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NGUYEN TRAI MON: TOAN

Thot gian lam bai: 180 phuit

Bai 1: (2,0 diém)

Cho day s6 (u,) xac dinh béi: u, =3;u %un +% u?+3.vn>1.

N+l
CMR: (u,) c6 gidi han hitu han va tim gidi han do.

Bai 2: (2,0 diém) Cho cé4c s6 thuc duong a; b; ¢ thoa man a+b+c=3. CMR:
612+1 N b2+1 N c2+1 >3
b*+1 c¢c“+1 a“+1

Bai 3: (3,0 diém) Cho tam gi4c ABC can tai A noi tiép (O). Ly D trén canh BC, tur
D ké duong song song AB cat AC tai E va duong song song AC cit AB tai F. Buong
tron ngoai tiép tam giac AEF cat (O) tai H.

a) CMR: HD la phan giac #BHC.

b) CMR: Buong tron ngoai tiép (AEF) di qua O.

c) CMR: AEFH la hinh thang cén.
Bai 4: (1,5 diém) Cho p;; p,;...; p, 1a cac s6 nguyén té 16n hon 3. CMR: 2%PP 11 ¢6
it nhat 2™*1 uéc nguyén duong.
Bai 5: (1,5 diém) Cho 100 s6 tu nhién lién tiép tir 1 dén 100. Bém sb cach chon ra
3 sb trong 100 s d6 sao cho 3 s6 dugc chon 1a d6 dai 3 canh cia mot tam giac.



Huwéng dan cham

Bai 1: Cho day sb (u,,) xac dinh boi: u, =3;u

o :lun +1 u’+3.vn>1.
2" 4
CMR (u,) c6 giéi han hiru han va tim gidi han do.
1 1
Untq = FUn + 73/ UR + 3
TaCMu, > 1 bang quy nap

- Vé6in=1=>dlng

N R

Uy + U +3 > 142.2=1

. 1 1 1 3-3uj
Khi d6 — U, =-/u — Uy == ———
doupyyq —u, ZVun t 3 SUn =3 <0

ué+3+2u,

- Giastcou, >1=>u,,q =

=> (u,,) la ddy so giam.

Cach khac: £ (x) = 2x +=Vx% + 3 =>£(x) > 0.

Ma day bi chan dudi boi s6 1 => day c6 gii han hiru han bang x.
=>x=§x+im:>x=1.

Bai 2: Cho s thuc duong a; b; ¢ théa man a+b+c=3. CMR:

a+l b+1 c+1

+ + >3
b*+1 c*+1 a’+1
Giai:
Xét ham s6 f(x) = — 1,x>0.Tac() f'(x) = _ZXZ:f'(l)z—%.Tiéptuyén cta dd
X"+

(x*+1)

thi ham sé tai diém (1;%} c6 phuong trinh 1a y= —%x+1.

Du doan:

2

2—lx+1,Vx>0 (1)
X*+1 2

That vay: BPT & 2> (xX* +1)(-x+2) & x*-2x*+x>0 & x(x-1)>>0



Ap dung BDT (1) cho s b>0 ta duoc b21 l2—%b+1 (2). Vi a+1>0 nén
+

a+l
b?+1

a2+1 > (—lb+1j (a+)) <
b +1 2

Z—Eab—1b+a+1.
2 2

Tuong tu, cong lai ta duoc

a:l + b2+1 + C2+l 2—l(ab+bc+ca)—1(b+c+a)+(a+b+c)+3.
b*+1 c“°+1 a"+1 2 2

Cubi cung sir dung BDT (ab+bc+ca)£%(a+b+c)2 va gia thiét a+b+c=3 ta thu

duoc

a+l b+1 c+1
2 +2 + 2
b*+1 c¢c“+1 a“+1

>3, Dau“="xayra<a=b=c=1.



Bai 3: Cho tam giac ABC can
tai A ndi tiép (O). Lay D trén
canh BC, tur D ké duong song
song AB cit AC tai E va duong
song song AC cét AB tai F.
DPuong tron ngoai tiép tam giac
AEF cit (O) tai H.

a) CMR: HD la phéan giac
/BHC

b) CMR: Buong tron ngoai
tiép (AEF) di qua O.

¢) CMR: AEFH Ia hinh
thang can

a) (AEF) cit (O) tai H
= Ton tai phép VT Qy:

Bién F — B;E > C
= HFB dong dang HEC

HB _ BF

HC ~ CE

\ \ \ : iy A X FB BC
Ma FBD va EDC 1a hai tam giac can dong dang => =
= Y8 — B —5 4D 1 phan gi4c goc BHC

HC ~ CD

b) Tacoé FBO = BAO = OAE => tam giac OBF = OAE (c;g;c)
= OE = OF va EOF = AOB = 180° — BAC => O thudc (AEF)
¢) Goi I la diém chinh giira cung BC khdng chita A => A; O; | thang hang
= ABI = ACI = 90°
= [E? — [F? = (IC? + CE?) — (IB? + BF?) = CE? — BF? = DE? —
DF?. AP dung PL 4 diém => ID L EF.

Ma ID L AH => EF // AH. Hinh thang AHFE nai tiép dudng tron thi AHFE
14 hinh thang cén.



Bai 4: Cho p;;p,;...; p, 1a cac s6 nguyén té Ién hon 3. CMR: 2%P+* +1 ¢4 it nhat
2™+ yéc nguyén duong.
Huéng dan: Ta chang minh ménh dé theo quy nap.
- Véin=1.TaCM:S=2"+1 co it nhat 4 uéc nguyén duong.
Vi p, >3 nén p, Ié va khong chia hét cho 3. Hién nhién S ¢6 2 udc la 1 va chinh

4 Y N pl
N6. VA 2* +1 chia hét cho 2 + 1 = 3. Do d6 S ¢6 thém uéc 12 3 va 2 3*1.

2™ +1
3

Ma v,(2" +1) =v,(3) +v,(p,) =1. Tac la khdng chia hét cho 3.

2" +1

Nén S c¢6 it nhit 4 wéc 1a: 1; 3; yLen

Gia sir ménh dé ding dén n = k, ta CM ménh dé ciing véin =k + 1
Xét 56 S = 27P-PPa 41 ta can CM c6 it nhat 22 nghiém.
Bo dé 1: Vai a lé khong chia hét cho 3 thi 3[2° +1 nhung 9 4 2¢ + 1

Vialénén 2% + 1 chiahétcho 3, vav;(2¢ + 1) = v3(2 + 1) + v3(a) = 1 nén nd
khong chia hét cho 9.

B6 dé 2: Vai avab 1a sé 1é khdng chia hét cho 3 va (a;b) = 1thi (22 +12°+1) =3
d|2%+1|2%¢ -1

Goi d 1a 1 wdc nguyén to chung cua 2* +1 va 2° +1 => {d |2b 1 |22b _1q

Goi k 1a s6 nguyén duong nho nhat sao cho d | 2% — 1

= {’Z'é}f- Ma (a;b) =1nénk =2, taclad=3.

Do bé dé 1 nén ching cung khéng chia hét cho 9, nén (2° +1;2° +1)=3.
- Tro lai bai toan, ap dung bo dé trén ta co vai S = 2PP-PPa 41 thi

{S : 2P1P2-Pk 4 1

S 2Pk 41 va (2191...pk + 1; 2Pk+1 1) = 3: v3(2pk+1 + 1) =1

= (2p1p2---pk +1; Zpk““) =1
3



Theo gia thiét quy nap, S c6 dua ca 2%** ugc cua 2P1+Pk + 1, ddng thoi 1dy mdi udc
2Pk+1+1

do6 nhan véi ta lai dugc mot wsc cua S khong trung vaéi 2%+ wéce ci, lam

nhu vy ta d4 tao ra dugc thém 2%*1 wgc méi. Nhu vay s6 woc cua S it nhat 13
2k+1 + 2k+1 — 2k+2

= Ménh dé ciing dung voi k + 1.
Theo nguyén Ii quy nap ménh dé ding vaéi moi n.

Bai 5: Cho 100 s tu nhién lién tiép tir 1 dén 100. Bém s céch chon ra 3 sé trong
100 s6 d6 sao cho 3 s6 dugc chon & d6 dai 3 canh cua mot tam giac.

Chu y: Chon bd 3 s6 tir tap {1;2;...;100} => 1 s duoc chon cung 1am 1 1 1an, tic
la 3 s6 dugc chon phai la 3 s6 phan biét.

pat3sdlaa<b<c=>3<c<100 =>

Y twéng: Chonc—bvachona>c—b.

Col< c—b<49.Vinéuc—b > 50thia>50vab <50=>Mau thuan,
TH1: c—b=1=>ac6 thé chon tir 2 dén 98.

+) Néu a =2 thi b > 2 => b ¢6 thé chon tir 3 ¢én 99 => S bo (a;b;c): 97
+) Néu a = 3 thi b > 3 => b thé chon tir 4 dén 99 => 96 bo

+) Lam tuong tu, ta dugc tong sb bo trong TH nay 1a: 97+96+...+1 = 4753
TH2: c —b =2 =>aco thé chon tir 3 dén 97

+) Néu a = 3 => b ¢6 thé chon 4 dén 98 => S6 bo (a;b;c) 12 95

+) Néu a = 4 => b c6 thé chon tir 5 dén 98 => S bo 14 94

+) Lam tuong tu, tong s6 bo 1a: 95+94+...+1.

TH3: Tong quat: ¢ —b = k =>a c6 thé chon tirk + 1 dén 100 — k — 1.

+) Néu a=k + 1; b c6 thé chon tir k + 2 dén 100 — k. => S4 b 1a: 99 — 2k.

_ (99-2Kk).(99-2k+1)
2

+) Lam tuong tu, tong 6 bo 1a: (99-2Kk) + (99-2k-1) + ... + 1
Vay ta dugc tong s6 bo 1a:

iil (99—2k);100—2k) — £9=1 9900—3928k+4-k/\2 — 4950.49 — 199 Ziil k+2 Z;{_g kz






