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Thot gian lam bai: 180 phut

Cau 1: (2, 0 diém) Tim tit ca cac ham f :Z — Z thoa man:
f(x+f(y)=y+f(f(f(x),vx,yeZ

Ciu 2: (2, 0 diém) Trong mat phang toa do Oxy cho tam giac ABC c¢6 phuong trinh
duong thang AC va BC lan luot 1a (AC): x+2y-10=0 va (BC): x—3y=5. Biét M(1;2)
1a trung diém AB. Tim toa d6 A, B, C.
Cau 3: (2, 0 diém) Cho tam giac ABC nai tiép duong tron (O) va ngoai tiép duong tron
(). Al, BI, Cl cat BC, CA, AB tai D, E, F. EF cit BC tai G va J 1a trung diém BC.

a) Chiing minh rang: GD.GJ = GB.GC

b) GA cit lai (O) tai M, MO cit lai (O) tai N, MD cit lai (O) tai H. Chtng minh rang

D 1a tam duong tron noi tiép tam giac AHJ.

n

a' +1

Ciu 4: (2, 0 diém) Tim tat ca cac s6 nguyén duong a sao cho la 1ap phuong cua
mot s6 tu nhién véi moin e N.

Cau 5: (2, 0 diém) Dém s6 hoan vi (a,;a,;...;a,y,) cua {1; 2; 3;...; 2022} sao cho mdi s6

XUt hién diing 1 1an va a,,, —a, <1,v2<i<2021.



Huoéng dan:

Cau 1: Tim tat ca cac ham f :Z — Z thoaman: f(x+ f(y))=y+ f(f(f(x)),Vx,yeZ

Giasir f(y,)=f(y,) => F(x+f(y))=F(x+ () =>
v, + F(F(FX) =y, + F(f(f(y))=>y,=y, = fladon anh

Thayy =0: f(x+ f(0)) = f(f(f(x) => x+ f(0) = f(f(x))

Thay x = 0 vao biéu thirc trén: f(0) = f(f(0)) => f(0)=0 => f(f(X))=x
Thay vao ta cod: f(x+ f(y))=y+ f(x)

Thay y boi f(y) taduwoc f(x+y)=f(X)+ f(y),vx,yeZ

bay la PT ham Cauchy quen thudc trén Z, ta dugc két qua f(x)=ax,vVxeZ
Thay vao f(f(x))=x tadugca=1hoaca=-1

Thir lai: Vaia=1thi f(x)=x théoa man phuong trinh: x + y =y + X
Végia=-1thi f(x)=-x théaman: —(x—y)=y-x

Vay f(x)=x,vxeZ hoac f(x)=-x,VxeZ

Cau 2: (2, 0 diém) Trong mat phing toa do Oxy cho tam giac ABC c¢6 phuong trinh
duong thang AC va BC lan luot 12 (AC): x+2y-10=0 va (BC): x—3y=5. M(1;2) la
trung diém AB. Tim toa d6 A, B, C.
x+2y—10=0

x—3y=5 =>x=8;y =1=>C(8;1)

Toa do diém C la nghiém cua hé: {
Vi A thuoc (AC): x+2y-10=0 nén co thé gia sit A(10-2a; a)

Vi M(1; 2) 1a trung diém AB nén {xB +10-2a=2__ {xB a8

ypta=4 yp=4-—a
Ma B thugc (BC) nén (2a —8) —3(4—a) =5 5a—-25=0=a=>5
= A(0;5) va B(2;-1)



Cau 3: (2, diém) Cho tam giac ABC ndi tiép duong tron (O) va ngoai tiép duong tron (1).
Al, BI, Cl cit BC, CA, AB tai D, E, F. EF cit BC tai G va J 1a trung diém BC

¢) Chirng minh rang: GD.GJ = GB.GC
d) GA cit lai (O) tai M, MO cit lai (O) tai N, MD cit lai (O) tai H. Chtng minh rang
D 1a tam duong tron noi tiép tam giac AHJ.

a) Vi AD, BE, CF d6ng quy tai | va EF cit BC tai G nén (GDBC) = -1
M

Ma J 1a trung diém BC nén GD.GJ = GB.GC

b) Vi (GDBC) =-1=> (AG, AD, AB, AC) = -1 => AG la phéan giac géc ngoai cua
ZBAC => GA cit (O) tai M 1a diém chinh gitra cung BC chua A.
= N la diém chinh giira cung BC khong chtra A va A, D, N thang hang

Xét tam gidc GMN c6 GJ vuong goc MN, NA vuong goc MG (Do MN la duong
kinh) => D la tryc tdm GMN => MD vuéng géc GN

Ma MH vuéng géc HN (do MN 1a dudng kinh) => G, H, N thang hang

Khi d6 c6 bd dé quen thudc: Tam gidc GMN c6 duong cao GJ, MH, NA cat nhau tai
truc tam D thi D 1a tim néi tiép cua AHJ



n

a' +1

Cau 4: (2, 0 diém) Tim tat ca cac sb nguyén duong a sao cho la 1ap phuong

ctia mot sd tu nhién vai moin e N.

C6 a"+1=2u® Vi u, lasd ty nhién

Goi p 1a mot woc nguyén to 1é cua a+1

Theo LTE: v (a"+1) =v, (a+1)+v,(n)

Theo dit kién dé bai thi v (a" +1) chia hét cho 3

Ma v, (a+1) khong doi, ta co thé chon dwoc n sao cho v, (a+1)+v,(n) khong chia hét
cho 3 => Mau thuan

Do d6 a+1=2". Thay vao ta cé: (2* -1)" +1=2u}

- Néuk= 1=>a=1 (thoa man)
- Néuk>1.Chonn=2taduoc (2*-1)?+1=2u°
o 2% _2k41=0u® & 22T D =(u-DUi+u+d

Maulé=>u-1chanva u?+u+1 lé

= u—1:2k —> 2 < y_1<u? 1<2%1_1 =>V§ |i
2kl i 4u+1 sUmisiiruriss L == VOl

Vaya=1

Cau 5: (2, 0 diém) Dém s6 hoan vi (a;a,;...;a,,,) cua {1; 2; 3;...; 2022} sao cho mdi sd
XUt hién diing 1 1an va a,,, —a, <1,v2<i<2021.

Goi s6 hoan vi thoa man dé bai cia {1;2;...;n} 14 u,
Ta quan tam dén vj tri cta sé n
Giasta =n.Via-a,<1 =>n-a,<1d6d6 a ,=n-1.

Lam tuong tu: a,_, =n—2;a,_, =n—3,.... Nhu vay, cac vi tri tir a, d&én a, dugc xéac dinh
duy nhét, nén sé hoan vi trong truong hop nay chinh 1a sé hoan vi cia n—i sé con lai, s6
hoan vi nay chinh la u__,

bac biét, khi a, =n thi c6 dtng 1 hoan vi la (1;2;...;n)

Nhu vay ta c6 céng thic truy hoi: u, =u,_, +u,_, +...+U, +1



Véi u, =1u, =2. Bang quy nap, ta chimg minh duoc u, =2"*

Ayt 2021
Nhu vay: uy,, =2



