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Cau 1. (2,0 diém) Tim tat ca cac gid tri cia tham sé m dé ham s y =x*—3x* +(5-m)x ddng bién

trén khoang (2;+oo) .

Cau 2. (1,0 diém) Cho tir dién ABCD. Goi M, N 1a trung diém AC,AD va G latrong tm tam giac

BCD. Mot duong thang qua G cat MN tai | va AB tai J. Tinh %.

Cau 3. (2,0 diém) Cho da thurc f (x) = x* —2001x* + (2000 + a)x* —1999x + a .

a) Chang minh rang néu x, 1a nghiém nguyén cia f(x) thi x, 1asé chan.
b) Chting minh rang véi moi sé nguyén a, da thitc f (x) khong thé c6 hai nghiém nguyén (du phan

biét hay trung nhau).

Cau 4. (2,0 diém) Cho tam giac ABC noi tiép (O) . Lay diém D thudc canh BC, cac dudng tron
(ABD),(ACD) ciat CA,AB & E,F . Goi (1) 1a dudng tron ngoai tiép tam giac AEF va (J) la dudng
tron qua B,C va tiép xtc véi (AEF) ¢ T, DI céat EF tai K. Goi M 1a trung diém BC .

a) Chiing minh rang IEDF 14 t&r gi4c noi tiép va ID L BC .

b) Chuang minh rang K & tryc tm tam giac IBC

¢) Tiép tuyén chung cua (1) va (J) cit BC tai N . Chang minh ring (N,D,B,C) =-1

d) Chung minhrang K,T,M thang hang.
Cau 5. (2,0 diém) Tim sé nguyénté p nho nhat dé phuong trinh a® + p® =b* ¢ nghiém nguyén duong
a,b.

Problem 6. (1,0 point) Prove that any positive integer can be represented as +1°+2° +-..+n’ for some

positive integer n and some choice of the signs.
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Cau 1. (2,0 diém) Tim tit cd céc gid tri cua tham sé m dé ham s y =x*—3x* +(5—-m)x dong bién

trén khoang (2;+).

Loi gidi:

Taco y =3x*—6x+5-m.

Ham s6 da cho dong bién trén (2;+o0) khi va chi khi y’ >0, Vx e (2;+%)
& 32 —6X+5-m>0,VXx>2 < m<3x* —6X+5,Vx> 2.

Xéthamso f (x)=3x"—6x+5 trén khoang (2;+o).

Co f'(x)=6x—6, f'(x)=0<6x—6=0< x=1(lo"i).

Bang bién thién:

k]
[ B

+x

+3C

2

Tur bang bién thién ta cd m <3x*> —6x+5,Vx>2 < m<5.

Vay me(—»;5].

Cau 2. (1,0 diém) Cho t dién ABCD. Goi M, N la trung diém AC,AD va G la trong thm tam giac

BCD. Mot duong thiang qua G cat MN tai | va AB tai J. Tinh %.

Loi giai:



Goi K 1a trung diém CD va AK cat MN tai I, GI cat AB tai J thi duong thang 1J 12 duong thang qua G

cit ca AB va MN. Dé thay | 1a trung diém MN, tinh toan trong tam giac ABK, ta dugc j—g =2

Cau 3. (2,0 diém) Cho da thuc f (x) = x* —2001x*® + (2000+ a)x? —1999x + a . Chirng minh rang véi moi
s6 a nguyén, da thuc f(x) khdng thé c6 hai nghiém nguyén (dd phan biét hay tring nhau).

Loi giai:

Trudce hét ta chitng minh rang néu x, 1a mét nghiém nguyén caa f(x) thi x, phai la sé chin.

f(%)=0 .
Thatvay : | @ o F(x)=f(1)=sblé.
ey {f(l):Za—1999 = ()= f@=sole

Nhung f (%,)— f (1) chiahétcho x,—1 nén x, —1 la mot s6 lé, do d6 X, chin. Ta xét 2 trudng hop :
a) Gia str f(x) c6 2 nghiém nguyén x,, X, phan biét, thi :

0= fF(x)-f(x) (

X X = X13+X12X2+X1X22+x23)—2001(x12+x1x2+x22)+(2000+a)(x1+x2)—1999
A2

Diang thic khong thé xay ravi x,, X, chan.

b) Gia st f(x) cd nghiém kép x, (chdn). Khi d6 X, ciing la nghiém cta dao ham f'(x) :

f'(x,)=4x,° —6003x,’ +2(2000+a)x, —1999 = 0. Bang thirc nay khong thé xay ra vi x, chan.



Cau 4. (2,0 diém) Cho tam giac ABC noi tiép (O) . Liy diém D thudc canh BC, cac duong tron
(ABD),(ACD) ciat CA,AB ¢ E,F. Goi | latam duong tron ngoai tiép tam giac AEF va (J) la dudng
tron qua B,C vatiép xuc véi (AEF) ¢ T, DI cit EF tai K. Goi M 1a trung diém BC.

e) Chang minh ring IEDF 4 tir gi4c noi tiép va ID L BC .
f) Chtng minh rang K 1a truc tam tam giac 1BC
g) Tiép tuyén chung cua (1) va (J) cit BC tai N . Chang minh rang (N,D,B,C)=-1
h) Chang minh rang K,T,M thang hang.
Loi giai:

Goi | latdm (AEF). DI cit EF tai K.(AEF) cét (O) tai L .Dé thdy rang

/EDF =180"-2/BAC =180 - ZEIF

Nén IEDF noi tiép. Tur @6, DI la phén giac ZEDF . Hon nira «/BDF = ZCDE = Z/BAC nén DI L BC.
Lai c6 DB-DC = DF.DE = DK.DI

Nén K latryc tdm aIBC . Tacd AL, BC vatiép tuyén tai T caa (AEF),(BTC) dong quy, goi diém
ddng quy 13 N . Hon nita do aDBF ~aDEC ~aABC(g-g) nén

DB _BD-BC BF-BA_ LB-AB_NL NB_NB
DC DC-BC CE.CA LC-AC NC NL NC

Hay (ND,BC)=-1, tir 46 TD la d4i trung aTBC va NT tiép xc (TDM) . Mit khac:



DK-DI =DB-DC =DM -DN
Nén K latryc tim AIMN . Do d6, ta c6 dugc ZNMT = ZNTD = ZNID =90" — ZIND = Z/NMK
Nén K,T,M thing hang.
Cau 5. (2,0 diém) Tim sé nguyénté p nhoé nhat dé phuong trinh a®+ p* =b* ¢ nghiém nguyén duong
a,b.
Lo giai:
Bién d6i vé b®’+a b®—a = p*, do p la s6 nguyén td nén chi co hai trudng hop sau xay ra :

Truomg hop 1: b>+a=p* vab’-a=p,

2

2
Ta tinh dugc b* = p-+p_ p(p+D) vaia=t P
2 2 2

|
©

p(p+1) 23

Véi p=2 rbrang -5 = =3, khdng phai 1a s6 chinh phuong.

. p ma /p® nén w ciing khong phai s6 chinh phuong.

V6i p 1asé nguyén té I thi @

Trong trudng hop ndy khdng ton tai a;b thoa man.

Truong hep 2. b’ +a=p® va b*>—a=1, tim duoc b’ =

Dé thdy v6i p =2 khdng ton tai a,b thoa man.

p1p+l

Véi p 1a s nguyén té 1é ta co 5

(p -p +1) b? 14 s6 chinh phwong. Lai ¢6

gcd(pTJrl; p? - p+1j:gcd(p+1, p’—p+1)=ged(p+13)

-Néu p+1/3 thi gcd( P p?- p+1j 1 dan dén pT+1 va p’>—p+1 déu la c4c sé chinh phuong,

hay c6 s6 nguyén duong n dé p?-p+1=n’< p(p-1D)=(-1)(n+1)



Diéu nay khong xay ravi p+1:3 hay p=2(mod3) va gcd(pTJrl; p? — p+1j:3, hay ton tai x; y

nguyén duong dé pTJrl =3x? va p® - p+1=3y?, viétlai p=6x?—1.Détim dugc p nho nhat ta tim

X nho nhit, véi x=1c6 p=5 va p® - p+1=25-5+1=21 khdng thoéa man,

Voi x=2¢0 p=23va p°-p+1=23°-23+1=3.13°.

Vay sé p nho nhét can tim 12 23 .

Problem 6. (1,0 point) Prove that any positive integer can be represented as +1>+2° +..-+n for some
positive integer n and some choice of the signs.

Solution:

We induct on the number to be represented. For the base case, we have

1=1%2=-1"-2" -3 +4°3=-1"+2°4=-1"-2°+3*,

The inductive step is ™ P(n) implies P(n+4) "; it is based on the identity

m?> —(m+1)>—(m+2)*+(m+3)>=4.



