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Ciau 1(5 diém) Cho day sb (x,) (n =1, 2, ...) duoc xéc dinh nhu sau:

xi=1vax,, =x (x, +D)(x, +2)(x, +3)+1 véin=1,2, ...

n

bat y, = Z @=1.2, ....). Tim lifmjz

i X, + rep

Chu 2(5 diém ) Cho P(x)e Z[x] va mdi phuong trinh P(x)=1;P(x)=2;P(x)=3 ct it nhit
mdt nghiém nguyén lan luot la X;,X5,x3 . Chung minh phuong trinh P(x)=3 khong c¢6 hon mot

nghiém nguyén

CAu 3. (5 diém) Cho tir giac ABCD ndi tiép trong dudng tron (0). Mot dudng tron tam X tiép xtc
véi tia AB, AD lén luot tai E va F, ddng thoi tiép xtc dudng tron (O) tai T. Tiép tuyén tai A va T
v6i (O) cét nhau tai K. Puong thang TE cét (O) tai diém M khéc T, duong thing TF ¢t (O) tai N
khac T.
a) Chitng minh K, M,N thang hang
b) Phén gidc goc ZBAC cit dudng thang MC tai I, dwong thang KI cit duong thang CN tai J.
Chimg minh ring néu N 1a tim duong tron ngoai tiép tam giac ADJ thi ban kinh dudng tron
ndi tiép cac tam gidc ABC va ACD béng nhau.

Ciu 4. ( 5 diém) Véi sé n nguyén duong, dat f(n)la sb ude nguyén duong cua n.Xét tdp hop

G={neNX\{0}: f(m)< f(n)VmeN,0<m<n}vagoi p la s6 nguyén td thir i (=1 2: 3.

1) Chiing minh néu n thuge G va p, 1a udc cta n thi Db P, laudc ciian
2) Goi k la s6 nguyén duong nho nhit sao cho 2* > p, va M =(p,p,... p,_)*. Ching minh

néun>M va n thudc G thi n chia hét cho p, .



PAP AN 1 Tood

Caul. (5 (Tfezm) Cho ddy s6 (x,) (n = 1. 2, ...) duoc xac dinh nhu sau:

x1=1va x,, =x,(x, +D(x, +2)(x, +3)+1 véin=1,2, ...

n

bat y, = Z

e =1, 2, oenq) Timmi lin 5.
=l A, ~

n—wm

Loi gidi:

Tacox;=5vax,>0véimoin=1,2,...

X, =%, (%, +D(x, +2)(x, +3)+1 = \/(xf +3x, )(x] +3x, + 2)+1=x]+3x,+1 (1)

Tir do suy ra

Xps) T1 = xj +3x +2 = @+ D+ 2)

1 1 | 1 1 1 |
= = — = = -
b B | (x”-i—l)(x” + 2) x4+l x +2 x,+2 x+1 x.+1
2 1 ” 1 1 1 | 1 1
Dodd y = = - = _ "
& Z.:x +2 ;(r ¥l %, +1J x+1 x,+1 2 x  +1

Tu (1) X1 = x; +3x, +1>3x, >33 =3

Ta d& dang chimg minh bing quy nap x, > 3" (2)

p 1
Nén limy, = > (vido (2) Xp+1 >3

"

Cédu 2. (5 diém ) Cho P(x)e Z|x] va mdi phuong trinh P(x)=1;P(x)=2;P(x)=3 c6 it nhit
mdt nghiém nguyén lan luot 1a x 7:X7,x; . Chung minh phuong trinh P(x)=35 khéng c6 hon mét
nghiém nguyén

e

Loi gidi:

Ta chirng minh rdng x,;,x,,x; la nghiém nguyén duy nhat cta cic phuong trinh trén.



Tacé P(x)=(x-x,)q(x)+2 voi q(x)eZ[x]
Cho x=x; va X = x3, ta dugc

]:P(x,)=(x[*xzjq(x])+2:>(x,—,vg)q(x,):_i
I=Plx3)=(x3-x)q(x3)+2=(x3-%;)q(x;) =1

VI x;—x;,x3=x5,9(x3 ), q(x;) 1a nhitng 56 nguyén nén x; —x, va x3 —x, chi co thé
bing +/ . Nhung X; # X3 nén:
Hodc x;—x, =7 va x5 -x, =-1
Hodc x;—x, =—Iva x3-x,=1
Do dé x;, la trung binh cdng cua x, x;
Gia str phuong trinh P(x) =2 con ¢c6 mdt nghiém nguyén x'y # x; . Lap lai 1ap lun trén
cho 3 s X}, X5,x; thitaldy x', = x, (méu thuin)
Vay x, la nghiém duy nhéit cta phuong trinh P(x)=2
Hudng dan giai twong tu cho P(x)=1:P(x)=23
Gia sir phuong trinh P(x) =3 c6 mdt nghiém nguyén xs, ta co:
I=P(x5)=(%5—%3)q(x5)+2=> (x5—x3 )q(x5)=3
Néu x5 —x, chi co thé 1y céc gia tri +/ va +3
Néu X5 —x, =%/ thi theo chlimg minh trén x5 phai trung véi x; hodc X3 . VO ly vi x; khéc
v6i x; va x3. Do do6 chi ¢ thé xay ra kha nang x; -x; =13
Ma  P(x)=(x-x3)r(x)+3r(x)eZ[x]
=I3=P(x;5)=(x5—x3)r(x5)+3= (x5 —x3 )r(x5)=2
Suy ra x5 —x; chi c6 thé ldy céc gia tri £/ va £2 . C6 thé thdy
x5 —x3 ==*/ (méu thudn). Nén x; —x; = =2 do dé:
Néu X;—Xy=1va x3—x,=~I thi x;—x,=-3
Néu x;—x, =—1 va x;—xp;=1/thl x5—-x,=3
Nhu viy nghiém nguyén x; (néu nd ton tai) cua phuong trinh P(x)=3 duoc xéc dinh
hoan toan boi x;,x,,x;. Cac s6 nay la duy nhit. Vay P(x)=3 khéng thé ¢ hon mat
nghiém nguyén.

Ciu 3. (5 diém) Cho i gidc ABCD nii tiép trong dieong tron (0). Mpt dwong tron tam X tiép
xiic Vi tia AB, AD ldn heot tai E va F, dong thoi tiép xiic diong tron (0) iai T. Tiep tuyén tai A vé



Tvéi (0) cdit nhau tai K. Durong thang TE cdt (0) tai diém M khdc T, diwong thang TF cdt (O) tai N
khae T.

¢) Chitng minh K, M,N thang hang

d) Phadn gidc géc ZBAC cdt duong thing MC tai I dwong thing KI cdit diwomg thang CN tai J.
Chitng minh rdang néu N la tém dwong tron ngoai tiép tam gidc ADJ thi ban kinh dudng tron
néi tiép cdc tam gide ABC va ACD bang nhau.

Loi gidi:

a)
+) Xét phép vi tu tam T, ti sb k bién duong tron (X) thanh duong tron (O). Khi d6
Vi T.E,M thing hang va E thudc (X), M thudc (O) nén V) : Er—» M
Turddo XE||OM nén OM L AB, ta duge M 1a diém chinh gitta cung nho AB cua (O).
Tuong tu: N 14 diém chinh giira cung nho BD cua (O)
( 1,0 diém)

. . .. AN 1IN e
+) Bé chimg minh K,M,N thang hang, ta chitng minh e ﬁ (hay AMTN la tr gidce diéu hoa.,
]

day la két qua quen thude véi hinh phang chuyén). That vay:

LMAE = ZMITB = ZMTA nén tam giac MAE va tam giac MTA ddng dang. Ta duoc
MA* = MEMT . Tuong tu NA® = NF.NT

AN® NF NT _NT? vay AN _IN
A MEMT MY aM M

Suy ra nén K, M,N théng hang

(1,5 diém)

b)



Phén gidc goc £BAC cat CM tai [, ma CM la phén gidc goc £ACB nén I la thm dudng tron noi
tiép tam giac ABC. Ngoai ra, J thudc CN la phan gidc goc ZACD va NJ = NA=ND nénJ la tam
duong tron ndi tiép tam gidc ACD.

( 1,0 diém)

Goi r;,r, la ban kinh céc duong tron ndi tiép céc tam giac ABC va ADC. Do K.IJ thang hang nén
) /
theo dinh Iy Menelaus cho tam giac MCN v6i cét tuyén KIJ, ta ¢é: EQA =
IM KN JC
KM _AM sin ZMAK — AM sin ZMCK ~— MT sin ZMCK
KN AN sinZNAK AN sin ZNCA ~ NJ sin ZNCA

Mat khac:

in ZM
Suy ra 2C - SMEMCK o JC.sin ZNCA = IC.sin ZMCK

IC sin ZNCA
Tuc [a r, =r,. Ta c6 didu phai chimg minh
Cau 4. (5 diém) Véi sé n nguyén dicong, ddt f(n)la sé wée nguyén duong cua n.Xét tdip hop

G={ne N\ {0}: f(m)< f(n)VmeN,0<m<n}vagoi p, la 50 nguyén 16 thir i (i=1; 2; Sk

2) Chitng minh néu n thuéc G va p,, lawdc cianthi pp,...p, lauwde cian
. ~ A A - £ k - 2k - .
2) Goi k la s6 nguyén dwong nho nhat sao cho 2" > p, va M =(p,p,...p,_ )" Ching minh

néun > Mvéa n thuge G thi n chia hét cho Do -

Loi giai:

Nhdn xét: Néu n=¢q'q¥ ... 1a phan tich tiéu chuén cta n thi

m

f(n)y =k + D)k, +1)...(k, +1)



1) Gia st nguoc lai, ton tai i: 1 <7/ <m ma n khong chia hét cho P

bat n=gqlgk .. .q" véi q,=p, thi f(n)=(k +Dk,+1)...(k, +1)...(k, +1)

Xét ny=——.p,=qig ..g"" . .qb.p, thi f(n)=(k +1)(k, +1)eek e (K, +1).2

m
Do 2k 2k +1 nén f(n,)> f(n) trongkhi ny<n vi p,<p,
Day la diéu mau thuln. Vay n chia hét cho b, voimei L=1,2....m

2) Xét ne G van>M. Gia str n khong chia hét cho p, thi moi uéc ctia n déu thuge tap

{pl’pZ"“’pm—I}'
That vy, gid strn co uéc p, > p,, thitheo céu 1, n chia hét cho PisPysevrs Pyseor Py - Méu

thuan.

Mat khac n>M nén tén tai i: 1</ <m—1 sao cho s6 mi cua p, trong n la h>2k

k k P _ _
Do p/ 22" >p, néndit n=— vam=n.p,<n

Mit khéc, néu n=gf'gy...q/ véi g, = p, thi k, =h va
F(n) =k + Dk, +1)...(h+1)...(k +1)
S (ng) =k + 1)k, +1)...(h—k+1)...(k +1).2
Vi2(h—k+1)>h+14> h+1>2k lubn ding nén £ (n,)> f(»). Mau thudn.

Vay ¢6 diéu phai ching minh





