SO GD-DT HAI DUONG PE THI NANG KHIEU LAN THU NAM
Truong THPT chuyén Nguyén Trai NAM HOC 2022-2023
Mon: Toan lép 11

Thoi gian lam bai: 180 phut

Cau 1. (3,0 diém)

a) Trong mat phéng v6i hé toa do Oxy, cho tam gidc ABC c6 C (4;—1), dudng cao va trung
tuyén ké tir dinh 4 c6 phuong trinh lan lugt 1a d, :2x—-3y+12=0,d, :2x+3y =0. Tim
toa do diém B.

(45" +1)x+(y-3)y5-2y =0

4 +y* +23-4x =7

b) Giai h¢ phuong trinh sau: {

Céu 2. (1,5 diém) Cho a,b € (0;1) va (x,) x4c dinh bsi {x, =b

1 2 I’l—l *

X, :;xnﬂ +——/x,,VneN

a) Ching minh rang x, € (0;1),Vae N’

b) Chimg minh ring day so (x,) héi tu va tim limx,

n—>0

Céu 3. (2,0 diém) Cho tir giac ABCD ndi tiép (0). Goi E, F,I 1an luot 13 giao diém cua cac
cip duong thing (4D, BC),(4B,CD),(AC,BD).Goi G,H la giao diém thir hai cua dudng

tron (0) v6i cac dudng tron ngoai tiép tam giac AEF va CEF

a) Chimg minh rang cac duong thang GH, AC, BD dong quy.
b) Goi QO 1a diém Miguel cua tir giac toan phan ABCDEF . Ching minh rang cac dudng
thing 0Q, AC, BD dong quy va bon diém G,0,H,Q dong vién.

Cau 4. (1,5 diém) Tim titcaham sd f:R — R théoamén f(xf(x)+2y) = f(x)* +x+2f(y) v6i

moi sO thuc x;y

Cau 5. (1,0 diém) Cho a;b;c 1a cac sb nguyén duong. Biét ring a’ +b° +abc c6 khong qua

1004

2008 uéc nguyén duong va (c+2)"" | a® +b* + abc . Chitng minh rang a va b khong nguyén t6

cung nhau.



HUONG DAN CHAM

Cau l:

a)
A
1 .
B ' \ ' c
4 \d,
L 2x-3y+12=0 x=-3
Ta c6 A=d Nd, nén toa do diém A(x;y) thoéa man hé: < , ta
2x+3y=0 y=2

duoc A(-3;2)
Puong thang BC di qua C va vudng goc voi d, nén co phuong trinh 3x+2y-10=0.
Goi M 1a trung diém BC,suy ra M = BC Nd, nén toa d diém M 1a (6;-4).
Suy ra B(8;-7).
b) Pibukién: x < %,y < % Pt t=,5-2y=y= %(S—tz) , thay vao (1)ctia hé ta co:

2

<:>4x3+x=t(3— j<:>8x3+2x:t3+t.

Xéthamsé: f(x)=x"+x= f'(x)=3x*+1>0v x — f(x)ddng bién cho nén vé trai ching

2

qua la khi t=2x. Do d6: /5-2y =2x< y=

. Thay vao phuong trinh (2) cua h¢ ta

dugc: g(x)=4x2+(5 24x j +2\/3—4x=0vxe(0;%j

khong 1a nghiém.

A|w

Dé&thdy x=0 va x=

4

m=4x(4x2 -3)-

Ta xét: g'(x)=8x—8x(§—2x2j— L<0\/JC€(0;§J,
2 3—4x 4

voi: g(%) =0=>x= %;y = 01a nghi€ém cua hé



Cau 2:

a) Dau tién ta phai chimg minh x, €(0;1),Vre N (1) bang phuong phép quy nap. Voi
n=Ln=2thi x, =ae(0;1),x, =be(0;1)
Do d6 bat dang thirc (1) ding v6i n=1,n=2.
Gia str bat déng thire (1) ding véi s6tu nhién n=k,n=k+1,k>1.
Tuc 1a ta duge: 0<x, <L,0<x,,, <1
Ta ching minh bat dang thic (1) ding véi n =k + 2. Ttc 14 ta phai chirng minh 0 < X, <1

1 -1
That vay taco x;,, = zxkﬂz +k7 Xy > O(Xk >0,x,,, > 0)

Vata cling co
1 k-1
X, —1 =E(x,§+1 —1)+T(\/Z—1) <0(x, <Lx,, <1)=x,, <1
Dod6 0<x,,, <1
Theo nguyén 1y quy nap thita cé: 0<x, <1,Vne N’
b) Ta du doan dugc limx, =1

Ta co:
Ta co:

1 2 I’l—l 1 2 1
xn+2 :_xn+1 + \/xn = xn+2 :_anrl + \l'xn - \Ixn
n n n n
1 1 1 1
<—X2, ——Ax, 1> x , —1<—x" ——./x,
n n n n

=x,,—1< %(xnz+1 —1)—1(\/2—1) < %(xm —1)(x,, +1)+l

n n
2 1
z 1)+~
<n(xn+1 )+n

Khi d6 ta duogc

1

%y 1< (0 =1) 2 = 2 (tpa 1)

2
<_
3

xn+2—1|< xn+1—l|+%,‘v’n23

Ap dung bd d&: Cho ddy sb (a,) théa a, 20,56 g €(0;1) vaddysd (b,) c6 b, 20,limb, =0.

Néu a,, <q-a, +b, thi lima, =0

. 2 1 .1 . :
Ta lai co: |x,,, —1| <§ X, —1|+—,Vn >3 va lim—=0 Nén 11rn|xn+2 —1| =0=limx,, =1 hay
n n

limx, =1.Vay limx, =1



Ro rang EF, AG,CH ddng quy tai tim dang phwong cua cac duong tron (4EF),(CEF) va (O).
St dung dinh Ii Desargues cho aABG va aCDH , thay vi chimg minh AC, BD,GH dong quy
ta di chirng minh

(ABNCD),(BGNDH),(AGNCH) .

D& thdy ABNCD va AGNCH déu thudc duong thang EF, cho nén ta cin ching minh
BGNDH ciing thudc EF . , ‘ ,
Ap dung dinh li Pascal cho bg 6 diém (D, 4,G,B,C,H) ta dugc BG N DH nam trén dudng nodi
hai giao diém AD N BC va AG N CH . Pudng ndi nay chinh 1a EF , suy ra BG N DH nim trén
EF .
b)

D& thay aAIB ~aDIC nén

1A IB AB

ID IC CD
IB 14 IC AB IC
- DD DC D
Ciing dé thdy aQAB ~aQODC nén

Khi do: 14.1C=IB.ID =

04 QOB 4B
oD QOC DC’
Khi @6
04.0C =B oD =8 _ 94 C_ 4B OC

OD 0D OD CD 0D
Do aAID ~aBIC nén
IC _BC
ID AD’
Do aQAD ~aQBC nén
0C _BC
0D 4D’
Do do



IC 0C

D QD
Diéu nay dan dén

IB OB

D 0D
hay QI 1a phan giac B/QTD

Goi S =BD EF .Rd rang Q(DB,IS)=—1 ma QI 1a phan gisc BOD nén theo dinh li vé chiim
diéu hoa tacdé QI L OS hay OI L EF .
Hon nira, theo dinh li Brocard ta suy ra O 1a tryc tam AaEFI . Suy ra Ol L EF . Do d6 O,1,Q
thang hang. Noi cach khac, ba duong thing 00, AC, BD dong quy.
Nhan thiy ring
BOD = 210D = 2(90° — FOD) =180° —2BCD =180° — BOD
cho nén tir gidc BODQ noi tiép. Suy ra IB.ID = 10.1Q .
Theo cau a) thi G, H,I thang hang, cho nén /G.JH = IB.ID . Suy ra 10.10 = IG.IH
Vay bbn diém G,0, H,Q dong vién.

Cau 4:
Gia st ton tai ham s6 théa man yéu cau bai toan.

Ky hiéu P(x,y) chikhing dinh f(xf(x)+2y)= f(x)’ +x+2f(¥) Vx,yeR.
Tir P(0,0) tasuyra £(0)= f(0)> +21(0)= £(0) e {~1;0}.

+) Truong hop 1. £(0)=0.

Ta xét cac phép thé

PO,x): f(2x)=2f(x) VxeR;
P(x,0): f(xf(x))= f(x)’ +x VxeR

To P(2x,2yf(y)) tasuyra

SEX () +4yf () =4S (x) +2x+2f2yf (1) =4/ ()" +2x+4/(f (»)) Vx,yeR.

Suy ra
x
SO+ () = f(x) ot JOf() x,yeR.
Thay d6i vai trd x;y trong dang thirc trén va ddi chiéu véi chinh no thi duoc

f(x) +§+ FOFr) = f() +§+ SO (X)) Vx,yeR;

f(x)2+§+f<y>2+y:f(y)2+§+f(x)2+x:>x=y Vx,yeR



diéu nay khong thé xay ra. Do d6 khong ton tai ham s thoa méan trong truong hop nay.
+) Truong hop 2: f(0)=-1

Tadit g(x)= f(x)+1 VxeR.Khidé g(0)=0 va P(x,y) viét lai thanh
glrg(x)—x+2y) =g(x)’ ~2g(x) +x+2g(y) Vx,yeR.

T P(0,y) tasuyra g(2y)=2g(y) VyeR.

Tu P(x,%) ta thu duoc

gxg(x))=g(x)’ +x—g(x) VxeR.
Tu P(2x,x) suy ra
g(4xg(x))=4g(x)* -2g(x)+2x VxeR

= g(xg(x) = g(x)’ —&"Mg VxeR.

2
Dbi chiéu cac két qua thu duoc, suy ra
g)=x< f(x)=x-1 VxeR
Thr lai ta thdy ham sé ndy thoa mén yéu cau bai toan.
Vay tit caham sé can tim1a f(x)=x—1 VxeR
Cau 5:

ChoAd=a"+b>+abc vip=c+2,tacd p>3.

Gia sir ton tai s nguyén t ¢ sao cho ¢ | p. Khi d6, ¢**® |4, va vi ¢ c6 2009 > 2008 udc,

khong thoa man. Vay khong ton tai ¢ dé ¢* | p .

Gia sir ton tai hai w6c s6 nguyén to phan biét » va s cua p . Khi do, »'*s'" | 4; va nhu vay 4

c6 it nhat 1005° > 2008 wdc nguyén duong (méu thuin).
Ttr hai diéu trén ta suy ra p = ¢ +21a s6 nguyén t6
Thay ¢ = p—2tadugc:

A=a’+b*+abc=a’+b* +ab(p—-2)=a’ —2ab+b* +abp = (a —b)’ +abp.



Vip|A va plabp ,tasuyra p|(a—b)* hay p|la—bdo p 1asb nguyén td. Do d6 p*|(a—b)>.
Laicod p*|A ; p*|(a—b)* suyra p*|abp,dandén p|ab.

Kéthop p|a—b,p|ab va p nguyén td ta co ngay a va b khong nguyén tb cung nhau. (dpcm)



