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NGUYEN TRAI MON: TOAN

Thoi gian lam bai: 180 phut

Cau 1: (3,0 diém)

1
a)  Tinhtichphan: [ " _dx |
0(2x+1)
b) Tim tat ca cac gia trj thuc caa tham s m sao cho d thi cua ham sé
y=x*-2(m+1)x* +m’ c6 ba diém cuc tri tao thanh mot tam gidc vudng can.

2 . < o s a
Cau 2: (1,0 diem) Cho s6 duong k > 0. Dy (a,) thoa médn a, >0 va a, :%,Vn >1 .
1+ka ,

Tinh gisi han lim__,_a J/n.

Céau 3: (2,0 diém) Cho tam giac ABC nhon. Pudng phan giac goc A cit canh BC tai D. CAc tiép
tuyén tai D ciia dudng tron ngoai tiép cac tam giac ABD va ACD tuong tng cit canh AC, AB tai
E va F. BE cat CF tai G.

a) Chung minh rang: AEDF Ia tir gi4c noi tiép.
b) Chung minh rang: ZGDF = ZADE .
Céu 4: (2,0 diém) Tim tat ca cac cap sb tu nhién (m,n) thoa man mn—1] n® 1.

Cau 5: (2, 0 diém) C6 a+b céi ro xép thanh mot hang, duoc danh sb tir 1 dén a+b, trong d6 a,
b 12 hai s6 nguyén duong cho trudc. Ban dau, trong a ro dau tién, mdi cai ré c6 mot qua tao, va
trong b rd cudi cing, mdi cai ré cd mot qua 18. Mdi bude, dugc quyén chuyén mot qua tao tir rd
i sangro i+1 vamotqualétrrd j sang j—1 mién la hiéu i— j 1a mot sé chin. Ngoai ra, mot
cai r6 c6 thé chira nhiéu qua mot IGc. Muc dich 1a dat duwoc cau hinh ma trong b r6 dau tién, moi
rd c6 mot qua I va trong a rd cudi ciing, mdi ré c6 mot qua tao. Chieng minh rang cé thé thuc
hién duge diéu do khi va chi khi ab 1a mot s6 chin.



Hwéng dan cham

Céu 1.
a) Ta co:
fl x .1 12x+1d fl 1 dx)
S xr T a2 ™) Gar 2™
11 1,11 1 1
—2.2.ln|2x+1||0+2.2.2x+1|0
1 1/1 1 1 1
=3 +3(3-7) =7m3 ¢

b) Tim tat ca cac gia tri thy ¢ caa tham sé m sao cho db thi caa ham sé
y=x*-2(m+1)x*+m?® c6 ba diém cuc tri tao thanh mot tam giac vudng can.

7 Co:y' =4x® —4x(m +1) = 4x(x* — (m + 1))
Dé ham so6 ¢ 3 cuc tri => Phuong trinh bac ba y’ = 0 ¢é dang 3 nghiém => (m+1) >0

Khi d6: cac diémcuctrila: x =0,x = —vVm + L,x =vVm + 1
Va dd thi ham s ¢6 3 diém cuc tri 1 A, B, C thoa man:

Khix =0=>y=m?2 => A(0; m?)

Khix=—-Vm+1=>y= -2m—-1=>B(—Vm+1;,-2m — 1)
Khix=vm+1=>y= -2m—-1=>C(H{m+1;,-2m — 1)
=> ABC can tai A

Pé ABC vudng can tai A < BC = 2AM.
BCcitOytaiM=>AM=|m? +2m + 1| =m? +2m + 1
BC=BM +CM=2ym +1.

Do d6: BC=2AM<=>2(m+1)2 =2Vm+1
=>(m+1)2=vm+1.Chay:m+1>0

Sm+DVmFi=1® (Vm+1) =1=>Vm+I=1=>m=0.Vaym =0

Cau 2: Cho sb duong k > 0 va diy (a,) théa méan: a, >0; an:L,Vn>O

Jl+ka?,

Tinh gi¢i han lim___a /n



a’ 1
Cé: a’= n-1 => ka%a®.=a%.-a’=>k=————_
n l k . alf,l an a‘n—l a‘n—l a'n a ﬁ a 571
. 1 1
Lam tuong tu, ta dugc: — = ——+k=—+kn
an a'n—l
= 1 _1 +k >k =>a n_>i
a’n na’ " Jk

Cau 3: (2,0 diém) Cho tam giac ABC nhon. Pudng phan giac goc A cat canh BC tai D. CAc tiép
tuyén tai D ctia duong tron ngoai tiép cac tam giac ABD va ACD tuong tng cat canh AC, AB tai
E va F. BE cat CF tai G. CMR: ZGDF = ZADE..

Co: ZADF = ZABC, Z/ADE = Z/ABC => Z/EDF + /BAC =180°

=> AEDF la tir gi4c noi tiép => LAEF = ZADF = ZACB =>EF // BC.

Vi AD la phan giac goc A va AEFD la tir gi4c noi tiép => DE = DF.

AD va DG cit EF tai Hvall.
Pé chiing minh ZGDF = ZADE ta chitng minh FI = HE

Do EF // BC => %:C_D valE_CD _  HE_IF

BD IE BD HF IE



=> HE = IF => HE = IF => tam giac DFI = DEH (c.g.c) => ZGDF = ZADE

EF EF
Bai 4. Tim tat ca cac cap sb tu nhién (m,n) théa man mn—1| n®—1.
Loi giai:
Trudce tién ta nhan xét dugc rang (Ln) va (m,1) véi m,neN" 14 cac cap thoa man bai toan.
Ta xét cac cap (m,n) v6i m,n>1. Tathdy rang:
mn—l‘n3 -1= mn—ﬂ m(n3 —1) = (mn-1)n’ +(n2 —m)
dodo mn—1jn* —m = mn—1m(n*—m)=(mn-Dn+(n-m?).
dan dén mn—1|n—m* = mn-1m(n—m?)=(mn-1)+(1-m°).
Nhu vay ta dugc mn—1 m® —1.

Vi n>1va mn—-1 n® -1 nén mn-1<n’®-1 hay m<n®. Hoan toan twong tu, vi mn—-1 m* -1

nén ta ciing duoc n<m?.

mn-1 n>—m

mn<n?-m+1<n? m<n
1 m? ta duoc: &
mn-1 m?-n

Gia sirrang m<n® va n<m? thi tur , , :

mn<m —n+l<m n<m
Mau thuan trén dan ¢én m=n? hoic n=m?. Nguoc lai, ta kiém tra dugc rang véi (m,n) Vi
m,n >1 théoa man m=n? hoic n=m? thi mn-1 n®-1.

L, n);(m1)vmneN

TOm lai, cac cap (m,n) théa man la :
(nz,n);(m,mz)Vm,n eN,mn>1

Bai 5. Co a+b cai ré xép thanh mot hang, duoc danh s6 tir 1 dén a+b, trong d6 a, b 13 hai s6
nguyen du:orng cho trude. Ban dau, trong a ro dau tién, mdi cai ré c6 mot qua tdo, va trong b rd
cudi cting, mdi cai ré ¢6 mot qua 18. Mdi bude, dugc quyén chuyen mot qué tao tir ro i sang ro
i+1 vamotqualétrdjsang j—1 miénlahiéu i— j 1a mot sé chin. Ngoai ra, mot céi rd co
thé chtra nhiéu qua mét IGc. Muc dich 1a dat dugc cau hinh ma trong b r6 dau tién, mdi ré co
mot qua 1é va trong a rd cudi cling, mdi rd c6 mot qua tao. Chizng minh rang cé thé thuc hién
duoc didu d6 khi va chi khi ab 1a mot s6 chan.

Loi giai: Nhan xét: néu i — j chin thi ta ¢ thé d6i chd qua téo tir rd i va qua 18 tir rd j bang cach
thuc hién lién tiép cac budc dich chuyén.

Trudéc hét, ta hay chi ra rang néu ab 1a mot sé chin thi ta c6 thé dat dugc muc dich. Ta suy luan
bang quy nap theo a+b.



- Néu min(a,b) =0 thi ta khdng c6 gi phai chizng minh.

- Néu min(a,b) =1, chang han a=1 thi b 1a s chin. Khi dé, ta chi can thuc hién viéc d6i chd
cho qua tao duy nhat (nam & rd ngoai cuing bén tréi) va qua Ié & rd ngoai cing bén phai (va
khong thay doi vi tri cac qua I& con lai) la xong.

- Gia su min(a,b) >2 va a+b lalé. Thé thi chung ta d6i chd qua téo ¢ rd ngoai cuing bén trai va
qua Ié ngoai ciing bén phai (va khong thay df‘)i vi tri cua céc qua téo va 1€ con lai) cho dén khi
ching duoc trao vi tri cho nhau. Bén thoi diém do, bang cach tam quén hai qua nay, ta quy vé
truong hop c6 a—1 qua tdo va b—1 qua Ié va st dung gia thiét quy nap dé két thic.

- Gia st min(a,b) >2 va a+b la chin, nhu vay a, b 1a cic s6 chin. Thé thi, ta cd thé do6i chd
qua tdo 6o 1 va qua lé & ré a+b—1 (va khong thay doi cac vi tri cia cac qua to, 18 con lai).
Sau d6, hoan toan tuong ty, ta c6 thé dbi chd cua qua tao o rd 2 va qua 18 6 ré a+b . Bay gio,
tam thoi quén hai qua to va hai qua & & cac rd 1,2,a+b—1,a+b, ta quy vé truong hop c6 a—2
qua tho va b—2 qua lé va st dung gia thiét quy nap dé két thic.

Dé két thic chirng minh, ta sé& chi ra rang khéng thé dat duoc cdu hinh mong mudn néu ab 1a 1¢,
nghia 13 khi a, b 1 céc s6 1¢. Goi X 1a s cac qua tdo nam trong cac ré dugc danh s 1é va goi Y
la s6 cac qua 1& nam trong céc r6 dugc danh s6 1é. Nhan xét rang X —Y khong doi sau mdi budc.

Thé nhung, néu a, b 1a c4c s6 ¢ thi ban dau c6 X =%(a+1) vay :%(b—l) va

_a-b+2

X =Y : ¢On véi cau hinh mong mudn thi X =%(a—1) vay =%(b +1) va

X =Y :#, mau thuan.



