SO GD-PT HAI DUONG PE THI NANG KHIEU LAN THU HAI

Trudng THPT chuyén Nguyén Trii NAM HOQC 2023-2024
Moén: Toan 11
Thoi gian lam bai: 180 phit

Cau 1. (2 diém) Cho day s (z, ) xdc dinh boi:
T, = %; T, = %(xﬂ +\/a:: +4$n),‘v’n € N*
a) Chimg minh ring day (mn)ting va limz = +oo.
b) Tinh lim3 L.
=g
Ciu 2. (2,5 diém) '

a) Tim titca cac nghiém nguyén duong cta phu’ong trinh 2022% +1=2023".

b) Cho 2023 s6 nguyén dwong @,,,,...,ay,; VA 6 nguyén a>1 sao cho a: 71 8

2024

Chimg minh ring (a* +a- )l(a+al—1)-(a+ @ =1)...(a+ay, -1).

Ciu 3. (1,5 diém)
Xéthamsd f: R — R thoaman
£ (22 +y+ f(@ +)) + fay) = uf () v6imoi z,y € R. (*)

a) Ching minh ring f(z) latoan anh néu £(0)=0.
b) Cho f(0)=0. Tim titcicic f(x) thda man.

Ciu 4. (2 diém)

okl

Cho tam gidc ABC nhoncé AB < AC va A=45°.Céc duong cao 4D, BE,CF ddng quy tai truc

tim H . Dudng thing EF cit BC tai P.Goi K Ia tryc tim tam gisc AEF vi dudng tron (J) 1a

dudng tron ngoai tiép tam gide KPD.Goi / [ trung diém ciia doan thing BC ; dudng thing CK

cét dudng tron (J) tai diém thir hai G, dudng thing IG cAt dudmg tron (J) tai diém thir hai M |

a) Chimg minh ring tir gisc EKFC ndi tiép.
b) Chimg minh ring JMC = KGJ = 45°

Céu 5. (2 diém) Mot bac ndng dén di vao rimg nhit dugc 223 hat dé. Bac 4y muén chia sé hat dé

nhit dugc cho 5 con séc sao cho con nao ciing nhin duge it nhét mét hat.

a) Hoi 6 bao nhiéu céch chia dé c6 mot con séc nhén duge sé hat dé nhiéu hon tong sé hat

décta 4 con con lai?

b) Biét ring it ca cic con séc déu nhdn dugc sé hat dé 1a sé 1¢ khong chia hét cho 3, chirng

minh ring c6 thé chon ra hai con séc ma tich sé hat dé cia ching khong phai la mét lap

phuong dang.
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Cau 1:

a). Chirng minh dugc z % Vn € N¥

;
Suyra z, 2(::: +\/_)—wn,Vn€N*.Suyrad5y (mﬂ) ting.
Giasir limz = L tacé

1 1
L>— =
iy [ & L=0VsIi

2
Dl Ll 1P AL I=I+4L

Viy limz, = 400

b) Tir z, =%; /A =%(.’1:,3 + 4z +43:,1),Vn€ N,

Suy ra
- 2
(2:1:“ s mn) =z +4z & T, =z, (:l:"+1 - xn)
1 1 1
Suy ra =—- ,Vn € N*
mn-Hl 11','“ ﬂ':rz-t-l
el 1 2 1 1 1 1 1
Suyra ) —=—+ e el e T (B e SO0
=1 'cf wf E:r.z a:]z T T

Suy ra hmz —hm[ﬁ—-l—— =4,

=1

Ciu 2:
a) Tacé:

Xét x=1 thi 2023¥ =2023 = y=1
Xét x > 1khi d6, néu phuong trinh ¢6 nghiém nguyén duong y thi 2022" = —1(mod 2023)

Suyra x lé.
bat x=2m+1,meN*

Néu y1&thi 2023" = -1(mod8)
Trong khi 2022% +1=2022%*' +1=2022.2022* +1=6.36' +1=1(mod8)

Suy ra (1) vo nghiém.
Néu y chén, dit y=2m,meN*

Khi d6, (1) tré thanh 2022% =2023%" —1= (2023'" —1)(2023'" +1)

|




2023" —1=2022°
:>{ (a,beN*,a<b)

2023™ +1=2022°

=2022% -20227 =2
= 2022° (2022”‘“ —1) =2, v6 li vi vé trai ludn 16n hon 2.
Viy phuong trinh (1) chi ¢6 mdt nghiém nguyén duy nhét 1a (x,»)=(11)

b) Taco:

Ta giai bai toan trong truong hop téng quét véi s6 nguyén n>3 bt ky.

Gia sir rang (a+a,—1)(a+a, -1)...(a+a,-1)| (a"“ +a-1). C6 nghia la ton tai sd nguyén duong
k saocho a™ +a-1=k(a+a,—1)a+a,-1)...(a+a,-1). (1)

Tacé a=ma,...a, v6i m la sb nguyén duong. Chi y ring a,,...,a, >1, Vi néu ching han a, =1
thi vé phai ctia (1) chia hét cho a con vé trai cia (1) khong chia hét cho a, vo ly.

Tir @™ =1 (moda-1)va a+a,—-1=a, (moda-1) véi 1<i<n tacd

l=ka,...a

n

(moda-1)=>m=ka=k (moda-1).

Chay ring m<a=ma,...a, va a,>1 véi 1<i<n néntir(l)taco
at'+a-12k(a+1)".
Ma a(a+1)" >a"" +a-1 nén a(a+1)" >k(a+1)' =>k<a.

Do k, m la nhitng s6 nguyén duong nhé hon hoic bing a—1va k=m (moda—1) nén suy ra

n+l n+l

k=m.Nhng m|a va k|a™ +a-1,nén m|a +a-1,suyra m|l dodé k=m=1.

Tiép theo ta ¢6 @™ <a™ +a—1=(a+a,-1)...(a+a,-1),suy ra

a+a, -1 a+a,-1

a,-a,=a< .Mit khéic, véi 1<i<n tacd

n

a a

gay <a, (vi tuong duong véi aa,—a-a,+1>0 < (a-1)(q, ~1)>0)

a

Nhu vdy a,+-a, =a<a,--a,, voly. Dodotacd diéu phai chirng minh.
Ciu 3:

2) Thay = = 0 vao (*) taduoe f(y+ f(y)) + f(0) = 4 (0),Vy € R
fly+f®) =@ -1f0),¥y e R ()



R& rang néu f(0) = 0 thitr(1)tacd f toan anh véi viée cho y chay.
b) Khi f(0) = 0.

Trong (*), thay y — —z, tacod f(29: —z+ f(z— w)) + f(=2*) = —zf(z) hay
f(=2*) = ~(z + ) f(=z).

Trong dang thirc trén, thay = — —z thi f(—z*) = —(—z +1)f(—z) nén ta c6

(z + )f(z) = (—z + 1)f(-z). (2)
Tir d6 cho z =1 thi dugc f(1) = 0, cho z = —1 thi duge f(—1) = 0.
Trong (*), thay y = 0 thi duge f(2z + f(z)) = 0,VYz. 3)
Trong (*), thay y = 1 thi dugc f(2m +1+ flz + 1)) =0,Yz.Thay z —» z —1
_ f(22 -1+ f(z)) =0. )
Trong (*), thay y = —1 thi dugc f(2a: -1+ f(z - 1)) + f(—z) =—f(z). Thay z — z + 1
f(22 +1+ f()) = =[f(@ +1) + f(—z—1). )

Trong (*), thay z = 1 thi dugc f(2 +y+ f(1+ y)) +f(y)=0.Choy=2z—-1+ f(z) ta
duoc
f(2+2$— 1+f(3:)+f(2:c+f(:c)))+f(2zv—1+f(:r:))= 0
Tir day, két hop véi (3), (4), ta c6 f(2:r: +1+ f(:c)) = 0. Két hop v&i (5), suy ra
fz+1)+ f(-z-1) =0.
hay f(z)+ f(—z) = 0, chimg td f la ham sb 1&. Két hop véi (2) ta duge

(z +1)f(2) = (z — 1)f(z) hay f(z) = 0,Va.
Tirdétaco f(z) = 0,Vaz.
Ciu 4:

a) Ta chirng minh tir gidc EKFC ndi tiép.

That vay, co:

W



Xét tam gidc AFC: AFC =90°, FAC = 45° = ACF = ECF = 45° .

Theo gia thiét EK | AB,CF | AB= EK ||CF => AEK = ECF = 45°.

Gid sir duong thing FK dudng thing AC tai diém N = NEK = 45° = NKE = 45° .

Ta duge: EKF+ EKN =180° (ké bit) = EKF = 180° — EKN = 180° —45° = 135°

Xéttir gidc EKFC : EKF + ECF =135° +45° = 180” nén tir gidc EKFC ndi tiép dudng tron dudng
kinh BC vi E,F thudc dudng tron duong kinh BC'. (dpcm)

b) Theo céch dyng cé (P, D, B,C)=~1 ma I I trung diém cta doan thing BC nén theo hé thirc
Newton ¢6 ID.IP = 752 ;

Laico P, =ID.IP=IMIG .

Suyra IMJG =1C" = AIMC ~ AICG = IMC = ICG = ICK = 45° .

Theo chimg minh a) K thudc dudng tron dudng kinh BC nén ICK = AFK = 45°.
Do dé IMC =45°. (1)

Goi T latrung diém PD thi theo hé thirc Maclaurin, ta ¢6: CD.CP = CB.CT

Lai 6 P, =CD.CP=CK CG = CBCT = CK.CG nén tir gide BTGK ndi tiép.
Theo chimg minh a) K thudc dudng tron dudng kinh BC nén BKG = BKC = 90°
= GTB=90° = GT || PD.

Theo cach dyng cua gia thiét, tam giac JPD cén tai J nén JT | PD.

Viy G,J,T thing hang = KGJ = KGT = GCT = KCB = 45°. (2)

Tir (1) va (2) IMC = KGJ = 45° . (dpem)
Ciu 5:

a)

Chon ra mét con séc ¢6 nhiéu hat dé nhét thi ¢6 5 cich. Con séc dé s€ cO tir 112 hat trd 1én, bdn con
soc con lai sé nhe_‘m duogc it hon 112 hat.

Ta xét sb nghiém nguyén dwong ciia bt phuong trinh 2 +y + 2 + ¢ <112. Goi w la sé nguyén
duongthdamin z 4+ y +z +¢ +w =112.

S6 nghiém ctia phuong trinh nay 1a Cy, . Vay nén s cach chia cin tim 1a 5C"

111’
b) Taco:

|



Gia sir phan chitng minh ring v6i moi cip séc, tich sé hat dé cia ching 12 mét 1ap phuong ding. Khi
d6 goi z,,,,...,z, 1a s6 hat dé cta céc con séc thi
T €L \Vi=15vaz +gz,++ z, = 223.

Ta s& chi ra rang tat ca sé hat dé cia cic con soc déu 1a lap phuong dung. That vay, ching han néu cé

~ A 1a - v LA s A A A A - ’ , . s
a, khong 1a I8p phuong diing thi ton tai s6 nguyén t6 p dé 3 ¢ v (z,). Mat khéc, xét 2 < j <5 thi
theo gia sir phan ching, tacé 3 | v,(z,2,) nén 3 ¢ v (z,), tirc 1a déu c6 v,(z;) = 0 nén céc sb s& déu
chia hét cho p. Tir d6 suy ra p | 223 (vardrang p < 223), nhung diéu nay khong thé xay ra vi 223
la s6 nguyén té.
Do 46, z,,2,,...,, déu la céc lap phuong ding. Tuy nhién, theo gia thiét thi céc sb nay déu 1&, ma lap
phuong dang Ié thi chia cho 9 du 1,—1 hofic 0. Lai theo gia thiét, cac s6 nay khong chia hét cho 3,
nén m&i s6 d6 chia cho 9 du 1 hodc —1.

Khi d6 tong ciia ching chia cho 9 du 1,3,4,5,6 hoic 8. Trong khi d6 223 chia cho 9 du 7. Pidu

mau thudn ndy cho thiy diéu gid str & trén la sai va s& c6 hai con sé¢ ma tich sd hat dé cia ching khong

phai la lap phwong ding.




