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Thei gian lam bai : 180 Phat

2x° —9y°® = (x—y)(2xy +3)

Cau 1. (2,0 diém) Giai hé phuong trinh:
X —xy+y> =3
Cau 2. (2,0 diém) Cho ba sé thuc duong a,b,c. chizng minh rang

a’ b? c?
+ +
(b+c)* (c+a)® (a+h)

at+b*+ct+ ~>ab+bc+ca

Céau 3. (2,0 diém) Cho tam giac ABC ndi tiép dudng tron (O) thoa mian AB+ AC =2BC

a) Chirng minh £AlO =90°

b) Goi M, N 1a diém chinh giita cung nhd AB va AC va I 1 tim duong tron ndi tiép tam giac,
M’ N’ 13 hinh chiéu ctia I trén AB, AC tuong ing. Goi X va Y lan lugt 14 hinh chiéu cua A trén
MM’ va NN’. Chting minh rang ttr gidc AXIY ndi tiép.

Cau 4. (3,0 diém) Cho sb nguyén duong n>1. Mot s6 nguyén duong x duoc goi la “ dang yéu trong
mat n” néu dem chia x® cho n, ta duoc s6 du 1 s6 lé.

a) Véin=11. C4 bao nhiéu s nguyén duong déng yéu trong mat n ma nho hon n?
(x+1)?
n

1-[2-1-1
n

c¢) Chirng minh riang cé khong qua 1+[y/3n] s6 nguyén dwong lién tiép ma tit ca déu dang yéu
trong mat n.

b) Chtng minh néu x nguyén duong ma x va x+1 déu dang yéu trong mat n thi [

Cau 5. (1,0 diém) C6 2018 ngudi xép thanh mot vong tron, I dau mdi nguoi cam 1 chiéc keo. Mdi
budc chon hai ngudi ¢d keo va thuc hién thao tac: Mdi ngudi chuyén 1 chiée keo qua ngudi bén canh
(vé bén trai hodc phai). Sau hitu han budc co thé xay ra trudng hop tat ca sé keo chuyén

vé mot nguoi hay khong ?
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2x° —9y® = (x— y)(2xy +3)

Cau 1. Giai h¢ phuong trinh:
X>—xy+y*=3

Loi giai:

2x3 —9y? = (X — y)(2Xy + X* — Xy + y? 2x3 -9y =3 — @
H¢ phuong trinh da cho <:>{ y ==y y+y) <:>{ y y

X —xy+y>=3 X —xy+y>=3
X=2
x® =8y° X=2y X=2y y
= <9, ) <9, &4l y=1
X*—xy+y* =3 [X*—xy+y’=3 y> =1 Y1
X=2
X=2y y
= 2_l<:> y=1
Vay hé da cho ¢6 2 nghiém : (2; 1) va(-2;-1)
Cau 2. Cho ba sb thuc duong a,b,c. chizng minh rang
a’ b c?

at+b*+ct+

5+ >+ 22ab+bc+ca
(b+c)* (c+a)” (a+b)

Léi giai:

2 2 2 3 3 3
Theo bit ding thic AM-GM, ¢6 a‘ +—2& b+ — 2 4ty O 5o @ B C

+ >2 + +
(b+c)? (a+c)’ (b +a)? b+c a+c a+b

a® . b* c? a’ b* c’ >(a2+b2+c2)2

+ = + + > >ab-+bc+ca
+C a+c a+b a(b+c) b(a+c) c(a+b) ab+bc+ca

Mat khac 2(b

Dau bang xay ra khi a—b=c=——

2

Cau 3. Cho tam gidc ABC ndi tiép duong tron (O) théa man AB+ AC =2BC

a) Ching minh ZAlO =90°



b) Goi M, N la diémlchinh gilta cung nho AB va AC va I la tim dudng tron ndi tiép tam giac,
M’,N” la hinh chiéu cua I trén AB, AC tuong tmg. Goi X va Y lan lugt la hinh chiu cua A trén
MM’ va NN’. Chtrng minh rang tir gidc AXIY ndi ti€p.

Loi giai:

a) Ching minh b+c=2a <> ZAIO=90°

Trudce hét c6 102 =R?—2Rr va IA2 =r?+(p—a)? nén LAI0=90° <> AO? = Al +10?

< R*=R*-2Rr+r?+(p-a)’

2
& 2Rr=r’+(p-a)’ <—>a—bc.§:8—2+(p—a)2
25 p p
abc )
<—>T=(I0—a)(p—b)(p—0)+ p(p-a)

«abc=2(p-a)[(p-b)(p—c)+ p(p-a)l
—abc=2(p—a)bc«>a=b+c—a<«>b+c=2a. Ta co diéu phai ching minh
b) Goi V 1a tam vi tu ctia phép vi tu bién dudng tron (I) thanh dudng tron (0), ti s6 vi tu k

Khi d6 VX 1M’ M,,N'+> N, 1 >0 nén IM'[|OM,,M, (O), IN'||ON,, N, (O).



Vay M,=M,N, =N hay MM’, OI, NN’ d6ng quy tai V.

T giac AXIY noi tiép khi va chi khi ZAIV =90° <> ZAIO=90°.

Ta c6 diéu phai chimg minh.

Cau 4. Cho s6 nguyén duong n>1. M6t sb nguyén x dugc goi 12 « ddng yéu trong mat n” néu dem chia

x? cho n, ta dugc so du 1a so 18.

a) Véin=11. C4 bao nhiéu s nguyén duong dang yéu trong mat n ma nho hon n?

, . £ \ A ar A Z Co(x+DE X
¢) Chtrng minh néu x va x+1 déu dang yéu trong mat n thi [—]-[—]=1
n n

b)

Chang minh rang c6 khdng qué 1+[+/3n] s6 nguyén duong lién tiép ma tat ca déu dang yéu

trong mat n.

Lot giai:

a) Thtr truc tiép, c6 8 s6 1 1,3,4,5,6,7,8,10 1a cac s6 dang yéu trong mat n, nho hon n

2

Ly o2 \ A , A X ) N N X R
b) Xét ca x va x+1 déu dang yéu. Do so du cia x* va (x+1)* chonla x* —n[=] va
n

2 2 2
(x+1)? —n[@], cung l¢, suy ra [XF] va [@] khac tinh chan I¢.

2 2 2 2
Do 0< (x+1? —x? <2n nén [Y DX <2. vay (D 12521
n n n n
Néu n chan thi moi s6 x chan, x? chia n ludn c6 s6 du chin, nén x khéng dang yéu trong mat n.
Nén hién nhién khong thé cd hai sé nguyén lien tiép dang yéu trong mat n.

Néu n 1é. Do tat ca cac boi cua n déu khong dang yéu trong mat n, nén ta chi can xem xét cac s6
xe{l2,...,.n-1}

2
Theo cau b), ta thay néu x,x+1,x+2,...,x+k dang yéu thi m= y—[y—] 1a hang so6 véi moi
n

y=XX+1,X+2,...,X+k

2 2
Dom=y-[Y]oy-m<Y <y-m+1, tic la n(%—m)s(y—g)z <n(2—m+1),56 sb nguyén
n n

duong lien tiép nhu thé khang vuot qua [\/n(g—erl) - \/n(%—m)]+1§ [Vn]+1 néu m< [2] va
khong vuot qua 2[ n.%+%]§ [3n]+1 néu m:[2]+1

DAu bang xay ra khi va chi khi n=3( mod8), 3n khong chinh phwong va [v/3n] 1 s6 lé.



Cau 5. C6 2018 ngudi xép thanh mot vong tron, luc dau mdi ngudi cam 1 chiée keo. Mdi budc
chon hai ngudi ¢d keo va thyc hién thao tac: M&i ngudi chuyén 1 chiéc keo qua nguoi bén canh
(vé bén trai hodc phai). Sau hitu han budc co thé xay ra trudng hop tat ca sé keo chuyén

vé mot nguoi hay khong ?

Loi giai:

Cb dinh 2018 ngudi trén mot dudng tron, danh s theo thu ty tir 1 dén 2018.

Chia s6 nguoi nay thanh 2 nhém, nhém duoc danh sb 1é va nhom duoce danh sb chan. Lic

dau sb keo cua hai nhém 1a bang nhau (ctng bang 1009 chiéc). Nhu vay, mdi nguoi chuyén keo,
s& chuyén cho nguoi thuoc nhém khéc.

Nhan xét:

+) Néu hai ngudi duoc chon duoc danh sb khac tinh chan 16 thi s6 lwong keo cua

mdi nhoém khong ddi, suy ra tinh chin 1é vé s6 keo caa mdi nhom khong doi.

+) Néu hai ngudi dugc chon duoc danh s ciing tinh chan 1¢ thi tinh chan 1é vé s6 keo cua
mdi nhom khong thay doi.

(Gia sir hai nguoi duoc danh sé chan thi s6 keo cua nhdm chin giam 2, s6 keo cia nhém
Ié ting 2)

Vay tai moi thoi diém tinh chan 1é cua tong sé keo cia mdi nhom khong ddi.

Ma lac dau mdi nhoém c6 1009 keo nén khong thé xay ra truong hop sé Keo tap trung vé
mot nguoi.



