao cho
(a”bn)(n =0,1...) 10i v&i cach chon «>0 tiy y. Ching minh rang diy
(logb,)(n=0,1,...) la 16i.

Bai 3 (IMO LL 1978) Chtrng minh ring c :% 1a hang sd tot nhat théa man

2
(zaj >c(N-1)Ya? voi moi day duong Iom (a,)(n=01,..N).
n=0

n=0
Bai 4 (IMO SL 1976) Cho a,,a,,....a,,a,,, 1a diy cac s6 thuc théa méan diéu kién sau
a,=a,,=0Va |a_ —2a +a,|<lk=12..,n

k(n+1-k)
2

Chiing minh rang |a|< ,Vk=0,1,...,n+1.

Bai 5 (Baltic Way 1994) Cho a,.a,,....a, 1a cc sb thuc khong 4m va a, =a, =0 Va it
nhat mot trong cac s6 nay khac 0. Chirng minh rang c6 chi sb i,2<i<8 sao cho
a,_, +a,, <2a. Phat biéu con ding kh()ng khi thay sd 2 trong bat déng thirc boi 1,97
Bai 6 (China TST 2008) Tim hiang s6 M 10n nhét sao cho vdi sd nguyén n>3 tay
¥, ton tai hai ddy céc s6 thuc duong a,,a,,...a, Va b,b,,...b, thoa man dong thoi

a) Zbk =12 >b_,+b_,k=23,..,n-1
k=1



k=12,..,n a =M.

K
b) ai<1+> ab
i=1

Bai 7 (China TST 2009) Cho s6 nguyén n> 2. Tim hang s A(n) 16n nhit c6 tinh
chat sau: Néu ddy cac sd thuc 16m a,,a,,...a, thda man 0=a,<a <a,<..<a_ thi

(iz:l:iaijz 2/1(n)iZ::ai2
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