SO GD-PT HAI DUONG PE THI NANG KHIEU LAN THU TU
Truwong THPT chuyén Nguyén Tréi NAM HOQC 2018-2019
Mon: Toéan Iép 11. Ngay thi 21/01/2019
Thoi gian lam bai: 180 phat
(Pé gom ¢c6 5 cAu, 1 trang)

Cau 1. (1,5 diém) Timhamsé f: R — R sao cho

fx?=y)=x.f(x) = f(y), Vx,y

XO - 1
X, = Xo+x1+x,+ 4+ x,-1),Vn=>1

n

Cau 2. ( 2,0 diém) Cho day sb { _—2019

a) Tim s hang tong quéat cua ddy u, = %(x0 + 2x; + 4x, + -+ 2™x,)
b) Tim giai han cua day (u,)
Cau 3. ( 1,5 diém)
C6 3 hop, mdi hop dung 8 tam thé dugc danh s6 tir 1 dén 8. Lay ngau nhién mdi
hop mot tam theé. Tinh xac suat dé tong 3 s6 ghi trén 3 tam thé 1a mot sd 1é.
Cau 4. (2,5 diém)

Cho duong tron (O) va hai dudng tron (0,), (0,) tiép xic ngoai vaéi nhau va tiép
xuc trong véi (O). Goi | 1 tiép diém cuaa (0,), (0,) va My, M, 1a tiép diém cua
duong tron (O) vai (0,), (0,). Tiép tuyén chung tai | caa (0,), (0,) cat dudng
tron (O) tai A, AM, cat (0,) tai Ny, AM, cit (0,) tai N,.

a) Chang minh rang 0OA L N;N,
b) N,N, cat (O) & B, C; Al cat duong tron (O) & A°. Chizng minh rang | 1a tam
duong tron noi tiép tam giac 4 'BC
¢) Chang minh rang N;N,, 0,0,, M; M, ddng quy.
Cau 5. ( 2,5 diém) Ton tai hay khdng cac sé nguyén duong a, b théa man

ab+pa

2a-1; 2b-1; a+b 1a cac s6 nguyén té dong thoi la s6 nguyen.

a+b



HUONG DAN CHAM (4 trang)

Cau N@i dung Piém
1 |Chox=y=0tacof(0)=0—f(0)=f(0)=0 0,5
Choy=0, xtuy ytaco f(x?) = xf(x),Vx € R
Chox=0,ytuyytaco f(—=y) = —f(y),Vy € R. Vay flaham lé.
Véi x>0 ta co 0,5
fle+y) =Vxf(Vx) = f(=y) = f&) + f)
Véi x<0 ta cd
f)=fx+y—-x)=f(—x+x+y)=f(-x)+f(x+y)
=—f)+flx+y)
=>fx+y)=fx)+f)
Vay fx+y) = f) + f(y) VX, ¥
Taco 0,5
f(Ge+ DD = (x+ DfE+1) = (x + DIFE) + FD)]
fllx+1)?) = fx? +2x + 1) = xf(x) + 2f (x) + £ ()
= xf(1) = f(x)
Vay f(x) = axvdoia = f(1)
Thir lai thay thoa man
2 |Tacd nx, =—2019(xg + x; + x5 + -+ X_1) 0,5
(n—1D)x,_; = —2019(xy + x; + x5 + -+ x,,_5)
=>nx, —(n—1)x,_., = —-2019x,_; = nx,, = (n —2020)x,,_,
= x, = 0,¥Yn > 2020
Taco x, = @ Xg_1; V1 <k <2019 nén 1,0
= _2319 Xo; Xy = %xl; ) Xpp = k—iozo X1 V6i 1 <k <2019

—-2019 2018 k —2020
T %o X1 k Xp—1

= x1x2x3 xk -

_ (-1)k2019.2018...(2020-k) __ K 20190 K
= X = k! =D k1(2019-K)! CZ019(—1)

voi 1 < k <2019




1
U, = E(xo + 2x; +4x, + -+ 2™x,)
1 2019 1 2019 1
== 2 Xg. 2K = - z CHoro(—1)K. 2% =—(1- 2)2019
k=0

k=0
-1

n
Vay limu,, =0

0,5

Khong gian mau Q = {(i;j; k), 1 < i;j;k < 8}; n(Q) = 8.8.8 = 729

0,5

Ki hiéu A:” tong 3 s6 ghi trén 3 tam thé 1a mot so 16
Xét bo (i; j; k) €A bat ki thi i+j+k [asb 1é

Néu i+j Ié thi k chin, tc 1a k nhan 4 gia tri 2, 4, 6, 8
Néu i+j chan thi k 1& tic 1a k nhan 4 giatri 1, 3,5, 7

0,5

S6 cac cap so (i; j) 1a 8.8=64
Vay n(A)=64.4=256, do d6 P(A) = %

0,5

1,0




A thudc truc dang phuong cua (0,) va (0,) nén AN;.AM; = AN,.AM, suy
ra 4 diém

Ny;; No; M,; M tao thanh mot tir giac noi tiép dan dén AN, N,= AM, M, =
sd BM; + sdAC = sd BM, + sdAB = AC = AB = OA 1 N;N,

Goi H, K 1a giao diém cua AO véi BC va (O)
Tam giac ABK vuéng tai B c6 BH 1a duong cao= AB? = AH.AK
AM,K = 90° = HN; M, K 1t giac noi tiép=> AB? = AH.AK =
AN;.AM; = AI?

= AB = AC = Al

0,5

Suy ra A 1a tim duong tron ngoai tiép tam giac BIC

Dén dén IBC =~ IAC = ~A’AC = ~A'BC

Suy ra BI la duong phan giac ciaa A’BC

R& rang A’I 1a phan gidc BA'C. Vi thé 1 1a tAm dudng tron noi tiép tam giac
A’BC

0,5

Gia sit 0,0, cit N, N, tai D. Goi R, Ry, R, 13 ban kinh caa (0), (0,), (0,)

RG rang D la tam vi ty ngoai cia (0,), (0,) = ~=,22%2 09—

_ ) ; DO, M,0 "'M,0,
Dan dén D, M;, M, thang hang
Véay N;Ny, 0,0,, M; M, dong quy

0,5

Gia st ton tai a; b nguyén duong thoa man yéu cau
>a,b=>22=>a+b=4
Ma a; b la s6 nguyén to nén a+b Ié = a; b khac tinh chan lé.

0,5

Khong mat tong quat gia st a chan, b 1é.
b a
Vi< € Znén (a® +b%) i (a+b).

Taco a® + b%= (a? + b?) + b* — bP

Viblénén (a? +b°) i (a+b) = (b®—b"): (a+b)

0,5

Véi a> b ( truong hop a< b ta viét nguoc lai (b2 — b%) i (a + b) ) ta co
bP (%P —1): (a+b)

(b3+P=1 — 1) i (a + b)

Do a+b 14 s6 nguyén t6 nén (b; a+b)=1 = { B 1) : (a+b)

0,5




Goi d la sé nguyén dwong nho nhat thoa man (b% — 1) : (a + b)

(@a+b-1):d

Khi do | (@a-b)id

= (2a — 1) i d ma 2a-1 la s6 nguyén té

nén d=1 hoac d=2a-1

0,5

Néud=1thi(b—1): (a+b) Vo li
Néud=2a-1thi(a—b): (2a—1)=2>a—-b=>2a—1=a<1-b (ol

Vay khong ton tai 2 s6 nguyén duong thoa man yéu cau bai toan.

0,5




