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Thot gian lam bai: 180 phut

Céu 1: (1, 0 diém) Cho ham sé f(x) = (a+3)x* —2ax? +1 (a la tham s6) cd gia trj 16n nhét trén [0; 3]
la f(2).Tim gia tri nho nhat caa f(x) trén [0; 3].

Cau 2: (2, 0 diém) Cho hinh chép SABCD c6 ABCD Ia hinh thang vudng tai A va B, AB = BC = a,
AD =2a,SA L (ABCD)vaSC= a\5.

a) Tinh thé tich khéi chop S.ABCD.
b) Trén canh SA liy M sao cho SM = x. Mat phang (BCM) chia khdi chép thanh 2 phan cé thé
tich 1a v, va V, (V, la thé tich phan chtra S). Tim x dé V, = 2V, .

Ciau 3: (1, 0 diém) Cho day s6 (u,) ¢ u, =1;u, =2023 va u?,, =u?,.u,,¥n>1. Ching minh (u,) c6
giai han va tinh gidi han do.

Cau 4: (2, 0 diém) Ta goi da thac P(x)=a x"+a_ ,x"*+..+ax+a, 1a “ddi xang” néu a, =0 va
a, =a,,,v0o<k<n.

a) Chang minh rang tich hai da thirc “d6i xtng” 12 mot da thirc “ddi xtung”.

b) Chang minh rang néu da thirc hé sé thuc P(x) 12 mot nhan tir cia da thac H(X) = X" + X" +...+ x+1
thi P(x) 1a da thirc “ddi xung”.

Cau 5: (1, 5 diém) Cho s6 nguyén dwong a va b nguyén té cting nhau. Chizng minh rang sé ab 1a sé
16n nhat khdng thé viét dugce dudi dang ax +by véi x,y nguyén duong.

Cau 6: (2, 5 diém) Cho tam giac ABC noi tiép (O). Goi D va E 14 trung diém AB, AC. M6t dudng
tron (w) qua D, E va tiép xtc (O) tai K khac A. Tiép tuyén tai K cit DE tai S.

a) CMR: SA la tiép tuyén cua (O).
b) Goi H 1a chan dudng cao tir A xudng BC . Chirng minh ring KH di qua trong tdm tam giéac
ABC.



Hwéng din cham

Cau 1: (1, 0 diém) Cho ham sb f(x) = (a+3)x* —2ax? +1 (a |a tham sb) c6 gia tri 16n nhat trén [O;
3] 1a f(2).Tim gia tri nho nhat caa f(x) trén [0; 3].

Co f'(x)=4x*(a+3)—4ax
Vi ham sé dat GTLN trén [0; 3] taix =2 => f'(2)=0 => 32(a+3)-8a=0 => a=-4
Thay vao ta duoc: f(x)=—-x"+8x*+1
= f'(x)=-4x’+16x=0 & x=-2;0;2
Thay f(0)=1 f(2)=17: f(3) =8

Cau 2: (2, 0 diém) Cho hinh chép SABCD c6 ABCD Ia hinh thang vudng tai A va B, AB = BC = a,
AD =2a, SA L (ABCD)vaSC= a\5.

¢) Tinh thé tich khéi chép S.ABCD.
d) Trén canh SA lay M sao cho SM = x. Mat phang (BCM) chia khdi chép thanh 2 phan cé thé
tich 1a v, va V, (V, la thé tich phan chtra S). Tim x dé V, = 2V, .

Vi SA L (ABCD)=>SA L AC

= SA’=SC?-AC?=SC?-AB*-BC?=3a°
= SA=a.3

1
= VSABCD = § SA'SABCD
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=—.av3.—(a+2a)a
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b) Tir M ké dudng thang song song AD cit SD tai N => MN // AD // BC => N thudc (BMC)
=> (BMC) chia khéi chop thanh 2 phan 1a SBCMN va BCMNAB Véi V, =V

Dét ﬁ:y => SN

SA o Y

, 1
Co Vz = 2V1 => V1 = gVSABCD



Co V1 :VSBCM +VSCMN

Ap dung c6ng thuc ti 1¢ thé tich trong chop tam giac => Vigow _ SM _ y
Voasc SA
R 1 _ y
Ma SABc :§SABCD => VBCM = y'SSABC = EVSABCD
.V SM SN _ 2y?
L'c.‘-' Co: VSSZ% = EE = y2 => VSCMN = yZVSACD = TVSABCD
+2y? +2y? 1 1
= Vesemn :uVSABCD => yrey - =>2y*+y=1=>y==(DO0<y<1)
3 3 3 2
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Ciau 3: (1, 0 diém) Cho day s6 (u,) €6 u, =L u, =2023 va u’,, =u? ., ,vn>1. Chirng minh rang (u,

) €0 gidi han va tinh gigi han do.

C6 u, >0,vn>1. Lay In 2 vé ta dugc: 3Inu,,, =2Inu,, +Inu,

n+l

bat a, =Inu, => a =0;a,=1n2023 va 3a,,, =2a,,,+a,

n+1
PT dic trung: 3x*—2x-1=0 <& x=1 hoac x:%l
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Gidi ra ta duoc: a, :%In2023+%ln2023.(%1)“ —>%In2023 =>y, —2023* \

Cau 4: (2, 0 diém) Ta goi da thuc P(x)=a x"+a,_ X" +..+ax+a, 1a “d6i xing” néu a, #0 va
a, =a,,,v0<k<n.

a) Chang minh rang tich hai da thtrc “ddi xting” 13 mot da thirc “ddi xtng”.

b) Chang minh rang néu da thirc hé s6 thuc P(x) 13 mot nhan tir caa da thac H(X) = X" + X" +...+ x+1
thi P(x) 1a da thirc “ddi xung”.

a) Goi P(x)=a x"+..+ax+a, VA Q(x)=b x" +...+bx+b, 13 hai da thirc dbi xang.

Khi d6 P(x).Q(x) = (a,X" +..aXx+ay) (b, X" +...+bx+b,) = ... X" +..+CX+C,

Pong nhét hé sb, ¢6 ¢, =ayb, va c,,, =ab, =>¢,=c,,,

Tuong ty: C =ab, ,+a,,b, =ab +ab,=c

m+n-1 = “n™m-1

Ta chung minh: ¢, =c

m-+n—k

Coc =ab +..+ab, vac =a b +..+a b =c =>dpcm

m-+n-k



b) Goi z la mot nghiém cuaa P(x) => z la nghiém cua H(x)
=> 7" -1=0 va dé& thdy z = 1 khéng phai la nghiém

Do d6 z = -1 hoac z la nghiém phurc théa mén |z |=1

Néu z = -1 thi P(x) ¢6 nhan tir 1a x + 1 1a da thace d6i xiing
Néu z la nghiém phirc khéac — 1 thi P(x) ciing c6 nghiém 13 Z

Khi do P(x) conhantrla (x —2)(x —2) = x> —(z+ Z)x+z.Z2=x?>— (z+ Z) + 1 cling 13 da
thire ddi xang. Do vay P(x) 1 tich cua cac da thirc d6i xtimg nén nd ddi xung.

Ciu 5: (1, 0 diém) Cho sé nguyén duong a va b nguyén té cling nhau. Chttng minh rang sé ab 1a
s6 16n nhat khong thé viét dugce dudi dang ax+by Véi x,y nguyén duong.

1) Ta chirng minh ab khong phan tich dugc dang trén
Gia str ton tai x, y nguyén duong sao cho ab=ax+by =>b |ax =>b | x (Do (a,b) =1)
Va do x nguyén duong nén x>b.Ma y>1 => ax+by>ab+b =>vo li

2) Ta ching minh moi s6 nguyén dwong n > ab déu c6 thé viét duoc dang trén

Vi (a,b) = 1 => {a; 2a;...;ba} 13 hé thing du day da mod b

= Ton tai s6 ¢ = xa (1< kx <b) sao cho n = ka (mod b)
= n-xa=yb.Man>ab=>yb>ab-xa>0=>y>0
= Nn=xa+yb VoiXx,ynguyén duong => dpcm



Cau 6: (2, 5 diém) Cho tam giac ABC noi tiép (O). Goi D va E 1a trung diém AB, AC. Mot dudng
tron (w) qua D, E va tiép xtc (O) tai K khac A. Tiép tuyén tai K cét DE tai S.

c) CMR: SA la tiép tuyén cua (O).
d) Goi H 1a chan dudng cao tir A xuéng BC . Ching minh rang KH di qua trong tdm tam giac
ABC.

a) Xét duong tron (0), (w) va duongt tron (ADOE) ¢6 SK | truc dang phuong cua (w) va (0),
SDE la truc dang phuong cta (ADOE) va (w) => S 1a tim dang phuong ciia 3 duong tron

Ma (O) va (ADOE) tiép xtc nhau tai A => SA 1a tiép tuyén chung cua hai duong tron.
b) KH cit (O) tai I.
Vi SDE la duong trung truc cia AH => SH = SA = SK => A, H, K thugc duong tron (S; SA)

ZASK ZAOK

C6 ZAHK =180°-T = 90° + = 90° + ZAIK => /HAI =90° => Al // DE // BC

= AICB la hinh thang cén
Goi G la trong tam ABC, F 1a trung diém BC. C6 OF la trung truc Al => Al = 2HF
Lai ¢ AG = 2GF va A, G, F thang hang =>H, G, | thiang hang
Nhu vay K, G, H thang hang.



