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Thoi gian lam bai :180 Phut
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Cau 1. (2,0 diém) Giai hé phuong trinh: y (x> y;x+y>0)
X2 +1-y° )
- =1—(x-Y)
(X+Y)
6 6 6
CAu 2. (2,0 diém) Cho c4c s a,b,c duwong. Chirng minh rang 2a _+ 2b _+ ZC > abc(a+b+c)
b +c® a“+c® b +a 2

Cau 3. (2,0 diém) Cho ti&r gidc ABCD ndi ti€p dudng tron (O) va ton tai diém P trén tia déi tia CA sao cho
PB va PD ti€p xac (O).

. PC BC’®
a) Ching minhrang — =
) & ©PA~ AB?
b) Ti€p tuyén tai C cit dwong thang PD tai Q va dudng thang AD tai R. Goi E la giao diém thir 2 cla

duong thang AQ va (O). Ching minh rdng B,E,R thing hang

Cau 4. (2,0 diém) Tim tat ca cac s6 tuw nhién n sao cho ton tai s6 tu nhién m chia hét cho tat ca cac so tr 1 dén
n nhuwng khdng chia hét cho n+1,n+2,n+3
Cau 5. (2,0 diém)

a) Tims6hoanvi {a,a,,...,a,} cta {1,2,3,...,n} voi n>2 ) thda man diéu kién a;,, —a, <1 v&i moi

i=12,...,n-1.
b) Tims8 hoanvi {a,,a,,...,a,} cta {1,2,3,...,n} véi n>2 ) thbéa man diéu kién

(1): a,—a <1 védimoii=12,...,n—1 va déng thoi cd (2): a #i véi moichisd i=12,..,n
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=2-X-Y
X_
Cau 1. Giai hé phuong trinh: y (x>y;x+y>0)
X +1-y? )
XY _7-(x-y)
(x+y)
Lo gidi:
i, 1,1_
Dat =a,x—y=Db, dugché a b ab ~ voéidiéukién:b>0va a>0
X+Yy 2 2 _
a“+ab+b” =

Giai hé d6i xirng loai 1 trén, két hop diéu kién duoc (a,b)=(2,1); (1,2)

1,3
T dd cod (X ——=)i(=—=
(X, y)= ( 2)(4 4)
, . a’ b® c® abc(a+b+c)
Cau 2. Chocac s6 a,b,c duong. Chitng minhrang ———+—5——+—5——2
b*+c® a“+c¢° b +a 2

Lovi gidi:
Ap dung Cauchy Schwarz va 3(a® +b® +¢*)* > (a® +b* +c?)®

LHS > (@® +b®+c?)? . (@ +b? +c?)? _ abc(a+b+c)
(0*+cA)+(@%+c’)+(@%+b%) 6 B 2

Céu 3. Cho t&r gidac ABCD néi ti€p dudng tron (O) va tdn tai diém P trén tia déi tia CA sao cho PB va PD
tiép xuc (0O).

PC BC?

PA A82

d) Tiép tuyén tai C cat duong thang PD tai Q va duong thang AD tai R. Goi E 13 giao diém thit 2 cla
duwong thang AQ va (O). Chirng minh rang B,E,R thdng hang

c) Ching minh rang —

L giai:

a) Tinh chat quen thudc
b)



Goi BD cat CR tai T va AB cat CR tai Z, AC cat BD tai K. Ta c6 ABCD |a t( gidc diéu hoa nén

(T,K,B,D)=-1. Chiéu tir A 1én CR duoc (T,C,Z,R)=-1. Chiéu tir B |én dwdng tron, goi BR cat (O) tai E’ thi (D,
C, A, E’)=-1 hay t(r gidc ABCE’ diéu hoa, nghia la AE’ 1a dwdng ddi trung cla tam gidc ACD. Do d6 AE’ di
qua giao hai ti€p tuyén tai C va D clia dudng tron (O) ngoai tiép tam gidc ACD, tirc 13 A,E’,Q thang hang
hay E’ trung E. Vay B,E,R thang hang.

Cau 4. Tim tat ca cac s tu nhién n sao cho ton tai s6 ty nhién m chia hét cho tat cd cac sé tir 1 dén n nhung
khéng chia hét cho n+1,n+2,n+3

Lo gidi:
+) V&in=1,2,3, d& dang kiém tra n=1,2 thda man
+) V@i n>3

NEu n+1# p* vd&i p nguyén té thi ton tai a, b thda man n+1>a,b> 1 sao cho ab=n+1, (a,b)=1, suy ra n+1 |a wdc
clia UCLN(1,2,...,n) ( loai)

Vay n+1 cé dang pk

Tuong tu n+2, n+3 cling cé dang p*

i) nlé. Khi dé n+1=2% va 2 <n+3<2"" nén n+3 khong thé cé dang 2%, ma n+3 chin nén trudng hop nay bj
loai

ii) n chdn thin+2 chan thi n+2=2% k>2.N&ukchdnthi n+1=x*-1=(x+1)(x-1) = p’. Vo ly. Vay k &, suy
ra n+3=2%+1=0(mod3) nén n+3=3".Vdily do twong ty trén, m1é nén 2 =n+2=3"-1=2(mod4). Ta
dugc k=1 tirc n=0 ( loai)



Dép s6: n=1; n=2

Cau 5.
c) Tims6hoanvi {a,a,,...,a,} cta {1,2,3,...,n} voi n>2 ) thda man diéu kién a;,, —a, <1 v&i moi
i=12,...,n-1.
d) Tims6 hoédnvi {a,a,,...,a,} cta {1,2,3,...,n} v&i n>2 ) théa man diéu kién
(1):a,—-a <1 vdimoi i=12,...,n—1 va déng thoicd (2): a #1i v&i moichis6 i=12,.,n
Lo gidi:

a) Trudc hét, ta sé dém so cac hoan vi thda man diéu kién (1). Goi S, la s6 cac hoan vi dang nay. Gia str
a, =n thido diéu kién a,,—a <1 nén a_,=n-1 vaclkthé suyra a =n—i, cacso con lai la
1,2,3,...,n—i—1 tao thanh hodn vj thda man diéu kién (1) nhung cé n—i-1 phantirvala S ., .Do
1<i<n néntacéd S, = nzl:Sn_i =S,+S,+S,+...+S, ;. Taclingcé S, =0,S, =2 nén bang quy nap, ta

i-0
chirng minh duwge S, =2"" véin >1.

b) Tiép theo, ta sé tinh s6 cac hoan vi théa man diéu kién (1) nhwng khéng théa man diéu kién (2), tic la
trong hodn vj cé it nhat mét chisé | ma a, =i.Tathdyrangnéutdntaii= j ma a = I,a; = j thivoi
moi kK ma i<k < j thia =k.Goi X,y lan luot a s6 nho nhat, Idn nhat théa mén & =i,1<i<n vdi
1< x<y<n.Tanhanxét rang v&i cadc s6 8, ma k < x thi chi cé thé nhan cac gid tritlr y+1 dén n;
tuwong ty, vdi cdc s6 8, ma k >y thi chi cé thé nhan céc gid tri tlr 1 dén x—1. Khi d6, dé thay rang néu
hai dai lwgng X—1,n—y khac nhau thi khdng thé tén tai cach sdp x&p nén ta phai luén cé
X—1=n-yhayx+y=n+1.

T T n+1 R T U T X
V&imoi X mal<x< {T] twong ty cach tinh s6 hoan vi thoa man diéu kién (1) & trén, ta thay s6 hodn

vi thda man 1a 222 néu x> 2 va bang 1 néu x=1. Khi d6, s hoan vj thda man diéu kién (1) nhung
khéng thda man diéu kién (2) 1a

il il 47 47,

2 2
2(x=2) __ x-2 __ _
1+ E 2 =1+ E 47 =1+ 3 = 3
i=2 i=2
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AA,,.\A\,\_4[2+2
Vay s8 hodn vi can tim chinh 13 2" A






