


Try not to become a man of success

but rather to become a man of value.

Albert Einstein
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PHAN 1. BAI TOAN LIET KE

Co mot sb bai toan trén thuc té yéu cau chi rd: trong mdt tap cac ddi
tugng cho trudc ¢ bao nhiéu dbi tugng thoa man nhitng diéu kién nhat
dinh. Bai toan d6 goi 14 bai toan dém.

Trong 16p cac bai toan dém, c6 nhitng bai toan con yéu ciu chi & nhiing
cau hinh tim dugc thoa mén diéu kién da cho 13 nhitng cdu hinh nao. Bai
toan yéu cau dua ra danh sach cac cau hinh c6 thé c6 goi 1a bai toan liét
ké.

Pé giai bai toan liét ke, can phai xac dinh duoc mot thuit toan dé co thé
theo d6 1an luot xay dung duoc tit ca cac cau hinh dang quan tam. Co
nhiéu phuong phép liét ké, nhung ching can phai dép tng dugc hai yéu
cau dudi day:

e Khong dugc lap lai mot cau hinh

e Khong duoc bo sot mot cdu hinh

C6 thé néi rang, phuong phép liét ké 1a phuong ké cudi cing dé giai
dugc mot sb bai toan t6 hop hién nay. Kho khin chinh ciia phuong phép
nay chinh 13 sy bung nd t6 hop dan toi sy doi hoi 16n vé khong gian va
thoi gian thuc hién chwong trinh. Tuy nhién cung véi su phat trién cia
méy tinh dién tir, bang phuwong phap liét ké, nhiéu bai toan to hop da tim
thdy 10i giai. Qua d9, ta ciing nén biét ring chi nén dung phwong phap
liét ké khi khong con mot phwong phap nao khac tim ra 161 giai.
Chinh nhimng nd luc giai quyét cac bai toan thuc té khong dung phuong
phap liét ké da thuc day sy phat trién ctia nhiéu nganh toan hoc.
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§1. NHAC LAI MOT SO KIEN THUC PAI SO TO HQP

Cho S 12 mot tap hitu han gdm n phan tir va k 1a mot s6 tu nhién.

Goi X 1a tap cac s6 nguyén duong tir | &énk: X ={1,2, ..., k}

1.1. CHINH HQP LAP

Moi anh xa f: X — S. Cho tuong ung voi mdi i € X, mdt va chi mot phﬁn ta f(i) € S.

Dugc goi 1a mot chinh hop 1ap chap k cua S.

Nhung do X 1a tap hitu han (k phan tir) nén anh xa f c6 thé xac dinh qua bang cac gia tri f(1),
f(2), ..., f(k).

Vidu: S={A, B, C,D, E, F}; k = 3. Mot anh xa f ¢6 thé cho nhu sau:

i 1

2‘3

i) ‘ E ‘ C ‘ E
Vay co6 thé dong nhat f véi day gid tri (f(1), f(2), ..., f(k)) va coi diy gia tri ndy ciing 1a mot
chinh hop 1ip chap k cta S. Nhu vi dy trén (E, C, E) 1a mét chinh hop lip chap 3 cua S. Dé
dang chimg minh dugc két qua sau bang quy nap hodc bang phuwong phap danh gia kha ning

lIva chon:

S6 chinh hop lap chap k cta tip gdbm n phan tir 1a n*

1.2. CHINH HQP KHONG LAP

Khi f1a don anh c6 nghia 1a véi Vi, j € X ta ¢o f(i) = f(j) < i = j. N6i mot cach d& hiéu, khi
day gi tri f(1), f(2), ..., f(k) gdbm cac phan tir thuoc S khac nhau doi mot thi f duoc goi 1 mot
chinh hop khdng lap chap k ctua S. Vi du mot chinh hop khong lap (C, A, E):

i‘l‘z‘f&

i) ‘ C ‘ A ‘ E
S6 chinh hop khong lap chap k cua tap gdm n phan tir 1a:

n!
(n—k)!

Po=nn-1)(n-2).(n-k+1)=

1.3. HOAN VI
Khi k =n. Mot chinh hop khong 1dp chap n cua S duoc goi 1a mét hoan vi cac phén tir cua S.
Vi du: mét hoan vi: (A, D, C,E,B,F)cuaS={A,B,C,D,E, F}

i ‘1‘2‘3‘4‘5‘6

f(i)‘A’D‘C‘E’B‘F
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Dé y rang khi k = n thi s6 phan tir cua tap X = {1, 2, ..., n} dung bang s6 phan tir ciia S. Do
tinh chat d6i mot khac nhau nén day f(1), f(2), ..., f(n) s& liét ké duoc hét cac phan tir trong S.
Nhu vy f 13 toan anh. Mit khac do gia thiét £ 1a chinh hop khong 1ap nén f 13 don anh. Ta co
tuong Gmg 1-1 gilta cac phan tir ciia X va S, do d6 f1a song anh. Vay nén ta c6 thé dinh nghia
mot hodn vi cia S 1a mdt song anh gitra {1, 2, ..., n} va S.

S6 hoan vi ciia tap gdbm n phan tir = s chinh hop khong 1dp chap n= n!

1.4. TO HOP

Mot tap con gdm k phan tir ciia S duoc goi 1a mét to hop chap k cua S.

Lay mot tap con k phan tir ctia S, xét tt ca k! hoan vi cia tip con nay. D& thay rang cac hoan
vi d6 13 cac chinh hop khong 1ap chap k cua S. Vi du ldy tap {A, B, C} 1a tip con cta tip S
trong vi du trén thi: (A, B, C), (C, A, B), (B, C, A), ... 1a cac chinh hgp khong 1ap chap 3 cua
S. Piéu d6 tirc 1a khi liét ké tat ca cac chinh hop khong 1ap chap k thi mdi t6 hop chap k sé

\ L2 \ \ ! n
duogc tinh k! 1an. Vay s6 t6 hop chép k cta tdp gom n phan tir 1a LI
k!l(n-k)! (k

Lé Minh Hoang
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§2. PHUONG PHAP SINH (GENERATION)

Phuong phap sinh c6 thé ap dung dé giai bai toan liét ké t6 hop dit ra néu nhu hai diéu kién

sau thod man:

% C6 thé xac dinh dugc mot tht ty trén tdp cac cau hinh to hop can liét ké. Tir d6 co thé biét
dugcciu hinh ddu tién va ciu hinh cudi cung trong thi ty do.

% Xay dung duoc thuat toan tir mot cau hinh chua phai cau hinh cudi, sinh ra dugc cau hinh
ké tiép no.

Phuong phép sinh c6 thé mé ta nhu sau:

(Xay dung céu hinh diu tién);
repeat

(bua ra cdu hinh dang co);

(Tt cdu hinh dang c6 sinh ra cdu hinh ké tiép néu con);
until (hét ciu hinh);

Thir ty tir dién
Trén cac kiéu dir li¢u don gian chuén, nguoi ta thuong noédi téi khai niém tha ty. Vi du trén
kiéu s6 thi co quan hé: 1 <2;2<3;3<10; ..., trén kiéu ky tu Char thi cling c6 quan hé 'A' <
'B;'C'<'c'...
Xét quan hé thir tu toan phﬁn “nho6 hon hoac béng” ky hi¢u “<* trén mat tap hop S, 1a quan hé
hai ng6i thoa man bén tinh chét:
Véi Va,b,c e S
% Tinh phd bién: Hodc la a < b, hodc b < a;
% Tinh phanxa:a<a
% Tinh phan d6i xtmg: Néu a <b va b < a thi bt buoc a =b.
% Tinh bic cdu: Néucoa<bvab<cthia<c.
Trong truong hop a <b va a = b, ta dung ky hiéu “<” cho gon, (ta ngm hiéu cac ky hiéu nhu
>, >, khéi phai dinh nghia)
Vi du nhur quan hé “<” trén cac s6 nguyén ciing nhu trén cac kiéu vo hudng, liét ké 1 quan hé
thi tu toan phan.
Trén cac day hitu han, nguoi ta cling x4c dinh mot quan h¢ thir ty:
Xét a[1..n] va b[1..n] 12 hai ddy d6 dai n, trén cac phan tir ciia a va b dd c¢6 quan hé thir ty “<”.
Khi d6 a <b néu nhu
Hodac a[i] =Db[i] véi Vi: 1 <i<n.
Hoic t6n tai mot s6 nguyén duong k: 1 <k <n dé:
a[l]=b[1]
a[2] =b[2]
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alk-1] = b[k-1]

a[k] = b[k]

a[k+1] <b[k+1]
Trong trudng hop nay, ta cé thé viét a <b.
Thi tu d6 goi 1a thir ty tir dién trén cac day do dai n.
Khi d6 dai hai ddy a va b khong bang nhau, ngudi ta ciing xac dinh duogc thtr tu tir dién. Bang
cach thém vao cudi diy a hodc diy b nhimg phén tir dic biét goi 1 phan tir & dé d6 dai cua a
va b bang nhau, va coi nhitng phan tir @ nay nho hon tit ca cac phan tir khac, ta lai dua vé xac
dinh tht tu tir dién cta hai day cung do dai. Vi du:
(1,2, 3,4)<(5, 6)
(a,b,c)y<(a,b,c,d)

'calculator' <'computer’

2.1. SINH CAC DAY NHI PHAN PQ DAI N

Mot day nhi phan d¢ dai n 1a mét day x[1..n] trong d6 x[i] € {0, 1} (Vi: 1<i<n).

D@ thay: mot ddy nhi phan x d6 dai n 1a biéu dién nhi phan cia mét gia tri nguyén p(x) nao d6
nam trong doan [0, 2" - 1]. S6 cac diy nhi phan d6 dai n = sb cac sb tu nhién € [0, 2"- 1] =2".
Ta s& 1ap chuong trinh liét ké cc ddy nhi phan theo thir tu tir dién c6 nghia 1a s& liét ké lan
lugt cac day nhi phan biéu dién cac sd nguyén theo ther tw 0, 1, ..., 2"-1.

Vi du: Khi n = 3, cdc day nhi phan d¢ dai 3 duoc liét ké nhu sau:

0 ‘1 ‘2 ‘3

p(x) 4 ‘5 ‘6 ‘7

X 010 |O11 111

000 ‘001

100 ‘101 ‘110

Nhu vay diy dau tién s& 1a 00...0 va diy cudi cung s& 1a 11...1. Nhan xét rang néu diy x =
x[1..n] 14 ddy dang c6 va khong phai diy cudi cing can liét ké thi day ké tiép s& nhan duoc

bang cach cong thém 1 ( theo co s 2 ¢6 nhé) vao day hién tai.

Vidukhin=38:
Day dang c6: 10010000 Day dang c6: 10010111
cong thém 1: +1 cong thém 1: +1
Day méi: 10010001 Day méi: 10011000

Nhu vy k¥ thuat sinh cau hinh ké tiép tir ciu hinh hién tai c6 thé mé ta nhu sau: Xét tir cudi

day vé dau (xét tir hang don vi 1én), tim s6 0 gip dau tién

Lé Minh Hoang
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% Néu thay thi thay s6 0 6 bang s 1 va dit tit ca cac phan tir phia sau vi tri d6 bang 0.
% Néu khong thiy thi thi toan diy 1a s6 1, day 1a cau hinh cudi ciing

Dit liéu vao (Input): nhap tir file vin ban BSTR.INP chira s6 nguyén duong n < 100
Két qua ra (Output): ghi ra file van ban BSTR.OUT céc diy nhi phan d¢ dai n.

BSTR.INP | BSTR.OUT

3 000
001
010
011
100
101
110
111

P 102 1.PAS * Thuit toan sinh liét ké cdc ddy nhi phén do dai n
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Binary String Enumeration;

const
InputFile = 'BSTR.INP';
OutputFile = 'BSTR.OUT';
max = 100;

var

x: array[l..max] of Integer;

n, i: Integer;

f: Text;

begin

Assign(f, InputFile); Reset(f);

Readln(f, n);

Close(f);

Assign(f, OutputFile); Rewrite(f);

FillChar (x, SizeOf(x), 0); {Ciu hinh ban diu x=00..0}

repeat {Thudt todn sinh}
for i := 1 to n do Write(f, x[i]); {In ra cdu hinh hién tai}
Writeln(f);
i :=n; {x[i] 14 phan tu cubi day, lui dan i cho téi khi gdp s6 0 hodc khi i = 0 thi ding}
while (i > 0) and (x[i] = 1) do Dec(i);
if 1 > 0 then {Chua g&p phai ciu hinh 11..1)

begin
x[i] :=1; (Thay x[i] bing s6 1}
FillChar(x[i + 1], (n - i) * SizeOf (x[1]), 0); (P&t x[itl] = x[i+2] = .. = x[n] := 0}
end;
until i = 0; {P4 hét ciu hinh}
Close(f);

end.

2.2. LIET KE CAC TAP CON K PHAN TU
Ta s& lap chuong trinh li¢t ké cac tap con k phén tor cua tap {1, 2, ..., n} theo tht tu tu dién
Vidu: véin =35, k=3, ta phai liét ké du 10 tap con:

1.{1, 2, 3) 2.{1, 2, 4} 3.{1, 2, 5} 4.{1, 3, 4} 5.{1, 3, 5}
6.{1, 4, 5} 7.{2, 3, 4} 8.{2, 3, 5} 9.{2, 4, 5} 10.(3, 4, 5}

Nhu vay tap con dau tién (cAu hinh khai tao) 1a {1, 2, ..., k}.
Chu hinh két thac1a {n-k+ 1,n-k+2, ..., n}.
Nhén xét: Ta s& in ra tp con bang cach in ra lan luot cac phan tir ciia nd theo thir tr ting dan.

Biéu dién mdi tap con la mot day x[1..k] trong d6 x[1] < x[2] < ... < x[k]. Ta nhén thiy gi6i
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han trén (gi4 tri 16n nhat c6 thé nhan) cua x[k] 1a n, cia x[k-1]1a n - 1, cia x[k-2] lan - 2...
Téng quat: gidi han trén coa x[i] =n - k + i;

Con tit nhién, gidi han dudi cta x[i] (gia trj nhé nhat x[i] c6 thé nhan) 1a x[i-1] + 1.

Nhu vdy néu ta dang c6 mot diy x dai dién cho mdt tap con, néu x 1a cdu hinh két thic co
nghia 13 tat ca cac phan tir trong x déu da dat t6i gidi han trén thi qua trinh sinh két thuc, néu
khong thi ta phai sinh ra mot diy x méi ting dan thoa man vira da 16n hon day cii theo nghia
khong c6 mot tap con k phan tir nao chen giita chung khi sap thir tu tir dién.

Vidu: n=9, k=6. Cau hinh dang c6 x = (1, 2, 6, 7. 8, 9). Cac phan tir x[3] dén x[6] di dat t&i
gi6i han trén nén dé sinh cdu hinh méi ta khong thé sinh bang cach ting mot phan tir trong sd
cac x[6], x[5], x[4], x[3] 1én duoc, ta phai ting x[2] = 2 1én thanh x[2] = 3. Puoc c4u hinh méi

lax=(I1,3,6,7,8,9). CAu hinh nay da thod man l6n hon c4u hinh trudc nhung chua thoa
mén tinh chat vira du 16n mudn vay ta lai thay x[3], x[4], x[5], x[6] bang cac gi6i han dudi
cua no. Tuc la:
x[3] =x[2]+1=4
x[4] =x[3]+1=5
x[5] =x[4]+1=6
x[6] =x[5]+1=7
Ta dugc cau hinh méi x = (1, 3, 4, 5. 6. 7) 13 cau hinh ké tiép. Néu muén tim tiép, ta lai nhan
théy réng x[6] = 7 chua dat gidi han trén, nhu vay chi can tang x[6] 1én 1 1a dugc x = (1, 3, 4,
5,6,8).
Vay k¥ thuat sinh tap con ké tiép tir tap di c6 x c6 thé xdy dung nhu sau:
Tim tir cudi day 1én dau cho téi khi gip mot phan tir x[i] chwa dat gii han trénn - k + i.
< Néu tim thay:

Tang x[i1] d6 lén 1.

Dit tat ca cac phan tir phia sau x[i] bang gidi han dudi.
% Néu khong tim thay tirc 1a moi phan tir 3 dat gi6i han trén, ddy 14 c4u hinh cubi ciing
Input: file vin ban SUBSET.INP chta hai s6 nguyén duong n, k (1 <k <n < 100) cach nhau
it nhat mot dau cach

Output: file vin ban SUBSET.OUT cac tap con k phén tir cua tap {1, 2, ..., n}

SUBSET.INP | SUBSET.OUT
53 {1, 2, 3}
{1, 2, 4
{1, 2, 5}
{1, 3, 4
{1, 3, 5}
{1, 4, 5}
{2, 3, 4
{2, 3, 5}
{2, 4, 5}
{3, 4, 5}
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P 102 2.PAS * Thuit toén sinh liét ké céc tép con k phan ti
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Sub Set Enumeration;
const
InputFile = 'SUBSET.INP';
OutputFile = 'SUBSET.OUT';
max = 100;
var
x: array[l..max] of Integer;
n, k, i, j: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
ReadIn(f, n, k);
Close(f);
Assign(f, OutputFile); Rewrite(f);
for i := 1 to k do x[i] := i; {Khoi tao x := (1, 2, ., k)}
repeat
{In ra céu hinh hién tai}
Write(£, '{');
for i := 1 to k -1 do Write(f, x[i], ', ');
Writeln(f, x[k], '}");
{Sinh tiép)
i :=k; {Xét tu cubi day 1én tim x[i] chua dat gi6i han trén n - k + i)
while (1 > 0) and (x[i] = n - k + i) do Dec(i);
if i > 0 then {Néu chua 1ui dén 0 cé nghia 1a chua phai cdu hinh két thuc)
begin
Inc(x[i]); {T&ng x[i] 1én 1, D&t cac phan ti dimg sau x[i] bdng giéi han dudi cia nb)
for j ;=i +1 tokdox[j] :=x[j-1] +1;
end;
until i = 0; {Lui dén tan 0 c6 nghia 13 tit ca cdc phan tu di dat giéi han trén - hét clu hinh)
Close(f);
end.

2.3. LIET KE CAC HOAN VI
Ta s€ 1ap chuong trinh liét ké cac hoan vi cua {1, 2, ..., n} theo thu tu tur dién.
Vi du véi n =4, ta phai liét ké du 24 hoan vi:

1.1234 2.1243 3.1324 4.1342 5.1423 6.1432
7.2134 8.2143 9.2314 10.2341 11.2413 12.2431
13.3124 14.3142 15.3214 16.3241 17.3412 18.3421
19.4123 20.4132 21.4213 22.4231 23.4312 24.4321

Nhu vay hoan vi déu tién sé 1a (1,2, ...,n). Hoan vi cudi cung la (n, n-1, ..., 1).
Hoan vi s€ sinh ra phai 16n hon hoan vi hién tai, hon thé nira phai 1a hodn vi vira da 16n hon
hoén vi hién tai theo nghia khong thé c6 mot hoan vi nao khac chen gitra chtiing khi sép thir tu.

Gia strhoan vi hiéntailax =3, 2, 6,5,4, 1), xét 4 phﬁn tir cudi cung, ta théy chiung dugc xép

giam dan, diéu d6 ¢o nghia 1a cho du ta c¢6 hoédn vi 4 phﬁn tor nay thé nao, ta cling dugc mat
hoan vi bé hon hoan vi hién tai. Nhu vay ta phai xét dén x[2] = 2, thay nd bang mot gia tri
khac. Ta sé& thay bang gia tri nao?, khong thé 1a 1 bai néu vay sé& dugc hoan vi nho hon, khong
thé 14 3 vi da c6 x[1] = 3 10i (phén tir sau khong dugc chon vao nhiing gia tri ma phan tir trudc
da chon). Con lai cac gia tri 4, 5, 6. Vi can mot hoan vi vira da 16n hon hién tai nén ta chon
x[2] = 4. Con cac gia tri (x[3], x[4], x[5], x[6]) s& lay trong tip {2, 6, 5, 1}. Ciing vi tinh vira
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da 16n nén ta s& tim biéu dién nho nhat cta 4 sé nay gan cho x[3], x[4], x[5], x[6] tuc 1a (1, 2,
5, 6). Vay hoan vi mé&i s& 14 (3, 4, 1, 2, 5, 6).

Ta c6 nhan xét gi qua vi du nay: Poan cudi ctia hoan vi hién tai duoc xép giam dﬁn, $6 x[5]
4 1 s6 nho nhét trong doan cudi giam dan thoa mén diéu kién 16n hon x[2] = 2. Néu ddi chd
x[5] cho x[2] thi ta s& dugc x[2] = 4 va doan cudi van dugc sip xép giam dan. Khi d6 mudn
biéu dién nho nhat cho cac gia tri trong doan cudi thi ta chi cin dao nguoc doan cudi.
Trong truong hop hoan vi hién tai 1a (2, 1, 3, 4) thi hodn vi ké tiép séla (2, 1, 4, 3). Ta cling
¢6 thé coi hoan vi (2,1, 3,4)co6 doan cudi giam dan, doan cubi nay chi gém 1 ph'?m tur (4)
Vay k¥ thuat sinh hoan vi ké tiép ttr hoan vi hién tai c6 thé xay dung nhu sau:
Xac dinh doan cubi giam dan dai nhat, tim chi s6 i ctia phan tir x[i] ding lién trude doan cudi
d6. Piéu nay dong nghia véi viéc tim tir vi tri sat cudi day 1én dau, gip chi sb i dau tién thoa
man x[i] < x[i+1].
% Néu tim thay chi s6 i nhur trén
Trong doan cudi giam dan, tim phan tir x[k] nho nhat thoa man diéu kién x[k] > x[i]. Do
doan cudi giam dan, diéu nay thyc hién bﬁng cach tim tir cudi day lén dau gap chi s6 k
dau tién thoa mén x[k] > x[i] (c6 thé dung tim kiém nhi phan).
Dao gia tri x[k] va x[i]
Lat nguoc tht tu doan cudi giam dan (tir x[i+1] dén x[k]) tro thanh ting dan.
% Néu khong tim thay tirc 13 toan diy da sdp giam dan, day 1a ciu hinh cudi cing
Input: file vin ban PERMUTE.INP chtra s6 nguyén duong n < 100
Output: file vin bAn PERMUTE.OUT céc hoén vi cua day (1, 2, ..., n)

PERMUTE. INP | PERMUTE.OUT
3 123

w w PN
NP Ww R W
DR wD

P 102 3.PAS * Thuit toan sinh liét ké hodn vi
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%,.2%! - 1]%)
program Permutation Enumeration;

const
InputFile = 'PERMUTE.INP';
OutputFile = 'PERMUTE.OUT';
max = 100;

var

n, i, k, a, b: Integer;
x: array[l..max] of Integer;
f: Text;

procedure Swap(var X, Y: Integer); {Thu tuc ddo gid tri hai tham bién X, Y}

var
Temp: Integer;
begin
Temp :=X; X :=Y; Y := Temp;
end;
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begin
Assign(f, InputFile); Reset(f);
Readln(f, n);
Close(f);
Assign(f, OutputFile); Rewrite(f);
for i := 1 to n do x[i] := i; {Khoi tao ciu hinh ddu: x[1] := 1; x[2] := 2; ., x[n] :=n)
repeat
for i := 1 to n do Write(f, x[i], ' '); {In ra cau hinh hodn vi hién tai}
Writeln(f);
im=n-1;

while (i > 0) and (x[i] > x[i + 1]) do Dec(i);
if 1 > 0 then {Chua gip phai hoan vi cubi (n, n-1, ., 1)}
begin
k :=n; {x[k] 14 phan tur cudi day)
while x[k] < x[i] do Dec(k); {Lui din k dé tim gdp x[k] ddu tién 16n hon x[i]}
Swap (x[k], x[i]); (P61 chd x[k] va x[i]}
a:=1i+1;b:=n; (Lt nguoc doan cubi gidm dan, a: dau doan, b: cubi doan)
while a < b do
begin
Swap(x[a], x[b]); {Pdo giéd tri x[a] va x[b]}
Inc(a); {Tién a va lui b, tiép tuc cho téi khi a, b cham nhau}
Dec(b);
end;
end;
until i = 0; {Todn day 14 day gidm dan - khéng sinh tiép duoc - hét cau hinh)
Close(f);
end.

Bai tap:

Bai 1

Céc chuong trinh trén xtr 1y khong t6t trong truong hop tim thuong, d6 1a trudng hop n =0
dbi v6i chuong trinh 1iét ké diy nhi phan cling nhu trong chuong trinh 1iét ké hoan vi, trudng
hop k = 0 ddi v&i chuwong trinh liét ké to hop, hiy khac phuc diéu do.

Bai 2

Liét ké cac day nhi phan d6 dai n ¢ thé coi 1a liét ké cac chinh hop lap chap n cia tap 2 phan
ta {0, 1}. Hay lap chuong trinh:

Nhap vao hai s6 n va k, liét ké cac chinh hop 1ap chap k cua {0, 1, ..., n-1}.

Hudng dan: thay hé co s6 2 bang hé co s6 n.

Bai 3

Hay liét ké cac ddy nhi phan d6 dai n ma trong d6 cum chir s6 “01” xut hién dting 2 lan.

Bai 4.

Nhiap vao mot danh sach n tén ngudi. Liét ké tit ca cac cach chon ra dung k ngudi trong s6 n
nguoi do.

Bai 5

Liét ké tat ca cac tap con cua tap {1, 2, ..., n}. Co thé dung phuong phap liét ké tdp con nhu
trén hodc dung phuong phap li¢t ké tat cd cac day nhi phan. Moi s6 1 trong ddy nhi phan
tuong tmg véi mot phan tir duoc chon trong tap. Vi du voi tap {1, 2, 3, 4} thi ddy nhj phan
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1010 s& tuong tng vai tap con {1, 3}. Hay lap chuong trinh in ra tit ca cac tap con cua {1,
2, ..., n} theo hai phuong phap.

Bai 6

Nhép vao danh sach tén n ngudi, in ra tat ca cac cach xép n nguoi d6 vao mot ban

Bai 7

Nhéap vao danh sach n ban nam va n ban ni, in ra tat ca cac cach Xép 2n nguoi do vao mot ban
tron, mdi ban nam tiép dén mot ban nit.

Bai 8

Ngudi ta co thé dung phuong phap sinh dé liét ké cac chinh hop khong lip chap k. Tuy nhién
c6 mot cach khac 1a liét ké tat ca cac tap con k phﬁn tur cua tap hop, sau do in ra da k! hoan vi
ctia nd. Hay viét chuong trinh liét ké cac chinh hop khong lap chap k cua {1, 2, ..., n} theo ca
hai cach.

Bai 9

Liét ké tit ca cac hoan vi chit c4i trong tir MISSISSIPPI theo thtr tyr tir dién.

Bai 10

Liét ké tit ca cac cach phén tich sd nguyén duong n thanh téng cc s6 nguyén dwong, hai cach

phan tich 1a hoan vi cua nhau chi tinh 1a mét cach.

Cudi cung, ta c6 nhan xét, mdi phuong phap liét ké déu c6 wu, nhuoc diém riéng va phuong
phap sinh ciing khong nam ngoai nhan xét d6. Phuong phép sinh khong thé sinh ra dugc cau
hinh thir p néu nhu chua c6 céu hinh thir p - 1, ching t6 rang phuong phép sinh t6 ra wu diém
trong truong hop liét ké toan by mot ) luong nho cAu hinh trong mot bg dit li€u 16n thi lai co
nhugce diém va it tinh phd dung trong nhing thuit toan duyét han ché. Hon thé nita, khong
phai cu hinh ban dau luc nao ciing dé tim dugc, khong phai k¥ thuat sinh cdu hinh ké tiép
cho moi bai toan déu don gian nhu trén (Sinh cac chinh hop khéng 1ap chép k theo thir ty tir
dién ching han). Ta sang mdt chuyén muc sau n6i dén mot phuong phap liét ké co tinh phd
dung cao hon, dé giai cac bai toan liét ké phirc tap hon d6 1a: Thuat toan quay lui (Back

tracking).
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§3. THUAT TOAN QUAY LUI

Thuat toan quay lui dung dé giai bai toan liét ké cac cau hinh. Mdi cdu hinh duoc xy dung

bang cach xay dung ting phan tir, mdi phan tir dugc chon bang cach thir tit ca cac kha ning.

Gia str cAu hinh can liét ké co dang x[1..n], khi d6 thudt todn quay lui thyc hién qua céc budc:

1) Xeét tat ca cac gia tri x[1] co thé nhan, thir cho x[1] nhan lan luogt cac gia tri d6. Véi mdi
gia tri thir gan cho x[1] ta sé:

2) Xét tat ca cac gia tri x[2] c¢6 thé nhdn, lai thir cho x[2] nhan l4n lugt cac gid tri d6. Véi mdi
gia tri thir gan cho x[2] lai xét tiép cac kha ning chon x[3] ... cir tiép tuc nhu vay dén

budc:

n) Xét tat ca cac gia tri x[n] co thé nhan, thtr cho x[n] nhan lan luot cac gia tri do, thong bao
cAu hinh tim dugc (x[1], x[2], ..., x[n]).

Trén phuong dién quy nap, c6 thé néi rang thuat toan quay lui liét ké cac céu hinh n phan tir

dang x[1..n] bang cach thir cho x[1] nhan 1an luot cac gid tri c6 thé. Vi mdi gia tri thir gan

cho x[1] bai toan tr¢ thanh liét ké tiép cau hinh n - 1 phan tir x[2..n].

M0 hinh ciia thuit toan quay lui c6 thé mé ta nhw sau:

{Thi tuc ndy thi cho x[i] nhan 14n lugt cac gid tri ma né cé thé nhan)
procedure Attempt(i);
begin
for (moi gia tri V co thé gan cho x[i]) do
begin
(Thit cho x[i] := V);
if (x[i] la phan ti cudi ciing trong ciu hinh) then
(Théng bao céu hinh tim dugc)
else
begin
(6hi nhin viéc cho x[i] nhan gia tri V (néu can));
Attempt(i + 1); {Goi dé quy dé chon tiép x[i+1])
(Néu can, bo ghi nhdn viéc thi x[i] := V dé thi gia tri khac);
end;
end;
end;

Thuét toan quay lui s& bat dau bang 101 goi Attempt(1)

3.1. LIET KE CAC DAY NHI PHAN PO DAIN
Input/Output v6i khuon dang nhw trong P_1 02 _1.PAS
Biéu dién diy nhi phan d6 dai N dudi dang x[1..n]. Ta s& liét ké cac diy nay bang cach thu
dung céc gia tri {0, 1} gén cho x[i]. V&1 moi gia tri thir gan cho x[i] lai thur cac gia tri c6 thé
gan cho x[i+1].Chuong trinh liét ké bang thuat toan quay lui ¢6 thé viét:

P 1 03 1.PAS * Thuit toén quay lui liét ké céc déy nhi phan do dai n
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)

program Binary String Enumeration;
const
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'BSTR.INP';
'BSTR.OUT';

InputFile

OutputFile

max = 100;
var

x: array[l..max] of Integer;

n: Integer;

f: Text;

procedure PrintResult; {In ciu hinh tim dugc, do thi tuc tim dé& quy Attempt goi khi tim ra mét cdu hinh)
var
i: Integer;
begin
for i :=1 to n do Write(f, x[i]);
WriteLn(f);
end;

procedure Attempt(i: Integer); {Thu cédc céch chon x[i]}

var
j: Integer;
begin
for j := 0 to 1 do {Xét cac gid tri cé thé gan cho x[i], voi mdi gia tri do)
begin
x[i] := §; {Tha dit x[i])
if i = n then PrintResult {Néu i = n thi in két qud)
else Attempt(i + 1); (Néu i chua phai 13 phn ti cubi thi tim tiép x[i+1])
end;
end;
begin

Assign(f, InputFile); Reset(f);
ReadIn(f, n); {Nhdp dir liéu}
Close(f);
Assign(f, OutputFile); Rewrite(f);
Attempt(1l); {Thu céc cach chon gid tri x[1]}
Close(f);

end.

Vi du: Khi n = 3, cdy tim kiém quay lui nhw sau:

X,=0 X,=1
X;=0 X=1 X,=0 X,=1
X,=0, X,=1 X,=0, X,=1 X5=0 X,=1 X,=0 X,=1

Hinh 1: Ciy tim kiém quay lui trong bai to4n liét ké diy nhi phan

3.2. LIET KE CAC TAP CON K PHAN TU
Input/Output ¢c6 khuon dang nhw trong P_1 02 2.PAS

Lé Minh Hoang



< 14 e Chuyén dé

Dé liét ké cac tap con k phan tir ciia tp S = {1, 2, ..., n} ta c6 thé dua vé liét ké cac cdu hinh
x[1..n], 6 day cac x[i] € Sva x[1] <x[2] <... <x[k]. Ta c6 nhan xét:

x[k] <n

x[k-1]<x[k]-1<n-1

x[i]<n-k+i

x[1]<n-k+ 1.

T d6 suy ra x[i-1]+ 1 < x[i] <n-k+1i (1 <i<k) ¢ ddy ta gia thiét co thém mot sd x[0] =0
khi xéti=1.
Nhu vy ta s& xét tat ca cac cach chon x[1] tir 1 (=x[0] + 1) &énn - k + 1, véi mdi gid tri do,
xét tiép tat ca cac cach chon x[2] tr x[1] +1 dénn-k+2, ... cit nhu vay khi chon duoc dén
x[k] thi ta c6 mot cau hinh can liét ké. Chuong trinh liét ké bang thuat toan quay lui nhu sau:

P 103 2.PAS * Thuat toan quay lui liét ké céc tép con k phén tit

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Combination Enumeration;

const
InputFile = 'SUBSET.INP';
OutputFile = 'SUBSET.OUT';
max = 100;

var

x: array[0..max] of Integer;
n, k: Integer;
f: Text;

procedure PrintResult;  (*In ra tdp con {x[1], x[2], ., x[k]}*
var
i: Integer;
begin
Write(£, '{');
for i :=1 to k - 1do Write(f, x[i], ', ");
Writeln(f, x[k], '}");
end;

procedure Attempt(i: Integer); {Thu céc cach chon gid tri cho x[i]}
var
j: Integer;
begin
for j :=x[i-11+1ton-k+1ido
begin
x[i] := §;
if i = k then PrintResult
else Attempt(i + 1);
end;
end;

begin
Assign(f, InputFile); Reset(F);
ReadIn(f, n, k);
Close(f);
Assign(f, OutputFile); Rewrite(f);
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x[0] :=0;

Attempt(1);

Close(f);
end.

Néu dé y chuong trinh trén va chuong trinh liét ké day nhi phan do dai n, ta thiy vé co ban
chung chi khac nhau ¢ thu tuc Attemp(i) - chon thir cac gia tri cho x[i], & chuong trinh li¢t ké
diy nhi phan ta thir chon cac gia tri 0 hodc 1 con ¢ chwong trinh liét ké cac tap con k phan tir
ta thir chon x[i] 12 mot trong cac gia tri nguyén tir x[i-1] + 1 dén n - k + i. Qua d6 ta co thé
thdy tinh phd dung cta thuat toan quay lui: moé hinh cai dit c6 thé thich hop cho nhiéu bai
toan, khac voi phuong phap sinh tuan tu, véi mdi bai toan lai phai c6 mot thuat toan sinh ké
tiép riéng lam cho viéc cai dat mdi bai mot khac, bén canh do, khong phai thuat todn sinh ké

tiép nao ciing de cai dit.

3.3. LIET KE CAC CHINH HOP KHONG LAP CHAP K

Pé liét ké cac chinh hop khong lap chap k cua tap S = {1, 2, ..., n} ta c6 thé dua vé liét ké cac

céu hinh x[1..k] & day céac x[i] € S va khac nhau d6i mot.

Nhu vay tha tuc Attempt(i) - xét tat ca cac kha ning chon x[i] - s& thir hét cac gia tri tir 1 dén

n, ma cac gia tri nay chua bi cac phan tir ding trudc chon. Mudn xem cac gid tri nao chua

dugc chon ta sir dung k¥ thuat ding mang danh dau:

% Khdi tao mot mang c[1..n] mang kiéu logic boolean. O day c[i] cho biét gia tri i c6 con tr
do hay di bi chon rdi. Ban dau khéi tao tit ca cac phan tir mang ¢ 1a TRUE c6 nghia 1a cac
phan tir tir 1 dén n déu tu do.

% Tai budc chon cac gia tri c6 thé cua x[i] ta chi xét nhitng gia trj j c6 c[j] = TRUE c6 nghia
la chi chon nhiing gié tri tu do.

¢ Trudc khi goi dé quy tim x[i+1]: ta dat gia tri j vira gan cho x[i] 1a da bi chon c6 nghia Ia
dit c[j] :== FALSE d¢é cac thu tuc Attempt(i + 1), Attempt(i + 2)... goi sau nay khong chon
phai gié tri j d6 nira

% Sau khi goi dé quy tim x[i+1]: c6 nghia 14 sip t6i ta sé thir gan mot gia tri khac cho x[i]
thi ta s€ dat gia tri j vira thir d6 thanh tw do (c[j] := TRUE), boi khi xi d3 nhan mdt gia tri
khac rdi thi cac phan tr dimg sau: x[i+1], x[i+2] ... hoan toan ¢ thé nhan lai gia tri j do.
Diéu nay hoan toan hop 1y trong phép xay dung chinh hop khong lap: x[1] c6 n cach chon,
x[2] ¢6 n - 1 cach chon, ...Luu ¥ rang khi thil tuc Attempt(i) c6 i = k thi ta khong can phai
danh dau gi ca vi tiép theo chi c6 in két qua chir khong can phai chon thém phan tir nao
ntra.

Input: file vin ban ARRANGE.INP chira hai s6 nguyén duong n, k (1 <k <n < 100) cach

nhau it nhit méot dau cach

Output: file van boin ARRANGE.OUT ghi cac chinh hop khong 1dp chap k cua tap {1, ..., n}
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ARRANGE.INP | ARRANGE.OUT
32

wW WP -
N P W WD

P 1 03 3.PAS * Thuit toan quay lui liét ké céc chinh hop khéng 1dp chép k
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Arrangement Enumeration;

const
InputFile = 'ARRANGES.INP';
OutputFile = 'ARRANGES.OUT';
max = 100;

var

x: array[l..max] of Integer;
c: array[l..max] of Boolean;
n, k: Integer;

f: Text;

procedure PrintResult; {Thu tuyc in cau hinh tim duoc)

var
i: Integer;

begin
for i := 1 to k do Write(f, x[i], ' ');
WriteLn(f);

end;

procedure Attempt(i: Integer); {Thi cdc céch chon x[i]}
var
j: Integer;
begin
for j :=1tondo
if c[j] then {Chi xét nhing gid tri j con ty do}
begin
x[i] :=3; ) ( )
if 1 = k then PrintResult {Neu d& chon dugc dén xk thi chi viéc in két qua}
else
begin
clj] := False; (Panh déu: j d& bi chon)
Attempt(i + 1); {Thu tuc nay chi xét nhiing gid tri con ty do gan cho x[i+1]}
c[j] := True; (B danh ddu: j lai 1a tu do, boi sép toi s& thi mot cach chon khac cla x[i]}
end;
end;
end;

begin
Assign(f, InputFile); Reset(f);
ReadLn(f, n, k);
Assign(f, OutputFile); Rewrite(f);
FillChar(c, SizeOf(c), True); {T4t ca cac s6 déu chua bi chon)
Attempt(1); {Thi céc céach chon gid tri cua x[1]}
Close(f);
end.

Nhan xét: khi k = n thi day 1a chuong trinh liét ké hoan vi
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3.4. BAI TOAN PHAN TICH SO

3.4.1. Bai toan

Cho mét sb nguyén duong n < 30, hiy tim tat ca cic cach phan tich sé n thanh téng ctia cac sd

nguyén duong, cac cach phan tich 1a hoan vi cia nhau chi tinh 1a 1 cach.

3.4.2. Cach lam:

Ta s€ luu nghiém trong mang x, ngoai ra c6 mdt mang t. Mang t xay dung nhu sau: t[i] s€ la

tong cac phan tir trong mang x tir x[1] dén x[i]: t[i] = x[1]+ x[2] + ... + x[i].

Khi liét ké cac diy x co tong cac phan tir dung bang n, dé tranh su tring 1ap ta dua thém rang

budc x[i-1] < x[i].

Vi s6 phan tir thuc su ctia mang x 1a khong cb dinh nén thu tuc PrintResult dung dé in ra 1

cach phan tich phai c6 thém tham sb cho biét s& in ra bao nhiéu phén tir.

Thu tuc dé quy Attempt(i) s& thir cac gid tri ¢6 thé nhan cua x[i] (x[i] > x[i - 1])

Khi ndo thi in két qua va khi nao thi goi dé quy tim tiép ?

Luu y rang t[i - 1] 12 tong ctia tit ca cac phan tir tir x[1] dén x[i-1] do d6

% Khi t[i] = n tic 1a (x[i] = n - t[i - 1]) thi in két qua

% Khi tim tiép, x[i+1] s& phai 16n hon hoic bang x[i]. Mat khac t[i+1] 1 tong cua céc sb tir
x[1] té1 x[i+1] khong duge vugt qué n. Vay ta cé t[i+1] <n < t[i-1] + x[i] + x[i+1] < n &
x[1] + x[1+1] < n - t[i-1] tac 1a x[i] < (n - t[i-1])/2. Vi du don gian khi n = 10 thi chon x[1] =
6,7, 8, 9 1a viéc 1am vo nghia vi nhu vay ciing khong ra nghiém ma ciing khong chon tiép
x[2] dugc nira.

M@t cach dé hiéu: ta goi dé quy tim tiép khi gid tri x[i] dwoc chon con cho phép chon thém

m¢t phin tir khdc lon hon hodc biang né ma khéng lam téong vwot qud n. Con ta in két qua

chi khi x[i] mang gid tri diing bang so thiéu hut ciia tong i-1 phan tir dau so vdi n.

Vay thii tuc Attempt(i) thir cac gia tri cho x[i] ¢6 thé viét nhu sau: (dé tong quat choi= 1, ta

dat x[0] =1 va t[0] = 0).

% Xét cac gid tri cua x[i] tir x[i - 1] dén (n - t[i-1]) div 2, cdp nhat t[i] == t[i - 1]+ x[i] va goi
dé quy tim tiép.

% Cudi cing xét gia tri x[i] =n - t[i-1] va in két qua tir x[1] dén x[i].

Input: file vin ban ANALYSE.INP chua sé nguyén duong n < 100

Output: file vin ban ANALYSE.OUT ghi cac cach phan tich sb n.
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ANALYSE.INP

ANALYSE.OUT

6

6 = 1+1+41+1+141
6 = 141+41+1+2

6 = 1414143
6 = 141+2+2
6 = 14144

6 = 1+243

6 = 145

6 = 24242
6=2+4

6 = 343
6=16

P 1 03 4.PAS * Thuit toén quay lui liét ké céc cach phan tich s6

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2" - 1]%)
program Analysis Enumeration;

const

InputFile = 'ANALYSE.INP';

OutputFile
max = 100;
var
Integer;

Hh o X B

Text;

'ANALYSE.OUT' ;

array[0..max] of Integer;
array[0..max] of Integer;

procedure Init; {Khéi tao}

begin

Assign(f, InputFile); Reset(f);

ReadLn(f, n);

Close(f);

x[0] = 1;

t[0] :=0;
end;

procedure PrintResult(k: Integer);

var
i: Integer;
begin

Write(f, n, ' =");

for i ;=1 tok - 1do Write(f, x[i], "+");

Writeln(f, x[k]);
end;

procedure Attempt(i
var
j: Integer;
begin
for j :=x[i - 1]
begin
x[i] = §;

: Integer);

t[i] = t[i - 1] + §;

Attempt(i + 1);

end;

to (n - T[i - 1]) div 2 do {Trudng hop con chon tiép x[i+l]}

x[i] :=n - T[i - 1]; {Néu x[i] 13 phin t@ cubi thi nd bat budc phai 1& n-T[i-1], in két qua)

PrintResult(i);
end;

begin
Init;

Assign(f, OutputFile); Rewrite(f);

Attempt(1);
Close(f);
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end.

Bay gio ta xét tiép mét vi du kinh dién ciia thudt todn quay lui:

3.5. BAI TOAN XEP HAU
3.5.1. Bai toan

Xét ban co tong quat kich thudc nxn. Mot quan hau trén ban co cé theé an dugc cac quan khac
nam tai cac 6 cung hang, cung cdt hodc cung duong chéo. Hay tim cac xép n quan hau trén
ban co sao cho khong quan nao dn quan nao.

Vi du mdt cach xép védin = 8:

3.5.2. Phan tich

RO rang n quan hau s& dugc dit moi con mot hang vi hau an dugc ngang, ta goi quan hau sé

dat & hang 1 1a quan hau 1, quan hau & hang 2 1a quan hau 2... quan hau ¢ hang n 1a quan hau

n. Vay mdt nghiém cuia bai toan s€ duogc biét khi ta tim ra duogc vi tri c¢ft ctiia nhirng quin

hau.

Néu ta dinh huéng Dong (Phai), Ty (Trai), Nam (Duéi), Bac (Trén) thi ta nhan thiy ring:

% Mot dudng chéo theo hudng Pong Béc - Tay Nam (PB-TN) bt ky s& di qua mot sd 6, cac
6 d6 co tinh chat: Hang + Cot = C (Const). Vi mdi dudng chéo PB-TN ta ¢6 1 hing s6 C
va v6i mot hang s6 C: 2 < C < 2n xac dinh duy nhat 1 dudng chéo DB-TN vi véy ta ¢ thé
danh chi s6 cho cac duong chéo PB- TN tir 2 dén 2n

< Mot duong chéo theo hudng Pong Nam - Tay Bac (DN-TB) bat ky sé di qua mét s6 6, cac
6 d6 c6 tinh chat: Hang - Cot = C (Const). Vi mdi dudng chéo DN-TB ta c6 1 hing s6 C
va v6i mot hang s6 C: 1 - n < C <n - 1 x4c dinh duy nhit 1 dudng chéo DN-TB vi vay ta

c6 thé danh chi s6 cho cac duong chéo PN- TB tir 1 -ndénn - 1.
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Cai dat:

Ta cé 3 mang logic dé dinh dau:

% Mang a[l..n]. a[i] = TRUE néu nhu cot i con tu do, a[i] = FALSE néu nhu cot i d3 bj mot
quan hau khéng ché

% Mang b[2..2n]. b[i] = TRUE néu nhu dudng chéo DB-TN thtr i con ty do, b[i] = FALSE
néu nhu duong chéo d6 da bi mot quan hau khéng ché.

% Mang c[1-n..n-1]. c[i] = TRUE néu nhu dudng chéo DN-TB thir i con tu do, c[i] = FALSE
néu nhu duong chéo d6 da bi mot quan hau khéng ché.

Ban dau ca 3 mang danh déu déu mang gia tri TRUE. (Cac cot va duong chéo déu tu do)

Thuat toan quay lui:

% X6t tat ca cac cot, thir dat quan hau 1 vao mot cot, voi mdi cach dit nhu vay, xét tat ca cac
cach dat quan hau 2 khong bi quan hau 1 an, lai thir 1 cach dit va xét tiép cac cach dat
quan hau 3...Mbi cach dit duoc dén quan hau n cho ta 1 nghi¢m

¢ Khi chon vi tri ¢4t j cho quan hau thir i, thi ta phai chon 6(1, j) khong bi cac quan hau dat
trudc do an, tuc 1a phai chon cdt j con ty do, duong chéo BPB-TN (i+j) con ty do, dudong
chéo PN-TB(i-j) con ty do. Piéu nay c6 thé kiém tra (a[j] = b[i+j] = c[i-j] = TRUE)

% Khi thir dat duoc quan hau thir i vao cot j, néu do6 13 quan hau cudi cung (i = n) thi ta c6
mot nghiém. Néu khong:

Trwée khi goi dé quy tim cach dit quan hau thir i + 1, ta danh dau cot va 2 dudng chéo bi
quan hau vira dat khong ché (a[j] = b[i+j] = c[i-j] := FALSE) dé cac lan goi dé quy tiép
sau chon cach dit cac quan hau ké tiép s& khong chon vao nhitng 6 nam trén cot j va
nhitng dudng chéo nay niia.

Sau khi goi dé quy tim cach dit quan hau thir i + 1, c6 nghia 1a sdp tdi ta lai thar mot cach
dat khac cho quan hau thir i, ta bo danh dau cot va 2 dudng chéo bi quan hau vira thir
dit khong ché (a[j] = b[i+j] = c[i-j] := TRUE) tirc 1a c6t va 2 dudng chéo d6 lai thanh tu
do, boi khi da dat quan hau 1 sang vi tri khac roi thi cot va 2 duong chéo d6 hoan toan

c¢6 thé gan cho mot quan hau khac

DHSPHN 1999-2006



Bai toan liét ke 2] e

Hay xem lai trong cac chuong trinh liét ké chinh hop khong 1ap va hoan vi vé k¥ thuat danh
dau. O day chi khac voi liét ké hoan vi 1a: li¢t ké hoan vi chi cAn mot mang danh diu xem gia
tri ¢6 tu do khong, con bai toan xép hau thi can phai danh du ca 3 thanh phan: Cot, dudng
chéo PB-TN, dudng chéo DN- TB. Trudng hop don gian hon: Yéu cau liét ké cac cach dit n

quan xe 1én ban co nxn sao cho khong quin nao an quan nao chinh 1a bai toan liét ké hoan vi
% Input: file vin ban QUEENS.INP chira s6 nguyén dwong n < 100
% Output: file vin ban QUEENS.OUT, mdi dong ghi mdt cach dit n quan hau

QUEENS.INP | QUEENS.OUT

5 (L, 1); (2, 3); (3, 5); (4, 2); (5, 4);
(1, 1); (2, 4); (3, 2); (4, 5); (5, 3);
(1, 2); (2, 4); (3, 1); (4, 3); (5, 5);
(1, 2); (2, 5); (3, 3); (4, 1); (5, 4);
(1, 3); (2, 1); (3, 4); (4, 2); (5, 5);
(L, 3); (2, 5); (3, 2); (4, 4); (5, 1);
(1, 4); (2, 1); (3, 3); (4, 5); (5, 2);
(1, 4); (2, 2); (3, 5); (4, 3); (5, 1);
(1, 5); (2, 2); (3, 4); (4, 1); (5, 3);
(1, 5); (2, 3); (3, 1); (4, 4); (5, 2);

P 1 03 5.PAS * Thuit todn quay lui giai bai todn xép hau
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program n_Queens;

const
InputFile = 'QUEENS.INP';
OutputFile = 'QUEENS.OUT';
max = 100;

var
n: Integer;
x: array[l..max] of Integer;
a: array[l..max] of Boolean;
b: array[2..2 * max] of Boolean;
c: array[l - max..max - 1] of Boolean;
f: Text;

procedure Init;
begin
Assign(f, InputFile); Reset(f);
Readln(f, n);
Close(f);
FillChar(a, SizeOf (a), True); {Moi cOt déu tu do}
FillChar (b, SizeOf (b), True); {Moi dudng chéo Déng Bic - Tay Nam déu tu do}
FillChar(c, SizeOf(c), True); {Moi dudng chéo Déng Nam - TAy Bic déu tu do}
end;

procedure PrintResult;

var
i: Integer;

begin
for i := 1 to n do Write(f, '(', i, ', ', x[i], '); "),
WriteLn(f);

end;

procedure Attempt(i: Integer); {Thu cdc cach ddt quan hdu tht i vao hang i}
var
j: Integer;
begin
for j :=1tondo
if a[j] and b[i + j] and c[i - j] then {Chi xét nhimg cét j md & (i, j) chua bi khéng ché)
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begin
x[i] :=J; {Tht ddt quén hdu i vao cét j}
if i = n then PrintResult
else
begin

a[j] := False; b[i + j] := False; c[i - j] := False; {P4&nh diu)
Attempt(i + 1); {Tim céc céch dit quén hdu tht i + 1}
a[j] := True; b[i + j] := True; c[i - j] := True; {BO danh dau)
end;
end;
end;

begin
Init;
Assign(f, OutputFile); Rewrite(f);
Attempt(1);
Close(f);
end.

Tén goi thuat toan quay lui, dimg trén phuong dién cai dat co thé nén goi 1a k¥ thuat vét can
bang quay lui thi chinh x4c hon, tuy nhién dung trén phuong dién bai toan, néu nhu ta coi
cong viée giai bai toan bang cach xét tat ca cac kha niang ciing 1 1 cach giai thi tén goi Thuat
toan quay lui cling khong co gi trai logic. Xét hoat dong cta chuong trinh trén cdy tim kiém
quay lui ta thay tai budc thir chon x[i] n6 s& goi dé quy dé tim tiép x[i+1] c6 nghia 1 qu4 trinh
s€ duyét tién sau xuéng phia dudi dén tan nut 14, sau khi da duyét hét cac nhanh, tién trinh lui
lai thtr &p dat mot gid tri khac cho x[i], do chinh la ngué)n géc cua tén goi “thuit todn quay

b2

lui
Bai tap:

Bai 1

Mot s6 chuong trinh trén xtr Iy khong tot trong trudng hop tim thudng (n = 0 hoic k = 0), hiy
khic phuc céc 15i d6

Bai 2

Viét chuong trinh liét ké cac chinh hop lap chap k ctia n phan tir

Bai 3

Cho hai s6 nguyén duong 1, n. Hay liét ké cic xau nhi phan d6 dai n c6 tinh chét, bat ky hai
xAu con nao do dai 1 1ién nhau déu khac nhau.

Bai 4

Véin =5, k=3, v& ciy tim kiém quay lui ctia chuong trinh liét ké t6 hop chap k cua tap {1,
2,...,n}

Bai 5

Liét ké tat ca cac tap con cua tdp S gom n s6 nguyén {S[1], S[2], ..., S[n]} nhap vao tir ban
phim

Bai 6

Tuong tu nhu bai 5 nhung chi liét ké cac tdp con ¢c6 max - min < T (T cho trudc).

Bai 7
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Mot day x[1..n] goi 1a mdt hoan vi hoan toan cua tap {1, 2, ..., n} néu né 1a mot hoan vi va
thoa man x[i] # i voi Vi: 1 <i < n. Hay viét chuong trinh liét ké tit ca cac hoan vi hoan toan
cua tap trén (n vao tur ban phim).

Bai 8

Stra lai thii tuc in két qua (PrintResult) trong bai xép hau dé c6 thé v& hinh ban cd va cic cach
dat hau ra man hinh.

Bai 9

M4 di tuan: Cho ban cd tong quat kich thudc nxn va mot quan M4, hay chi ra mot hanh trinh
clia quan M3 xudt phat tir 6 dang dimg di qua tt ca cac 6 con lai ciia ban cd, mdi 6 ding 1 1an.
Bai 10

Chuyén tit ca cac bai tip trong bai trudc dang viét bang sinh tuan tu sang quay lui.

Bai 11

Xét so dd giao thong gdm n nut giao théng danh sb tir 1 t6i n va m doan dudng ndi ching,
mdi doan duong nbi 2 niit giao théng. Hay nhap dir liéu vé mang ludi giao thong d6, nhap sd
hiéu hai nat giao thong s va d. Hay in ra tit ca cac cach di tir s t6i d ma mdi cach di khong
dugc qua nat giao thong nao qua mot lan.
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§4. KY THUAT NHANH CAN

4.1. BAI TOAN TOI UU

Mot trong nhiing bai toan dit ra trong thyc té 1a viéc tim ra mdt nghiém thoa man mét sé didu
kién nao do, va nghiém do la tot nhat theo mot chi tiéu cu thé, nghién ctru 101 giai cac 16p bai
toan t6i wu thude vé linh vuc quy hoach toan hoc. Tuy nhién ciing can phai noéi ring trong
nhiéu trudng hop ching ta chwa thé xay dung mot thuat toan nao thuc sy hitu hiéu dé giai bai
toan, ma cho téi nay viéc tim nghiém ctia ching van phai dya trén mo hinh liét ké toan bd cac
cAu hinh c6 thé va danh gia, tim ra c4u hinh t6t nhit. Viéc liét ké cdu hinh c6 thé cai dat bé“mg
cac phuong phap liét ké: Sinh tuan ty va tim kiém quay lui. Dudi déy ta s& tim hiéu phuong

phap liét ké bang thuat toan quay lui dé tim nghiém ctia bai toan tdi uu.

4.2. SUBUNG NO TO HQP

Mo hinh thuat toan quay lui 13 tim kiém trén 1 ciy phan cép. Néu gia thiét ring ing v6i mdi
nat tuong rng voi mot gia tri duwoc chon cho x[i] s€ tng véi chi 2 nat twong Gng véi 2 gia tri
ma x[i+1] c6 thé nhan thi cay n cip s& co téi 2" nat 14, con sd nay 16n hon rat nhidu lan so voi
dit liéu dau vao n. Chinh vi vay ma néu nhu ta c6 thao tac thira trong viéc chon x[1i] thi sé phai
tra gia rat 1én vé chi phi thuc thi thut toan boi qué trinh tim kiém long vong vo nghia trong
cac bude chon ké tiép x[i+1], x[i+2], ... Khi d6, mot van dé dit ra 1a trong qua trinh liét ké 10i
giai ta can tan dung nhiing thong tin da tim dugc dé loai bé sém nhimng phuong an chic chin

khong phai t6i wu. K§ thuat d6 goi 1a ki thuat danh gia nhanh can trong tién trinh quay lui.

4.3. MO HINH KY THUAT NHANH CAN

Dua trén mo hinh thuat toan quay lui, ta xay dung mé hinh sau:

procedure Init;
begin

(Khoi tao mdt cu hinh bit ky BESTCONFIG);
end;

{Thi tuc nay thir chon cho x[i] tit ca cdc gia tri nd co thé nhin)
procedure Attempt(i: Integer);
begin
for {Moi gia tri V c6 thé gan cho x[i]) do
begin
(Thit cho x[i] := V);
if (Viéc thir trén vin con hi vong tim ra ciu hinh tét hon BESTCONFIG) then
if (x[i] 1a phan tit cudi ciing trong ciu hinh) then
(Cap nhit BESTCONFIG)
else
begin
(6hi nhin viéc thit x[i] = V néu cin);
Attempt(i + 1); {Goi d& quy, chon tiép x[i+1]}
(Bo ghi nhan viéc thir cho x[i] = V (néu cin));
end;
end;
end;
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begin

Init;

Attempt (1) ;

(Théng bao céu hinh téi wu BESTCONFIG);
end.

K¥ thut nhanh can thém vao cho thuat toan quay lui kha ning danh gia theo timg budc, néu
tai budc th i, gia tri thir gan cho x[i] khong c6 hi vong tim thdy cdu hinh t6t hon cau hinh
BESTCONFIG thi thir gia trj khac ngay ma khong can phai goi dé quy tim tiép hay ghi nhan
két qua 1am gi. Nghiém cuia bai toan s& dugc 1am tot dan, boi khi tim ra mot cau hinh méi (tot
hon BESTCONFIG - tat nhién), ta khong in két qua ngay ma s& cap nhat BESTCONFIG bang

cau hinh méi vira tim duogc

4.4. BAI TOAN NGUOI DU LICH

4.4.1. Bai toan

Cho n thanh phd danh sb tir 1 dén n va m tuyén duong giao thong hai chiéu giira ching, mang
lu6i giao thong nay dugc cho boi bang C cdp nxn, & day C[i, j] = C[j, i] = Chi phi di doan
duong tryc tiép tir thanh phd i dén thanh phé j. Gia thiét rang C[i, i] = 0 v&i Vi, C[i, j] = +o
néu khong c6 dudng tryc tiép tir thanh phé i d¢én thanh phd j.

Mot ngudi du lich xuat phat tir thanh phd 1, mudn di tham tit ca cac thanh phd con lai mdi
thanh phd ding 1 1an va cudi cung quay lai thanh phd 1. Hiy chi ra cho nguoi d6 hanh trinh
v6i chi phi it nhat. Bai toan d6 goi 13 bai toan nguoi du lich hay bai toan hanh trinh ctia mot
thuong gia (Traveling Salesman)

4.4.2. Cach giai

Hanh trinh can tim ¢6 dang x[1..n + 1] trong d6 x[1] = x[n + 1] = 1 & day gitta x[i] va x[i+1]:
hai thanh phd lién tiép trong hanh trinh phai c6 dudng di truc tiép (C[i, j] # +0) va ngoai trir
thanh phd 1, khong thanh phd nao duogc lip lai hai 1an. C6 nghia 1a diy x[1..n] 1ap thanh 1
hodn vicua (1, 2, ..., n).

Duyét quay lui: x[2] ¢6 thé chon mét trong cac thanh phd ma x[1] c¢6 duong di téi (truc tiép),
v6i mdi cach thir chon x[2] nhu vay thi x[3] ¢ thé chon mdt trong cac thanh phd ma x[2] c6
duong di t6i (ngoai x[1]). Tong quat: x[i] c¢6 thé chon 1 trong cac thanh phd chwa di qua ma
tir x[i-1] c6 dwong di true tiép téi (1 <i<n).

Nhénh can: Khdi tao cdu hinh BestConfig c6 chi phi = +oo. Véi mdi budc thir chon x[i] xem
chi phi dudng di cho tdi ltc d6 ¢6 < Chi phi cta cau hinh BestConfig?, néu khong nho hon thi
thir gia tri khac ngay boi c6 di tiép ciing chi tén thém. Khi thir duge mot gia tri x[n] ta kiém
tra xem x[n] c6 duong di truc tiép vé 1 khong ? Néu c6 danh gia chi phi di tir thanh phé 1 dén
thanh phd x[n] cong véi chi phi tir x[n] di truc tiép vé& 1, néu nho hon chi phi cua duong di
BestConfig thi cap nhat lai BestConfig bang cach di moi.

Sau thi tuc tim kiém quay lui ma chi phi ctia BestConfig van bang +oo thi c¢6 nghia 1a nd

khong tim thdy mot hanh trinh nao thoa méan diéu kién dé bai dé cap nhat BestConfig, bai toan
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Chuyén dé

khong c6 10i giai, con néu chi phi ctia BestConfig < +oo thi in ra c4u hinh BestConfig - d6 1a

hanh trinh it tén kém nhét tim duoc

Input: file van ban TOURISM.INP

% Dong 1: Chtra s6 thanh phé n (1 < n < 100) va sb tuyén dudng m trong mang ludi giao

thong

% m dong tiép theo, mdi dong ghi sb hiéu hai thanh phd c6 duong di tryc tiép va chi phi di

trén quang duong do6 (chi phi nay 1a s nguyén duong < 10000)
Output: file van ban TOURISM.OUT, ghi hanh trinh tim dugc.

TOURISM.INP | TOURISM.OUT
46 1->3->2->4->1
123 Cost: 6

132

141

231

242

344

P 104 1.PAS * Ki thudt nhanh cén ding cho bai toan nguoi du lich

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Travelling Salesman;

const
InputFile = 'TOURISM.INP';
OutputFile = 'TOURISM.OUT';
max = 100;
maxE = 10000;
maxC = max * maxE; {+o}

var

C: array[l..max, 1..max] of Integer; {Ma trdn chi phi}

X, BestWay: array[l..max + 1] of Integer; {X d& thir cac kha ning, BestWay dé ghi nhan nghiém)
T: array[l..max + 1] of Integer; {T[i] dé luu chi phi di t¥ X[1] dén X[i]}

Free: array[l..max] of Boolean; {Free dé dinh diu, Free[i]= True néu chua di qua tp i}

m, n: Integer;
MinSpending: Integer; {Chi phi hanh trinh t6i wu)

procedure Enter;
var
i, j, k: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
Readln(f, n, m);
for i :=1 to n do (Khoi tao bang chi phi ban diu}
for j :=1tondo
if i = j then C[i, j] := 0 else C[i, j] := maxC;
for k :=1 tomdo
begin
Readln(f, i, j, C[i, j]);
C[j, i] := C[i, j]; {Chi phi nhu nhau trén 2 chiéu}
end;
Close(f);
end;

procedure Init; {Khdéi tao}
begin
FillChar(Free, n, True);
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Free[l] := False; {C4c thanh phd 13 chua di qua ngoai trt thanh phd 1)
X[1] :=1; {XvAt phat tu thanh phé 1}
T[1] := 0; {Chi phi tai thanh phé xudt phat 1a 0}
MinSpending := maxC;
end;

procedure Attempt(i: Integer); {Thu cédc céch chon xi}
var
j: Integer;
begin
for j := 2 to n do {Thi céc thanh phd tit 2 dén n)
if Free[j] then {Néu g&p thanh phé chua di qua}
begin
X[i] := j; {Thu di}
T[i] := T[i - 1] + C[x[i - 1], j]; {Chi phi := Chi phi budc truéc + chi phi dudng di truc tiép}
if T[i] < MinSpending then {Hién nhién néu c6 diéu ndy thi C[x[i - 1], j] < 4o rdi)
if i < n then {Néu chua dén duoc x[n])
begin
Free[j] := False; {P4nh déu thanh phd via thi)
Attempt(i + 1); {Tim céc kha ndng chon x[i+1]}
Free[j] := True; {B6 dénh ddu)
end
else
if T[n] + C[x[n], 1] < MinSpending then {Ti x[n] quay lai 1 vin tén chi phi it hon truéc)
begin {Cdp nhat BestConfig}
BestWay := X;
MinSpending := T[n] + C[x[n], 1];
end;
end;
end;

procedure PrintResult;
var
i: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
if MinSpending = maxC then WriteLn(f, 'NO SOLUTION')
else
for i :=1 to n do Write(f, BestWay[i], '->');
WriteLn(f, 1);
Writeln(f, 'Cost: ', MinSpending);
Close(f);
end;

begin
Enter;
Init;
Attempt(2);
PrintResult;
end.

Trén day 1a mot giai phap nhénh can con rat tho so giai bai toan ngudi du lich, trén thyc té
ngudi ta con ¢6 nhidu cach danh gia nhanh cn chit hon nita. Hiy tham khao céc tai liéu khac

dé tim hiéu vé nhiing phuong phap do.

4.5. DAY ABC

Cho truéec mot s6 nguyén duong N (N < 100), hiy tim mot xau chi gdm cac ky tu A, B, C

thoa man 3 diéu kién:
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% CododaiN

% Hai doan con bt ky lién nhau déu khac nhau (doan con 1a mét ddy ky tur lién tiép ctia xau)
% C6 it ky tu C nhat.

Céch giai:

Khong trinh bay, d& nghi tw xem chuong trinh dé hiéu, chi chu thich k¥ thuat nhanh can nhu
sau:

Néu day X[1..n] thoa man 2 doan con bét ky lién nhau déu khac nhau, thi trong 4 ky tu lién
tiép bat ky bao gid cling phai ¢6 1 ky tur “C”. Nhu vay voi mot diy con gdm k ky tur lién tiép
ctia diy X thi s6 ky tu C trong diy con d6 bat budc phai > k div 4.

Tai bude thir chon X[i], néu ta di co T[i] ky tu “C” trong doan di chon tir X[1] dén X[i], thi
cho du cac budc dé quy tiép sau lam tot nhu thé nao ching nita, s ky ty “C” s& phai chon
thém bao gio ciing > (n - i) div 4. Tuc 1a néu theo phuong 4n chon X[i] nhu thé nay thi s6 ky
tu “C” trong day két qua (khi chon dén X[n]) cho du c6 lam tét dén dau ciing > T[i] + (n - i)
div 4. Ta dung con s nay dé danh gia nhanh cin, néu né nhiéu hon sé ky tu “C” trong
BestConfig thi chic chan c¢6 1am tiép ciing chi duoc mot cau hinh tdi té hon, ta bé qua ngay
cach chon nay va thtr phuong an khéc.

Input: file vin ban ABC.INP chira s6 nguyén duong n < 100

Output: file vin ban ABC.OUT ghi xau tim dugc

ABC.INP | ABC.OUT

10 ABACABCBAB
"C" Letter Count : 2

P 1 04 2.PAS * Diy ARC
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%" - 1]%)
program ABC_STRING;

const
InputFile = 'ABC.INP';
OutputFile = 'ABC.OUT';
max = 100;

var

N, MinC: Integer;

X, Best: array[l..max] of 'A'..'C';

T: array[0..max] of Integer; {T[i] cho biét s6 ky ty “C” trong doan ti X[1] dén X[i])
f: Text;

{Ham Same (i, 1) cho biét xau gdm 1 ky tu k&t thic tai X[i] cé trung voi xdu 1 ky tu lién trudc nd khong ?}
function Same(i, 1: Integer): Boolean;
var
j, k: Integer;
begin
ji=1i-1; {j 13 vi tri cubi doan lién trudc doan dé}
fork :=0tol-1do
if X[1 - k] <> X[j - k] then
begin
Same := False; Exit;
end;
Same := True;
end;

{Ham Check(i) cho biét X[i] c6 lam héng tinh khong 13p cta day X[1..i] hay khong}
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function Check(i: Integer): Boolean;
var
1: Integer;
begin
for 1 :=1 to i div 2 do {Tht cac d¢ dai 1}
if Same(i, 1) then {Néu c6 xdu db dai 1 két thic boi X[i] bi tring véi xau lién trudc)
begin
Check := False; Exit;
end;
Check := True;
end;

{Gik lai k&t qua via tim dugc vao BestConfig (MinC va méng Best)}
procedure KeepResult;

begin
MinC := T[N];
Best :=X;
end;

{Thudt toan quay lui cé nhénh cén}
procedure Attempt(i: Integer); {Thu céc gid tri c6 thé cua X[i])

var
j: IAI..lcl;
begin
for j := 'A' to 'C' do {Xét tdt cd cic gia tri}
begin
X[i] = j; ,
if Check(i) then {Neéu thém gi& tri do vao khéng lam hong tinh khéng ldp}
begin
if j = 'C' then T[i] := T[i - 1] + 1 {Tinh T[i] qua T[i - 1]}
else T[i] := T[i - 1];
if T[i] + (N - i) div 4 < MinC then {Panh gi& nhanh cdn}
if i = N then KeepResult
else Attempt(i + 1);
end;
end;
end;

procedure PrintResult;
var
i: Integer;
begin
for i := 1 to N do Write(£, Best[i]);
WriteLn(f);
Writeln(f, '"C" Letter Count : ', MinC);
end;

begin
Assign(f, InputFile); Reset(f);
Readln(f, N);
Close(f);
Assign(f, OutputFile); Rewrite(f);
T[0] :=0;
MinC := N; {Khoi tao cdu hinh BestConfig ban ddu rat tdi)
Attempt(1);
PrintResult;
Close(f);

end.

Néu ta thay bai toan 1 tim xau it k¥ ty 'B' nhat ma van viét chuong trinh tuong tu nhu trén thi
chuong trinh s& chay cham hon chut it. Ly do: thi tuc Attempt & trén sé& thir 1an lugt cac gia tri
'A', 'B', 16i méi dén 'C'. C6 nghia ngay trong cach tim, n6 d tiét kiém sir dung ky tu 'C' nhét
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nén trong phan 16n cac bd dir liéu nd nhanh chong tim ra 10i giai hon so véi bai toan tuong

mg tim x4u it ky ty 'B' nhat. Chinh vi vidy ma néu nhu dé bai yéu cau it ky tu 'B' nhét ta ctr

1ap chuong trinh 1am yéu cau it ky tu 'C' nhét, chi c6 diéu khi in két qua, ta d6i vai tro 'B', 'C'

cho nhau. Pay 1a mot vi du cho thdy sitc manh cua thuat toan quay lui khi két hop véi k¥

thuat nhanh c4n, néu viét quay lui thuan tuy hodc danh gia nhanh can khong tot thi voi N =

100, toi cling khong du kién nhin dé doi chuong trinh cho két qua (chi biét rang > 3 gio).

Trong khi d6 khi N = 100, v6i chuong trinh trén chi chay hét hon 1 gidy cho két qua 1a xau 27

ky tu'C'.

Noi chung, it khi ta gdp bai todn ma chi can st dung mdt thuat toan, mot moé hinh k¥ thuat cai

dat 14 co thé giai dugc. Thong thuong cac bai toan thyc té doi hoi phai co sy tong hop, pha

tron nhiéu thuat toan, nhiéu k¥ thuat méi c6 duge mot 101 giai tbt. Khoéng dugc lam dung mdt

ky thuat ndo va ciing khong xem thudng mot phuong phap nao khi bt tay vao giai mot bai

toan tin hoc. Thuat toan quay lui ciing khong phai 1 ngoai 18, ta phai biét phdi hop mot cach

uyén chuyén véi cac thuat toan khac thi khi d6 né méi thyuc su 1a mot cong cu manh.

Bai tap:

Bai 1

Mot day dau ngoac hop 1¢ 1a mdt day cac ky tu “(” va «)” dugc dinh nghia nhu sau:

i. Day rong la mot diy dau ngoic hop 1¢ do sau 0

ii. Néu A 1a diy dau ngoic hop 18 d6 sau k thi (A) 1a ddy d4u ngoic hop 16 d6 sau k + 1

iii. Néu A va B 1a hay diy ddu ngodc hop 1é v6i do sau lan luot 1 p va q thi AB 1a diy dau
ngoac hop I¢ do sau la max(p, q)

Do dai ciia mot diy ngodc 14 tong sd ky tu “(” va «)”

Vi du: C6 5 diy diu ngodc hop 1é dp dai 8 va dp siu 3:

(00
(c0)0)
(0N 0
(0(0))
(0000

Bai todn dit ra la khi cho biét trwéc hai sé nguyén dwong n va k. Hay liét ké hét cdc diy

U W N

ngodc hop 1¢ ¢6 d dai la n va dp sdu la k (lam dwoc véi n cang Ién cang tot).

Bai 2

Cho mot bai min kich thudec mxn 6 vudng, trén mét 6 cd thé c6 chira mot qua min hodc khong,
dé biéu dién ban d6 min d6, ngudi ta c6 hai cach:

Céch 1: dung ban d6 danh dau: sir dung mot luéi 6 vudng kich thude mxn, trén do tai 6 (i, )
ghi s6 1 néu 6 d6 c6 min, ghi s6 0 néu 6 d6 khong c6 min

Céch 2: dung ban d6 mat do: str dung mot ludi 6 vudng kich thude mxn, trén d6 tai 6 (i, j) ghi
mot sb trong khoang tir 0 dén 8 cho biét tong sd min trong cac 6 1an can véi 6 (i, j) (6 14n can
v6i 6 (i, j) 12 6 c6 chung vai 6 (i, j) it nhat 1 dinh).

Gia thiét rang hai ban d6 duoc ghi chinh xé4c theo tinh trang min trén hién truong.
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V& nguyén tic, luc cai bdi min phai v& ca ban dd danh diu va ban d6 mat do, tuy nhién sau

mot thoi gian dai, khi ngudi ta mubn g& min ra khoi bai thi van d& hét strc kho khin boi ban

dd danh dau da bi that lac !!. Cong viéc clia cac 1ap trinh vién 1a: Tir ban d6 mat 4o, hay tai

tao lai ban d6 danh diu cta bai min.

Dir liéu: Vao tir file vin ban MINE.INP, cac s6 trén 1 dong cach nhau it nhét 1 diu cach

% Dong 1: Ghi 2 s6 nguyén duong m, n (2 < m, n < 30)

% m dong tiép theo, dong thir i ghi n s6 trén hang i ctia ban d6 mat do theo diing thir tu tir trai
qua phai.

Két qua: Ghi ra file vin ban MINE.OUT, cac s6 trén 1 dong ghi cach nhau it nhét 1 diu

cach

% Dong 1: Ghi tong s6 lugng min trong bai

% m dong tiép theo, dong thir i ghi n s6 trén hang i ctia ban d6 danh dau theo dung thir tu tir

trai qua phai.

Vi du:

MINE. INP MINE.OUT

10 15 80
0323335344544430101111011111111
1435545477756650001001110111011
1435435444434550001001001110011
1424454244323540101110010000011
1325442232332521100011100100101
232335324434241)000010000110100
232433234665331(011001001100100
264524133555643[101010101111010
465735355654443/011010000011111
244423122233342111110111100001
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PHAN 2. CAU TRUC DU LIEU VA
GIAI THUAT

Hat nhan cua cac chuong trinh may tinh la sy luu trir va xur Iy thong tin.
Viéc t chirc dit liéu nhur thé nao ¢6 anh huong rat 16n dén cach thirc xir
Iy dir liéu d6 cling nhu tdc do thuc thi va su chiém dung bo nhé cua
chuong trinh. Viéc dic ta bang cac ciu tric tong quat (generic structures)
va cac kiéu dir liéu triru tuong (abstract data types) con cho phép ngudi
lap trinh c6 thé dé dang hinh dung ra cac cong viéc cu thé va giam bét
cong st trong viée chinh sira, ndng cip va str dung lai cac thiét ké da co.
Muc dich ctia phan nay 14 cung cip nhiing hiéu biét nén tang trong viéc
thiét ké mot chuong trinh mdy tinh, dé théy 16 duoc su can thiét cua viée
phan tich, lya chon cAu tric dit lidu phu hop cho ting bai toan cu thé;
ddng thoi khao sat mot sb cau trac dit lidu va thuat toan kinh dién ma lap

trinh vién nao ciing can phai nam ving.
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§1. CAC BUOC CO BAN KHI TIEN HANH GIAI CAC BAI
TOAN TIN HOC

1.1. XAC PINH BAI TOAN

Input — Process — Output

(Dit liéu vao — Xt Iy — Két qua ra)
Viéc xac dinh bai toan tirc 1a phai xac dinh xem ta phai giai quyét van dé gi?, voi gia thiét nao
da cho va 10i giai can phai dat nhitng yéu cau gi. Khac véi bai toan thudn tuy toan hoc chi can
xéac dinh 13 gia thiét va két ludn chi khong can xac dinh yéu cau vé 10i giai, d6i khi nhiing bai
toan tin hoc tmg dung trong thyc t& chi can tim 10 giai tot t6i mic ndo d6, tham chi 1a tdi &
mirc chap nhan duoc. Boi 10 giai tot nhat doi hoi qua nhiéu thoi gian va chi phi.
Vi du:
Khi cai dat cac ham sb phire tap trén may tinh. Néu tinh bang cach khai trién chudi vo han thi
d6 chinh xac cao hon nhung thoi gian cham hon hang ti 1an so v6i phuong phép xép xi. Trén
thuc té viéc tinh toan ludn ludn cho phép chép nhan mét sai sd nao d6 nén cac ham sd trong
may tinh déu duoc tinh bang phuong phéap xip xi cua giai tich sb
Xac dinh diing yéu cau bai toan 1a rat quan trong boi né anh hudng tdi cach thirc giai quyét va
chat luong cua 101 giai. Mot bai toan thuc té thuong cho boi nhitng théng tin kha mo hd va
hinh thirc, ta phai phat biéu lai mot cach chinh xéac va chit ché dé hiéu ding bai toan.
Vi du:
Bai todn: Mgt du an c6 n nguoi tham gia thido luan, ho mudn chia thanh cac nhom va mdi
nhém thao luan riéng vé mot phan cua du an. Nhém c6 bao nhiéu ngudi thi duoc trinh 1én bay
nhiéu y kién. Néu ldy & mdi nhom mot y kién dem ghép lai thi duoc mot bd y kién trién khai
du 4an. Hay tim cach chia dé s6 bo y kién cudi cting thu duoc 14 16n nhat.
Phét biéu lai: Cho mot sd nguyén duong n, tim cac phan tich n thanh téng cac s6 nguyén
dwong sao cho tich cua cac sé d6 13 16n nhét.
Trén thyc té, ta nén xét mot vai truong hop cu thé dé thong qua d6 hiéu duoc bai toan rd hon
va thdy dugc cac thao tac can phai tién hanh. D4i v6i nhimg bai todn don gian, d6i khi chi can

qua vi du 14 ta da co6 thé dua vé mot bai toan quen thudc dé giai.

1.2. TIM CAU TRUC DU LIEU BIEU DIEN BAI TOAN

Khi giai mot bai toan, ta can phai dinh nghia tap hop dir liéu dé biéu dién tinh trang cu thé.
Viéc lya chon nay tuy thudc vao van dé can giai quyét va nhimg thao tac s& tién hanh trén dir
liéu vao. Co6 nhiing thudt toan chi thich tmg v&i mot cach td chirc dit liéu nhit dinh, d6i vai
nhirng cach td chuce dit 1idu khéc thi s& kém hiéu qua hodc khong thé thuc hién duoc. Chinh vi
vay nén budc xdy dung ciu trac dir liéu khong thé tach roi budc tim kiém thuat todn giai

quyét van de.
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Cdc tiéu chudn khi lwa chon cdu tric dir ligu

% Chu trac dir lidu trudc hét phai biéu dién duoc day du cic thong tin nhap va xuit cua bai
toan

% Céu trac dir liéu phai pht hop véi cac thao tac cla thudt todn ma ta lya chon dé giai quyét
bai toan.

% Chu tric dit liéu phai cai dat duoc trén may tinh voi ngdn ngit 1ap trinh dang st dung

Dbi véi mot sb bai toan, trude khi to chire dir liéu ta phai viét mot doan chuong trinh nho dé

khao sat xem dir liéu can luu trir 16n té1 mac do nao.

1.3. TIM THUAT TOAN

Thuat toan 1a mét hé théng chdt ché va rd rang céac quy tdc nham xac dinh mot day thao tac
trén cau trac dir liéu sao cho: Vi mot bd dit lidu vao, sau mot sd hitu han bude thuc hién cac
thao tac da chi ra, ta dat dugc muc tiéu da dinh.

Cac dac trung cua thudt toan

1.3.1. Tinh don nghia

O mdi budc cta thuat toan, cac thao tic phai hét sirc rd rang, khong gy nén sy nhap nhang,
1on xdn, tuy ti¢n, da nghia.

Khong nén 14n 16n tinh don nghia va tinh don dinh: Nguoi ta phan loai thuat toan ra lam hai
loai: Pon dinh (Deterministic) va Ngau nhién (Randomized). Vi hai bo dit liéu gidng nhau
cho trudc lam input, thuat toan don dinh sé& thi hanh cic ma lénh giéng nhau va cho két qua
giéng nhau, con thuat toan ngau nhién cé thé thuc hién theo nhitng ma 1énh khac nhau va cho
két qué khac nhau. Vi du nhu yéu cau chon mot s6 tu nhién x: a <x <b, néuta viétx :==a hay
x :=b hay x := (a + b) div 2, thuat toan s& luén cho mdt gia tri duy nhét véi dit liéu vao 1a hai
s6 tu nhién a va b. Nhung néu ta viét x := a + Random(b - a + 1) thi s& c6 thé thu duoc cac két
qua khac nhau trong mdi 1an thuc hién véi input 13 a va b tuy theo may tinh va b tao sé ngau
nhién.

1.3.2. Tinh dirng

Thuat toan khong dugce roi vao qué trinh vo han, phai dung lai va cho két qua sau mot s6 hitu
han budc.

1.3.3. Tinh dung

Sau khi thuc hién tit ca cac budc cia thuat toan theo diing qua trinh da dinh, ta phai dugc két
qua mong mubn v6i moi bd dit liéu dau vao. Két qua do duoc kiém chiung bé‘lng yéu cAu bai
toan.

1.3.4. Tinh pho dung

Thuat toan phai d& stra doi dé thich tng dugc v6i bit ky bai toan nao trong mot 16p cac bai

toan va c6 thé lam viéc trén cac dir liéu khac nhau.
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1.3.5. Tinh kha thi

¢ Kich thudc phai di nho: Vi du: Mot thuat toan s€ cé tinh hiéu qua br:ing 0 néu lugng bd
nhd ma né yéu cau vuot qua kha nang luu trir ctia hé thong may tinh.

% Thuét toan phai chuyén dugc thanh chwong trinh: Vi du mét thuit toan yéu cau phai biéu
dién duoc s6 vo ti voi dd chinh xac tuyét doi 1a khong hién thuc vai cac hé thong méy tinh
hién nay

% Thuét toan phai dugc may tinh thyc hién trong thdi gian cho phép, diéu nay khac véi 10
gii toan (Chi can chimg minh 1a két thuc sau hitu han budc). Vi du nhu xép thoi khoa biéu
cho mét hoc ky thi khong thé cho may tinh chay t6i hoc ky sau méi ra duge.

Vi du:

Input: 2 s6 nguyén ty nhién a va b khong dong thoi bang 0

Output: Udc s6 chung 16n nhat ciaa va b

Thudt todn sé tién hanh dwoc mé ta nhw sau: (Thudt todn Euclide)

Budc 1 (Input): Nhap a va b: S6 tu nhién

Budc 2: Néu b = 0 thi chuyén sang budc 3, néu khong thi bo qua bude 3, di lam budc 4

Budc 3: Batr ;= amod b; Dat a ;= b; Dat b :=r; Quay tro lai budc 2.

Budc 4 (Output): Két luan udc s6 chung 16n nhét phai tim 1a gia tri ciia a. Két thic thuat toan.

Output a;

Hinh 4: Lwru d thuit giai (Flowchart)

Khi m6 ta thut toan bang ngdn ngit ty nhién, ta khong can phai qua chi tiét cac budc va tién
trinh thuc hién ma chi cAn mé td mot cach hinh thirc du dé chuyén thanh ngon ngir 1ap trinh.
Viét so d6 cac thuat toan dé quy 1a mét vi du.

bPéi voi nhitng thuat toan phtic tap va nang vé tinh toan, cac budc va céc cong thuc nén mo ta
mot cach twong minh va chi thich rd rang dé khi lap trinh ta c6 thé nhanh chéng tra ciru.

Pbi v6i nhitng thuat toan kinh dién thi phai thudc. Khi giai mot bai toan 16n trong mot thoi

gian giéi han, ta chi phai thiét ké tong thé con nhitng chd di thudc thi ctr viée lip rap vao.
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Tinh dang dan cta nhitng mo-dun da thudc ta khong can phai quan tAm nita ma tap trung giai

quyét cac phan khac.

1.4. LAP TRINH

Sau khi dd c6 thuat toan, ta phai tién hanh 1ap trinh thé hién thuat toan d6. Mubn 1ap trinh dat

hiéu qua cao, can phai c¢6 ky thuat lap trinh tot. Ky thuat lap trinh t&t thé hién ¢ k¥ ning viét

chuong trinh, kha ning g& rdi va thao tac nhanh. Lap trinh t6t khong phai chi can nim viing

ngdn ngit 1ap trinh 13 du, phai biét cach viét chuong trinh uyén chuyén, khon khéo va phat

trién dan dan dé chuyén céc y tudng ra thanh chuong trinh hoan chinh. Kinh nghiém cho thay

mot thuat toan hay nhung do cai dat vung vé nén khi chay lai cho két qua sai hodc tbe do

cham.

Thong thuong, ta khong nén cu thé hoa ngay toan bd chuong trinh ma nén tién hanh theo

phuong phap tinh ché timg budc (Stepwise refinement):

% Ban dau, chuong trinh dugc thé hién béng ngon nglr ty nhién, thé hién thuét toan véi cac
budc téng thé, mdi budc néu 1én mot cong viéc phai thuc hién.

% Mot cong viée don gian hoac 1a mot doan chuong trinh da duoc hoc thudc thi ta tién hanh
viét ma 1énh ngay bang ngdn ngit 1ap trinh.

¢ Mot cong viée phure tap thi ta lai chia ra thanh nhitng cong viéc nhd hon dé lai tiép tuc voi
nhitng cong viéc nho hon do.

Trong qué trinh tinh ché timg budc, ta phai dua ra nhimng biéu dién dir liéu. Nhu vay cing voi

su tinh ché céc cong viéc, dir li€u cling dugc tinh ché dan, c6 céu tric hon, thé hién rd hon

mdi lién hé gitra cac dit lidu.

Phuong phap tinh ché timg budc 1a mot thé hién cua tu duy giai quyét van dé tir trén xudng,

gitip cho nguoi lap trinh ¢6 duge mot dinh hudng thé hién trong phong cach viét chuong trinh.

Tranh viéc mo mam, xoa di viét lai nhiéu lan, bién chuong trinh thanh to giay nhap.

1.5. KIEM THU

1.5.1. Chay thir va tim 15i

Chuong trinh 14 do con nguoi viét ra, ma da 1a con ngudi thi ai cling ¢6 thé nham 1an. Mot

chuong trinh viét xong chua chic di chay dugc ngay trén may tinh dé cho ra két qua mong

mudn. K¥ ning tim 151, sira 16i, diéu chinh lai chuong trinh ciing 1a mét k¥ ning quan trong

ctia ngudi lap trinh. K§ ning nay chi ¢6 duoc bang kinh nghiém tim va sira chita 15i ctia chinh

minh.

C6 ba loai 16i:

% L&i cu phap: Ldi ndy hay gap nhat nhung lai dé sira nhét, chi cdn nim vitng ngdn ngir 1ap
trinh 1a du. Mot nguoi dugc coi 1a khong biét 1ap trinh néu khong biét sta 18i ¢ phép.

% L3i cai dat: Viéc cai dat thé hién khong ding thuat toan da dinh, dbi vai 16i nay thi phai

xem lai tong thé chuong trinh, két hop véi cac chie ning g& rdi dé sira lai cho ding.
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% Ldi thuat toan: Ldi nay it gdp nhat nhung nguy hiém nhat, néu nhe thi phai diéu chinh lai
thuat toan, néu nang thi c6 khi phai loai bd hoan toan thuét toan sai va lam lai tur dau.

1.5.2. XAy dung cac b0 test

C6 nhiéu chuong trinh rat kho kiém tra tinh dung dan. Nhat 1a khi ta khong biét két qua dung

1a thé nao?. Vi vay néu nhu chuong trinh van chay ra két qua (khong biét diing sai thé nao) thi

viéc tim 16i rat kho khan. Khi d6 ta nén lam céc bo test dé thu chuong trinh ctia minh.

Céc b test nén dit trong cac file van ban, boi viéc tao mot file van ban rat nhanh va mdi lan

chay thir chi can thay tén file dir liéu vao 1a xong, khong can g lai bo test tir ban phim. Kinh

nghiém lam céac bd test la:

Bit dau véi mot bo test nho, don gian, 1am bang tay ciing c6 duoc dap sé dé so sanh vai két

qua chuong trinh chay ra.

Tiép theo van 1a cac bo test nhd, nhung chira cac gia tri dac bi¢t hodc tam thuong. Kinh

nghiém cho thay day 1a nhiing test d& sai nhat.

Céc bg test phai da dang, tranh sy 1dp di 1dp lai cac bg test tuong tu.

C6 mot vai test 16n chi dé kiém tra tinh chiu dung ctia chwong trinh ma thoi. Két qua c6 ding

hay khong thi trong da s truong hop, ta khong thé kiém chimg dugc véi test nay.

Luu y rang chuong trinh chay qua duoc hét cac test khong c6 nghia 1a chuong trinh d6 da

dung. Boi c6 thé ta chua xdy dung dugc bo test 1am cho chuong trinh chay sai. Vi vay néu c6

thé, ta nén tim cach chimg minh tinh dung dan cia thuat todn va chwong trinh, didu nay

thuong rat kho.

1.6. TOI UU CHUONG TRINH

Mot chuong trinh dd chay dung khong c6 nghia 14 viéc lap trinh da xong, ta phai stra d6i lai
mot vai chi tiét dé chuong trinh co thé chay nhanh hon, hi¢u qua hon. Thong thuong, trude
khi kiém thir thi ta nén dt myc tiéu viét chuwong trinh sao cho don gian, mién sao chay ra két
qua ding 13 duoc, sau d6 khi t6i vu chuong trinh, ta xem lai nhitng chd nao viét chua tét thi
t6i wu lai ma 1énh dé chuong trinh ngén hon, chay nhanh hon. Khong nén viét toi dau toi uu
mi dén do, boi chuong trinh c6 ma 1énh tdi uu thuong phtre tap va kho kiém soat.

Viéc tdi uu chuwong trinh nén dya trén céc tiéu chuan sau:

1.6.1. Tinh tin cay

Chuong trinh phai chay dung nhu du dinh, mo6 ta dung mot giai thuat ding. Thong thuong khi
viét chuong trinh, ta ludn c6 théi quen kiém tra tinh dang dan ctia cac budc mdi khi co thé.
1.6.2. Tinh uyén chuyén

Chuong trinh phai d& stra d6i. Béi it c6 chuong trinh nao viét ra da hoan hao ngay dugc ma
van can phai sira d6i lai. Chuong trinh viét d& sira doi s& lam giam bot cong sirc ciia 1ap trinh

vién khi phat trién chuong trinh.
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1.6.3. Tinh trong sang

Chuong trinh viét ra phai d& doc dé hiéu, dé sau mot thoi gian dai, khi doc lai con hiéu minh
lam cai gi?. Pé néu c6 diéu kién thi con c6 thé stra sai (néu phét hién 16i méi), cai tién hay
bién ddi dé duoc chuong trinh giai quyét bai toan khac. Tinh trong sang ctia chuong trinh phu
thudc rat nhiéu vao cong cu 1ap trinh va phong céach 1ap trinh.

1.6.4. Tinh hiru hiéu

Chuong trinh phai chay nhanh va it ton bo nhé, tirc 1a tiét kiém duogc ca vé khong gian va thoi
gian. Pé c6 mot chuong trinh hiru hiéu, can phai c6 giai thuat tét va nhitng tiéu xao khi lap
trinh. Tuy nhién, viéc 4p dung qua nhiéu tiéu xdo c6 thé khién chuong trinh trd nén rdi ram,
khoé hiéu khi sira ddi. Tiéu chuan hitu hiéu nén dung lai & muc chép nhéan duogc, khong quan
trong bang ba tiéu chuan trén. B4i phan ctng phat trién rit nhanh, yéu cau hiru hiéu khong

can phai dat ra qua nang.

Tir nhitng phan tich ¢ trén, chung ta nhan thiy rang viéc 1am ra mot chuong trinh doi hoi rat
nhiéu cong doan va tiéu tén kha nhiéu cong sirc. Chi mot cong doan khong hop 1y s& 1am ting
chi phi viét chuong trinh. Nghi ra cach giai quyét van dé di kho, bién ¥ tuong d6 thanh hién
thuc ciing khong dé chat nao.

Nhiing ciu trac dir liéu va giai thuat dé cp t6i trong chuyén dé nay 1a nhimg kién thuc rat pho
thong, mot ngudi hoc lap trinh khéng sém thi mudn ciing phai biét toi. Chi hy vong rang khi
hoc xong chuyén dé nay, qua nhiing ciu tric dit liéu va giai thuat hét sitc mau muyc, ching ta
rt ra duoc bai hoc kinh nghiém: Pirng bao gio viét chwong trinh khi ma chwa suy xét ky
vé giai thuat va nhirng dir liéu can thao tic, boi nhu vy ta dé mic phai hai sai lam trAm
trong: hoac 1a sai vé giai thuat, hodc 1a gidi thuat khong thé trién khai ndi trén mot cau trac dit
liéu khong phtt hop. Chi can mic mot trong hai 161 d6 thoi thi nguy co sup d6 toan b chuong
trinh 1 hoan toan c6 thé, cang cb chira cang bi rdi, kha ning hau nhu chic chan 1a phai lam lai

tr dau”.

® T4t nhién, can than dén dau thi cling c6 xac suét rui ro nhét dinh, ta hidu duge muc do tai hai cua hai 13 nay dé han

ché no cang nhiéu cang tot
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§2. PHAN TiCH THOI GIAN THU'C HIEN GIAI THUAT

2.1. GIOI THIEU

V&i mot bai toan khong chi c6 mot giai thuat. Chon mot giai thuat dua toi két qua nhanh nhat
12 mot doi hoi thuc té. Nhu vay cAn c6 mdt can cit nao d6 dé noi r::ing giai thudt nay nhanh
hon giai thuat kia ?.

Thoi gian thyc hién mot giai thuat bang chuong trinh may tinh phu thudc vao rat nhiéu yéu to.
Mot yéu td can chi y nhat d6 1a kich thudc cua dit liéu dua vao. Dit liéu cang 16n thi thoi gian
xtr Iy cang cham, chang han nhu thoi gian sip xép mot diy sb phai chiu anh hudng cia sd
luong céc sd thude diy sé d6. Néu goi n 1a kich thude dir liéu dua vao thi thoi gian thuc hién
clia mot giai thuat c6 thé biéu dién mot cach tuong ddi nhuw mot ham cia n: T(n).

Phan cimg may tinh, ngdn ngir viét chuwong trinh va chuong trinh dich ngén ngir ay déu anh
huong téi thoi gian thyc hién. Nhimg yéu té nay khong giéng nhau trén cac loai may, vi vay
khong thé dwa vao chung khi xac dinh T(n). Téc 1a T(n) khong thé biéu dién bang don vi thoi
gian gio, phut, gidy dugc. Tuy nhién, khéng phai vi thé ma khong thé so sanh dugc cac giai
thudt vé mit tbc d6. Néu nhu thoi gian thuc hién mot giai thuat 1a Ty(n) = n’ va thoi gian thyc
hién cua mot gidi thudt khac 1a T»(n) = 100n thi khi n du 16n, thoi gian thuc hién cua giai thuat
T, 1& rang nhanh hon giai thuat T;. Khi d6, néu ndi rang thoi gian thuc hién giai thuat ti 16
thudn voi n hay ti 1€ thuan véi n’ cling cho ta mot cach danh gia trong d6i vé téc do thuc hién
cua giai thuat d6 khi n kha 16n. Cach danh gié thoi gian thuc hién gidi thuat doc 1ap véi may
tinh va cac yéu té lién quan t6i may tinh nhu vay s& dan t6i khai niém goi 1a d§ phire tap tinh

toan cua giai thuat.

2.2. CAC KY PHAP PE PANH GIA PQ PHUC TAP TINH TOAN

Cho mot gidi thudt thyc hién trén dir liéu véi kich thude n. Gid st T(n) 1a thoi gian thuc hién

mot gidi thuat do, g(n) 1a mdt ham xéc dinh duong véi moi n. Khi dé ta néi d§ phtre tap tinh

toan cua giai thuat la:

% ©(g(n)) néu ton tai cac hiang sé duong c;, ¢, va ng sao cho ¢;.g(n) < f(n) < c,.g(n) voi moi n
> no. Ky phap nay dugc goi la ky phap ® 16n (big-theta notation). Trong ky phap © 16n,
ham g(.) dugc goi 1a gidi han chét (asymptotically tight bound) cia ham T(.)

% O(g(n)) néu ton tai cac hang s6 dwong ¢ va ng sao cho T(n) < c.g(n) véi moi n > ng. Ky
phép nay duoc goi 1a ky phap chir O 16n (big-oh notation). Trong ky phap chitr O 16n, ham
g(.) duoc goi 1a gidi han trén (asymptotic upper bound) cua ham T(.)

< O(g(n)) néu ton tai cac hang sb duong ¢ va ng sao cho c.g(n) < T(n) v6i moi n > ny. Ky
hiéu nay goi 1a ky phap Q 16n (big-omega notation). Trong ky phép Q 16n, ham g(.) duoc

goi 1a gidi han dudi (asymptotic lower bound) ciia ham T(.)

DHSPHN 1999-2006



Céu trac dit lidu va giai thuat < 4] e

Hinh 5 13 biéu dién do thi cta ky phap © 16n, O 16n va Q 16n. Dé thay rang T(n) = ©(g(n))
néu va chi néu T(n) = O(g(n)) va T(n) = Q(g(n)).

C,-9(n)
T(n)
c;.g(n)
o n ne n n n
T(n)= 6(g(n)) T(n)=0O(g(n)) T(n)= Q(g(n))

Hinh 5: Ky phap © 16n, O 16m va Q 1én

Ta né1 do phuc tap tinh toan cta giai thuat la

% o(g(n)) néu véi moi hiang s6 duong c, ton tai mot hang s6 duwong ny sao cho T(n) < c.g(n)
v61 moi n > ny. Ky phép nay goi 1a ky phap chir o nho (little-oh notation).

% o(g(n)) néu véi moi hing sé duong c, ton tai mot hang sd duong ng sao cho c.g(n) < T(n)
v6&1 moi n 2 ng. Ky phép nay goi 1a ky phap o nho (little-omega notation)

Vi du néu T(n) =n” + 1, thi:

% T(n) = O(n®). That vdy, chon ¢ = 2 va ng = 1. Rd rang v6i moi n > 1, ta co:
T(n)=n’+1<2n*=2.g(n)

% T(n) # o(n?). That vy, chon ¢ = 1. R rang khong ton tai n dé: n® +1<n?, tirc 1a khong ton
tai ng thod man dinh nghia cua ky phép chit o nho.

Luu ¥ rang khong c6 ky phap 6 nho

MOt vai tinh cht:

Tinh bic cau (transitivity): TAt ca cac ky phap néu trén déu co tinh bac cau:

% Néu f(n) = O(g(n)) va g(n) = O(h(n)) thi f(n) = O(h(n)).

< Néu f(n) = O(g(n)) va g(n) = O(h(n)) thi f(n) = O(h(n)).

< Néu f(n) = Q(g(n)) va g(n) = Q(h(n)) thi f(n) = Q(h(n)).

< Néu f(n) = o(g(n)) va g(n) = o(h(n)) thi f(n) = o(h(n)).

< Néu f(n) = w(g(n)) va g(n) = o(h(n)) thi f(n) = w(h(n)).

Tinh phan xa (reflexivity): Chi c6 cac ky phap “lon” mai cé tinh phan xa:

% f(n) = O(f(n)).

% f(n) = O(f(n)).

% f(n) = Q(f(n)).

Tinh d6i ximg (symmetry): Chi c6 ky phap © 16n c6 tinh dbi xtmg:
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% f(n) = O(g(n)) néu va chi néu g(n) = O(f(n)).
Tinh chuyén vi d6i xtmg (transpose symmetry):
% f(n) = O(g(n)) néu va chi néu g(n) = Q(f(n)).
% f(n) = o(g(n)) néu va chi néu g(n) = o(f(n)).

Dé d& nhd ta coi cac ky phap O, Q, ©, o, ® lan luot twong tmg voi cac phép so sanh <, >, =, <,

>, Tu d6 suy ra céc tinh chat trén.

2.3. XAC PINH PQ PHUC TAP TiNH TOAN CUA GIAI THUAT

Viéc xac dinh d6 phic tap tinh toan cta mot giai thuat bat ky c6 thé rat phuc tap. Tuy nhién
do phuec tap tinh toan cua mot so giai thuat trong thuc t€ c6 thé tinh bang moét s6 qui tac don
gian.

2.3.1. Qui tic bd hing sb

Néu doan chuong trinh P ¢6 thoi gian thyc hién T(n) = O(c;.f(n)) véi ¢; 1a mot héng s6 duong
thi c6 thé coi doan chuong trinh d6 c6 d phuec tap tinh todn 1a O(f(n)).

Chtng minh:

T(n) = O(c.f(n)) nén Ico > 0 va 3ny > 0 dé T(n) < co.ci.f(n) véi Vn = ny. Dt C = co.c; va
dung dinh nghia, ta c6 T(n) = O(f(n)).

Qui tic nay ciing dung véi cac ky phap Q, ©, o va o.

2.3.2. Quy tic ldy max

Néu doan chuong trinh P ¢6 thoi gian thuc hién T(n) = O(f(n) + g(n)) thi cd thé coi doan
chuong trinh d6 c6 do phuec tap tinh toan O(max(f(n), g(n))).

Chtrng minh

T(n) = O(f(n) + g(n)) nén 3C > 0 va In, > 0 dé T(n) < C.f(n) + C.g(n), Vn > no.

Vay T(n) < C.f(n) + C.g(n) < 2C.max(f(n), g(n)) (Vn = ny).

Tur dinh nghia suy ra T(n) = O(max(f(n), g(n))).

Quy tic nay ciing dung vdi cac ky phap Q, 0, o va .

2.3.3. Quy tic cong

Néu doan chuong trinh P, c6 thoi gian thuc hién Ti(n) =O(f(n)) va doan chuong trinh P, c6
thoi gian thyuc hién 13 To(n) = O(g(n)) thi thoi gian thyuc hién P, rdi dén P; tiép theo sé 1a

Ti(n) + Ty(n) = O(f(n) + g(n))
Chtng minh:
Ti(n) = O(f(n)) nén I n; >0 vac; > 0 dé T1(n) < ¢,.f(n) véi ¥V n > n,.
Ta(n) = O(g(n)) nén 3 ny > 0 va ¢, > 0 dé Ta(n) < c2.g(n) v6i V n > ny.
Chon ny = max(nj, ny) va ¢ = max(cy, ¢3) ta co:

V61V n2ng:
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Ti(n) + T2(n) < ¢;.f(n) + c2.g(n) < c.f(n) + c.g(n) < c.(f(n) + g(n))
Vay Ti(n) + Ta(n) = O(f(n) + g(n)).
Quy tic cong ciing dung véi cac ky phap Q, ©, o va .
2.3.4. Quy tic nhin
Néu doan chuong trinh P ¢6 thoi gian thyc hién 1a T(n) = O(f(n)). Khi d6, néu thuc hién k(n)
lan doan chuong trinh P véi k(n) = O(g(n)) thi do phurc tap tinh toan sé& 1a O(g(n).f(n))
Chtng minh:
Thoi gian thuc hién k(n) 1an doan chuong trinh P s& 13 k(n)T(n). Theo dinh nghia:
J e >0 van >0 dé k(n) < ci(g(n)) voi ¥V n > ny
Jer>0vanr>0dé T(n) < cr(f(n)) voi V n > nr
Vay véi V n > max(nr, ng) ta ¢6 k(n).T(n) < cr.ci(g(n).f(n))
Quy tac nhan ciing diing véi cac ky phap Q, ©, o va .
2.3.5. Dinh ly Master (Master Theorem)
Cho a > 1 va b >1 1a hai hang s, f(n) 1a mot ham véi ddi sé n, T(n) 13 mot ham xac dinh trén
tap cac so tu nhién dugc dinh nghia nhu sau:
T(n) =a.T(n/b) +f(n)
O déy n/b c6 thé hiéu 1a [ n/b | hay [ n/b]. Khi do:
% Néu f(n)=0 (nl"gb H) v6i hang sb £>0, thi T(n) = @(nlogba)
< Néu f(n) =0(n"*) thi T(n)=0(n"*"Ign)
< Néu f(n) =Q(nl°ghm) v6i hang s6 >0 va af(n/b)<cf(n) voi hing s ¢ < 1 va n du
16n thi T(n) = @(f(n))
Dinh ly Master 1a mét dinh ly quan trong trong vi¢c phan tich d§ phtrc tap tinh toan cua cac
giai thuat 13p hay d¢ quy. Tuy nhién viéc chimg minh dinh 1y kha dai dong, ta c6 thé tham
khao trong cac tai liéu khac.
2.3.6. Mt s6 tinh chat
Ta quan tdm chi yéu t6i cac ky phap “16n”. R rang ky phap © 1a “chat” hon ky phap O va Q
theo nghia: Néu d6 phurc tap tinh toan cua giai thuat cé thé viét 1a @(f(n)) thi cling c6 thé viét
12 O(f(n)) cling nhu Q(f(n)). Dudi day 13 mot sé cach biéu dién do phirc tap tinh toan qua ky
phap ©.
% Néu mot thuat toan co thoi gian thyc hién 1a P(n), trong d6 P(n) 1a mot da thic bac k thi do

phirc tap tinh toan cuia thudt toan d6 c6 thé viét 1a ©(n").
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% Néu mot thuat toan co thoi gian thyc hién 1a log,f(n). Vi b 1a mét ) duong, ta nhan théy
log.f(n) = log,b.logyf(n). Tuc 1a: O(log,f(n)) = O(logyf(n)). Vay ta co thé noi rang do phirc
tap tinh toan ctia thuat toan d6 1a ®(log f(n)) ma khong can ghi co sé cua logarit.

% Néu mot thuat toan co do phtrc tap 1a hang sb, tirc 1a thoi gian thuc hién khong phu thudce
vao kich thuée dir li€u vao thi ta ky hi¢u do phtrc tap tinh toan cta thuét toan do 1a ©(1).

Dué6i ddy 1a mot s6 ham sd hay dung dé ky hiéu do phuc tap tinh toan va bang gia trj cta

chung deé ti¢n theo doi su tdng ciia ham theo doi so n.

lgn |n |nlgn | n’ n’ 2"
0 I |0 1 1 2
1 2 |2 4 8 4

2 |4 |8 16 64 16

3 |8 |24 |64 512 256

4 | 16|64 |256 |4096 |65536

5 32160 | 1024 | 32768 | 2147483648

Vi du:
Thuét toan tinh tong cac s tir 1 t6i n:
Néu viét theo so dd nhu sau:

Input n;

§:=0;

fori:=1tondoS :=8+1i;
Output S;

Céc doan chuong trinh & cac dong 1, 2 va 4 ¢6 do phtc tap tinh toan la ©(1). Vong lap ¢ dong
3 1ap n 1an phép gan S == S + i, nén thoi gian tinh toan ti 18 thuan véi n. Tac 13 d6 phuc tap
tinh toan 1a ®@(n). Dung quy tic cong va quy tic liy max, ta suy ra do phirc tap tinh toan ciia
gidi thuat trén 1a ®(n).

Con néu viét theo so d nhur sau:

Input n;
S:=n* (n-1)div 2;
Output S;

Thi d6 phurc tap tinh todn cia thudt toan trén la @(1), thoi gian tinh toan khong phu thudc vao
n.

2.3.7. Phép toan tich cuc

Dua vao nhitng nhan xét da néu & trén vé cac quy tic khi danh gia thoi gian thuc hién giai
thuat, ta chua y dac biét dén mot phép toan ma ta goi la phép toan tich cuc trong mét doan
chuong trinh. D6 13 mét phép toan trong mot doan chwong trinh ma sé lan thyc hién
khong it hon cic phép toan khac.

Xét hai doan chuong trinh tinh e* bang cong thirc gan dang:
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2 n n i

. X X X X . \ .
e ~l+—+—+...+— =) — voix van cho trudc.
1 2! n! =il

{Chuong trinh 1: Tinh riéng ting hang t& rdi cong lai} {Tinh hang t¥ sau qua hang tu trudc)

program Expl;
var
i, j, n: Integer;
X, p, S: Real;
begin
Write('x, n = '); Readln(x, n);
S :=0;
fori :=0 tondo
begin
p:=1;
for j:=ltoidop:=p*x/ij;
S:=8+p;
end;
Writeln('exp(', x:1:4, ') = ', S:1:4);
end.

Ta c6 thé coi phép toan tich cuc ¢ day la:
p:=p*rx/j

$6 1an thuc hién phép toan ndy la:

0+1+2+.+n=n(n-1)/2 lan.

program Exp2;

var
i, n: Integer;
X, p, S: Real;
begin
Write('x, n = '); Readln(x, n);
S:=1;,p:=1;
for i :=1 tondo
begin
p:=p*x/i;
S:=8+p;
end;
Writeln('exp(', x:1:4, ') ="', S:1:4);
end.

Ta c6 thé coi phép toan tich cyc & day la:
p:=p*x/i;

$6 1an thyc hién phép toan nay 1a n.

Vay d6 phtc tap tinh todn cla thudt todn 1la @(n).

Vay d6 phic tap tinh todn cua thuit toan 13 O(n)

2.4. DQ PHUC TAP TINH TOAN VOI TINH TRANG DU LIEU VAO
C6 nhiéu truong hop, thoi gian thuc hién giai thuat khong phai chi phu thudc vao kich thude
dir liéu ma con phu thudc vao tinh trang cua dir liéu d6 nira. Chang han thoi gian sip xép mot
day sd theo thir tu ting dan ma day dua vao chua c6 thir tw s& khac véi thoi gian sip xép mot
day sb da sap xép roi hodc da sip xép theo thir tur ngugc lai. Luc ndy, khi phan tich thoi gian
thuc hién giai thuat ta s& phai xét t6i trudng hop tot nhét, trudng hop trung binh va trudng
hop xau nhét.

% Phan tich thoi gian thyc hién giai thuat trong truong hop xdu nhit (worst-case analysis):
Véi mot kich thude dit liéu n, tim T(n) 13 thoi gian 16n nhat khi thuc hién giai thuét trén
moi bd dir li€u kich thude n va phan tich thoi gian thye hién gidi thuat dya trén ham T(n).

% Phan tich thoi gian thuc hién giai thuat trong truong hop tot nhét (best-case analysis): Vi
mot kich thude dir liéu n, tim T(n) 1a thoi gian it nhéat khi thuc hién giai thuat trén moi bo
dir liéu kich thudc n va phan tich thoi gian thye hién giai thuat dua trén ham T(n).

% Phén tich thoi gian trung binh thuc hién giai thuat (average-case analysis): Gia s rang dir
liéu vao tudn theo mot phan phdi xac sut nao d6 (chang han phan bé déu nghia 1a kha
ning chon mdi bo dit liéu vao 1a nhu nhau) va tinh toan gia tri ky vong (trung binh) cua
thoi gian chay cho mdi kich thude dit liéu n (T(n)), sau d6 phan tich thoi gian thyc hién
giai thuat dya trén ham T(n).

Khi kho khén trong viéc xac dinh do phuc tap tinh toan trung binh (bdi viéc xac dinh T(n)

trung binh thuong phai dung t61 nhitng cong cu todn phtic tap), nguoi ta thuong chi danh gi

d6 phirc tap tinh toan trong trudng hop x4u nhét.
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Khong nén 1an 16n cic cach phan tich trong truong hop x4u nhét, trung binh, va tot nhat voi
cac ky phap biéu dién d6 phirc tap tinh toan, day 13 hai khai niém hoan toan phén biét.

Trén phuong dién 1y thuyét, danh gia bang ky phap @(.) 1a tot nhét, tuy vay viéc danh gia
bang ky phap ©(.) doi hoi phai danh gia bang ca ky phap O(.) 1an Q(.). Din tdi viée phan tich
kha phtc tap, gan nhu phai biéu dién chinh xac thoi gian thuc hién giai thuat qua cac ham giai
tich. Vi vy trong nhiing thuat toan vé sau, phan 16n toi s& dung ky phap T(n) = O(f(n)) voi

f(n) 1a ham tang cham nhat c6 thé (nim trong tam hiéu biét cua minh).

2.5. CHI PHi THUC HIEN THUAT TOAN

Khai niém d6 phic tap tinh toan dit ra khong chi dung dé danh gia chi phi thyuc hién mot giai

thuat v& mat thoi gian ma 1a dé danh gia chi phi thuc hién giai thuat néi chung, bao gdom ca

chi phi vé khong gian (Iwgng bb nhd can sir dung). Tuy nhién & trén ta chi dua dinh nghia vé

d6 phure tap tinh toan dya trén chi phi vé thoi gian cho dé trinh bay. Viéc danh gia do phic tap

tinh toan theo céc tiéu chi khac ciing twong tu néu ta biéu dién dugc mic chi phi theo mot

ham T(.) ctia kich thudc dit liéu vao. Néu phat biéu rang d6 phirc tap tinh toan clia mot giai

thuat 1a ©(n®) vé thoi gian va ©(n) vé bd nh¢ ciing khong c6 gi sai v& mit ngit nghia ca.

Thong thuong,

% Néu ta danh gia dugc do phirc tap tinh toan cua mot giai thuat qua ky phap @, c6 thé coi
phép danh gia nay 1a da chit va khong can danh gia qua nhimg ky phap khéc nira.

% Néu khong:

Pé nhan manh dén tinh “t5t” cuia mot giai thuat, cac ky phap O, o thudng duoc sir dung.
Néu danh gia dugc qua O thi khong can danh gia qua o. Y néi: Chi phi thuc hién thuat
toan toi da la..., it hon...

Dé d& cap dén tinh “t6i” ctia mot giai thuat, cac ky phap Q, o thuong duge sir dung. Néu
danh gia dugc qua Q thi khong can danh gia qua . Y néi: Chi phi thuc hién thuat toan
tdi thiéu 1a..., cao hon ...

Bai tap
Bai 1
C6 16 giai thuat véi chi phi 1an luot 14 gi(n), gx(n), ..., gi1s(n) duoc liét ké dudi day

100" ’ (\/E)lg“’ n?, n!, 3", Zn:k, lg"n, lg(n!), 1, lg*(lgn), Inn, nlg(lgn)’ (lgn)lgn, 2",
k=1

21
nlgn, ;E
O day n la kich thudc dit liéu vao.
(Ta dung ky hiéu Igx chi logarithm nhij phéan (co s6 2) ctia x chtr khong phai 1a logarithm thap
phan theo hé théng ky hiéu ctia Nga. Ham lg*x cho gia tri bang s6 1an lay logarithm nhj phan
dé thu dugc giatri< 1 trsdx. Vidu: lg2=1,1g4=2,1g 16 =3, 1g°65536 =4...)
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Hay xép lai cac giai thuat theo chiéu ting cua do phirc tap tinh todn. C6 nghia la tim mét thir
W i, gi2).... &ine] sa0 cho gy = O(gi2)), iy = O(gi3y), -+ ginis) = O(gipie))- Chi 16 cac giai
thuat nao 1a “twong duong” vé dd phtic tap tinh toan theo nghia gii=0O(gij+17)-

Pép an:

1 2100100
Ig'n, lg"(Ign)
1

Inn, ;E
)

nlgn, Ig(n!)
n’, Zn:k

k=1

(1gn)"", ner

2n
3n

n!

Bai 2

Xac dinh do phuc tap tinh toan cta nhiing giai thuat sau bang ky phap ©:

a) Poan chuong trinh tinh tong hai da thirc:

P(x) = amx™ + am x™ + ... +a;x + a9 va Q(x) = byx" + a,x" + ... + bix + by
bé dugc da thuc

R(X) = cpx” + cpx” + ... + cix + ¢o

if m<nthenp :=melsep :=n; {p=nmin(m n)}
for i := 0 to p do c[i] := a[i] + b[i];

if p < m then
for i :=p+ 1 tomdo c[i] := a[i]
else

for i :=p+ 1 tondoc[i] :=b[i];
while (p > 0) and (c[p] =0) dop :=p - 1;

b) Poan chuong trinh tinh tich hai da thirc:
P(x) = amx™ + am x™ + ... +a;x +aova Q(x) = byx" +ap x" + ...+ bx + by

bé dugc da thuc

1

R(x) =cpx’ +cpx” + ... tcix t¢o

p:=m+n;
for i := 0 to p do c[i] := 0;
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for i :=0 tomdo
for j :=0tondo
c[i+ 3] :=c[i+j]+afi] *b[3];

Dap an

a)®(max(m, n)); b) O(m.n)

Bai 3

Chi ra rang cach noi “Do phuc tap tinh toan cua giai thuat A ti thiéu phai 1a O(n®)” 1a khong
thuc su chinh xac.

(ky phap O khéng lién quan gi dén chuyén dénh gia “tdi thiéu” ca).

Bai 4

Giai thich tai sao khong c6 ky phap 0(f(n)) dé chi nhitng ham vira 13 o(f(n)) vira 1 w(f(n)).
(Vi khong c6 ham nao vira 1a o(f(n)) vua 1a w(f(n)))

Bai 5

Ching minh rang

n! = o(n")

n! = (2"
lg(n!) = O(nlgn)

Huéng dan: Dung cong thic xap xi cua Stirling: n!= J2mn (gjn (1 + @(%D
Bai 5
Chi ra chd sai trong chimg minh sau
Gia stt mot giai thuat co thoi gian thuc hién T(n) cho bdi
1,ifn<1
)= {2T((n/2—|)+n, if n>1

Khi d6 T(n) 1a Q(nlgn) va T(n) cling 1a O(n)!!!

Chtng minh:

a) T(n) = Q(nlgn)

That vay, hoan toan co thé chon mot sd duong ¢ nhd hon 1 va du nho dé T(n) > c(n Ig n) voi

Vn <3 (ching han chon ¢ = 0.1). Ta s& chimg minh T(n)>c¢(nlgn) ciing dng véi Vn >3

bang phuong phap quy nap: néu T(|_n/2—|) >c[n/2]lg[n/2] thi T(n)>c(nlgn).

T(n) 2T([n/2])+n

\

2¢[n/2]lg([n/2])+n  (Gia thiét quy nap)
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> 2c¢(n/2)Ig(n/2)+n

= cnlg(n/2)+n

= cnlgn-cnlg2+n

= cnlgn+(1-c)n

> cnlgn (V6i cach chon hang s6 ¢ < 1)

b) T(n) = O(n)
That vay, ta lai c6 thé chon mot sé duong ¢ du 16n dé T(n)<cn v6i Vn<3. Ta s& chung

minh quy nap cho truong hop n> 3:

T(n) = 2T([n/2])+n

< 2¢[n/2]+n  (Gia thiét quy nap)
< c¢(n+1)+n (= nhi thirc bac nhit cua n)
= O(n)

Ta duoc mot két qua “thd vi”: Tir nlgn = O(T(n)) va T(n) = O(n), theo luat bic cau ta suy ra:

nlgn = O(n) !!'wow!!!

Lé Minh Hoang



< 50 e Chuyén dé

§3. PE QUY VA GIAI THUAT PE QUY

3.1. KHAI NIEM VE PE QUY

Ta n6i mot dbi tugng la d¢ quy néu no6 duge dinh nghia qua chinh né hodc mot ddi tuong khac

cung dang vé6i chinh né bang quy nap.

Vi dy: Pat hai chiéc guong cau d6i dién nhau. Trong chiéc guong thir nhat chira hinh chiéc

guong thir hai. Chiéc guong thir hai lai chira hinh chiéc guong thir nhat nén tt nhién né chira

lai hinh anh cta chinh né trong chiéc guong thir nhat... O mot goc nhin hop 1y, ta c6 thé thay

mot ddy anh vo han cua ca hai chiéc guong.

Mot vi du khac 14 néu ngudi ta phat hinh truc tiép phat thanh vién ngdi bén may vo tuyén

truyén hinh, trén man hinh cia may nay lai c6 chinh hinh anh ciia phat thanh vién d6 ngoi bén

may vo tuyén truyén hinh va ct nhu thé. ..

Trong toan hoc, ta ciing hay gap cac dinh nghia d¢ quy:

% Giai thtra cia n (n!): Néun =0 thi n! = I; néun > 0 thi n! = n.(n-1)!

% Ky hiéu s6 phan tir ciia mot tp hop hitu han S 13 |S|: Néu S = & thi [S| = 0; Néu S = & thi
tat c6 mot phan tir x € S, khi d6 |S| = |S\{x}| + 1. Day 1a phuong phap dinh nghia tap cac

sO tu nhién.

3.2. GIAI THUAT BE QUY

Néu 101 giai cua mot bai toan P dugc thyc hién béng 101 giai cua bai toan P' c6 dang giéng nhu

P thi d6 1a mot 161 giai d¢ quy. Giai thudt twong ing voi 101 giadi nhu vy goi l1a giai thuat dé

quy. Méi nghe thi ¢6 vé hoi la nhung diém mau chét can luu y 1a: P' tuy c6 dang giéng nhu P,

nhung theo mot nghia nao d6, P' phai “nh6” hon P, d& giai hon P va viéc giai né khéng can

dung dén P.

Trong Pascal, ta dd thiy nhiéu vi du ctia cic ham va thi tuc c6 chutra 161 goi dé quy t6i chinh

né, bay gio, ta tom tat lai cac phép dé quy truc tiép va twong hd duoc viét nhu thé nao:

Dinh nghia mot ham dé quy hay thu tuc dé quy gom hai phan:

% Phan neo (anchor): Phan niy duoc thuc hién khi ma cong viéc qua don gian, c6 thé giai
truc tiép chir khong can phai nho dén mot bai toan con nao ca.

< Phan dé quy: Trong truong hop bai toan chua thé giai duoc bang phan neo, ta xac dinh
nhimg bai toan con va goi dé quy giai nhimg bai toan con d6. Khi di c6 10i giai (dap sd)
ctia nhitng bai toan con rdi thi phdi hop chung lai dé giai bai toan dang quan tam.

Phan dé quy thé hién tinh “quy nap” cta 101 giai. Phan neo ciing rat quan trong bdi nd quyét

dinh t6i tinh hiru han ding cua 161 giai.
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3.3. Vi DU VE GIAI THUAT PE QUY
3.3.1. Ham tinh giai thira

function Factorial (n: Integer): Integer; {Nhin vao s6 ty nhién n va tra vé n!)
begin

if n = 0 then Factorial := 1 {Phdn neo}

else Factorial := n * Factorial(n - 1); {Phin dé& quy)
end;

O day, phan neo dinh nghia két qua ham tai n = 0, con phan d¢ quy (mg véi n > 0) s& dinh
nghia két qua ham qua gié tri ctia n va giai thira cian - 1.

Vi dy: Duing ham nay dé tinh 3!, truéc hét n6 phai di tinh 2! boi 3! duge tinh bang tich ciia 3 *
21. Tuong tu dé tinh 2!, no lai di tinh 1! boi 2! duoc tinh bang 2 * 1!. Ap dung budc quy nap
nay thém mot 1an nira, 1! = 1 * 0!, va ta dat t6i trudng hop cta phan neo, dén day tir gid tri 1
cua 0!, n6 tinh dugc 1! = 1*1 = 1; tir gid tri cua 1! nd tinh dugc 2!; tir gid tri cua 2! nd tinh

dugc 3!; cudi cung cho két qua 1a 6:

3=3+2
v
20=2+1
v
=1+
v
0 =1

3.3.2. Diy s6 Fibonacci

Diy s Fibonacci bat ngudn tir bai toan ¢d vé viéc sinh san ctia cac cdp tho. Bai toan dit ra
nhu sau:

% Cac con tho khong bao gio chét

% Hai thang sau khi ra doi, mdi cip tho méi s& sinh ra mot cap thd con (mot duc, mot cai)

% Khi d4 sinh con rdi thi ctr mdi thang tiép theo chiing lai sinh duwoc mot cip con méi

Gia sir tir dau thang 1 c6 mot cip mai ra doi thi dén giita thang tha n s& ¢6 bao nhiéu cip.
Viduy,n=5,ta théy:

% Giita thang tht 1:1 cip (ab) (cip ban dau)

% Giita thang tht 2:1 cip (ab) (cip ban dau van chua dé)

% Giita thang tht 3:2 cip (AB)(cd) (cip ban dau dé ra thém 1 cip con)

% Giita thang thtr 4:3 cip (AB)(cd)(ef) (cip ban dau tiép tuc dé)

% Gitlra thang thr 5:5 cap (AB)(CD)(ef)(gh)(ik) (ca cap (AB) va (CD) cung dé)

Bay gid, ta xét téi viéc tinh s6 cip tho & thang thi n: F(n)

Néu mdi cap tho ¢ thang tht n - 1 déu sinh ra mot cip tho con thi s6 cip tho ¢ thang thir n s&
la:

Fn)=2*Fn-1)
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Nhung van dé khong phai nhu vay, trong cac cap thé ¢ thang thir n - 1, chi c6 nhitng cip tho
da c6 ¢ thang thtr n - 2 méi sinh con ¢ thang thtr n dugc théi. Do d6 F(n) =F(n- 1) + F(n - 2)
(= s6 cii + s6 sinh ra). Vay c6 thé tinh dugc F(n) theo cong thirc sau:
F(n)=1néun<?2
F(n)=F(n- 1)+ F(n-2)néun>2
function F(n: Integer): Integer; {Tinh s6 cdp thd & thang thi n)
begin
if n <2 then F := 1 {Phin neo}

else F :=F(n - 1) + F(n - 2); {Phdn d& quy)
end;

3.3.3. Gia thuyét ciia Collatz

Collatz dua ra gia thuyét rang: voi mot sé nguyén duong X, néu X chin thi ta gan X = X div
2; néu X 1¢ thi ta gan X := X * 3 + 1. Thi sau mét s6 hitu han budc, ta s& c6 X = 1.

Vi du: X = 10, cac budce tién hanh nhu sau:

1. X =10 (chin) X:=10div2; (5)

2. X=5(18) X:=5%3+1; (16)

4. X =8 (chin)

=
=

3. X=16(chin) = X:=16div2; (8)
= X:=8div2 4)
=

5. X =4(chan) X :=4div2 )

6. X=2(chin) = X:=2div2 (1)

Ctr cho gia thuyét Collatz 1a dung dén, vin d& dit ra 1a: Cho trude sé 1 cung v6i hai phép toan
* 2 va div 3, hay st dung mot cach hop 1y hai phép toan d6 dé bién s6 1 thanh mot gia tri
nguyén duong X cho trudec.

Vidu: X=10taco 1 *2*2*2*2div3 *2=10.

D@ thay rang 10i giai cta bai todn gan nhu thir ty ngugc ctia phép bién d6i Collatz: Dé biéu
dién s6 X > 1 bang mot biéu thirc bat diu bang sd 1 va hai phép toan “* 27, “div 3”. Ta chia
hai truong hop:

Néu X chin, thi ta tim cach biéu dién s6 X div 2 va viét thém phép toan * 2 vao cudi

Néu X 1¢, thi ta tim cach biéu dién s6 X * 3 + 1 va viét thém phép toan div 3 vao cubi

procedure Solve(X: Integer); {In ra céch biéu dién sb X}
begin
if X = 1 then Write(X) {Phdn neo}
else {Phin dé quy}
if X mod 2 = 0 then {X chin}
begin
Solve(X div 2); {Tim cach biéu dién s6 X div 2)
Write(' * 2'); {Sau d6 viét thém phép toan * 2}
end
else {X 1é}
begin
Solve(X * 3 + 1); {Tim cach biéu dién s6 X * 3 + 1)
Write(' div 3'); {Sau d¢ viét thém phép toan div 3}
end;

DHSPHN 1999-2006



Céu trac dit lidu va giai thuat < 53 e

end;
Trén day 1a cach viét dé quy truc tiép, con c6 mot cach viét dé quy tuong hd nhu sau:

procedure Solve(X: Integer); forward; {Thi tuc tim cich biéu dién sb X: Khai bdo trube, dic ta sau)

procedure SolveOdd(X: Integer); {Thu tuc tim cich biéu dién s6 X > 1 trong trudng hop X 1é)

begin
Solve(X * 3 + 1);
Write(' div 3');
end;

procedure SolveEven(X: Integer); {Thu tuc tim cch biéu dién sb X trong trudng hop X chdn}

begin
Solve (X div 2);
Write(' * 2');
end;

procedure Solve(X: Integer); {Phin dic td ciia thi tuc Solve di khai bao truéc & trén)
begin
if X = 1 then Write(X)
else
if X mod 2 = 1 then SolveOdd(X)
else SolveEven(X);
end;

Trong cé hai cach viét, dé tim biéu dién s6 X theo yéu cau chi can goi Solve(X) la xong. Tuy

nhién trong cach viét & quy truc tiép, thu tuc Solve c6 101 goi tdi chinh nd, con trong cach

viét dé quy twong hd, thu tuc Solve chtra 16i goi tdi thil tuc SolveOdd va SolveEven, hai thi

tuc nay lai chira trong no 101 goi ngugc vé thu tuc Solve.

Dbi v6i nhitng bai toan néu trén, viée thiét ké cac giai thuat dé quy tuong tng kha thuan loi vi

ca hai déu thudc dang tinh gi4 tri ham ma dinh nghia quy nap cua ham d6 dugc xac dinh dé

dang.

Nhung khong phai lac nao phép giai dé quy ciing co thé nhin nhan va thiét ké dé dang nhu

vay. Thé thi van dé gi can luu tim trong phép giai dé quy?. Co thé tim thiy cdu tra 10i qua

viéc giai dap cac cau hoi sau:

% Co thé dinh nghia dugc bai toan dudi dang phdi hogp ciia nhitng bai toan ciing loai nhung
nho hon hay khong ? Khai niém “nhé hon” 13 thé nao ?

< Trudng hop dic biét nao ciia bai toan s& duge coi 1a truong hop tam thudng va cé thé giai
ngay dugc dé dua vao phan neo cua phép giai dé quy

3.3.4. Bai toan Thap Ha N¢i

Day 12 mot bai toan mang tinh cht mét trd choi, twong truyén rang tai ngdi dén Benares co ba

cai coc kim cuong. Khi khai sinh ra thé gi6i, thuong dé dit n cai dia bang vang chong 1én

nhau theo thtr ty gidm dan cua duong kinh tinh tir dudi 1€n, dia to nhét duge dit trén mot

chiéc coc.
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Céc nha su 1an luot chuyén céc dia sang coc khac theo luat:

+» Khi di chuyén mot dia, phai dat n6 vao mot trong ba coc da cho

% MJdi 1an chi c6 thé chuyén mot dia va phai la dia & trén cing

¢ Tai mot vi tri, dia nao mdi chuyén dén s& phai dat Ién trén cung

+ Dia 16n hon khong bao gio dugc phép dat 1én trén dia nho hon (hay noi cach khac: mét dia
chi dugc dat trén coc hodc dat trén mot dia 16n hon)

Ngay tan thé s& dén khi toan bd chdng dia dugc chuyén sang mot coc khac.

Trong truong hop c6 2 dia, cach 1am c6 thé mo ta nhu sau:

Chuyén dia nho sang coc 3, dia 16n sang coc 2 rdi chuyén dia nho tir coc 3 sang coc 2.

Nhitng ngudi méi bat dau co thé giai quyét bai toan mot cach dé dang khi sb dia 1a it, nhung

ho s& gip rat nhidu kho khin khi sé cac dia nhiéu hon. Tuy nhién, vé6i tu duy quy nap toan hoc

va mot may tinh thi cong viéc tré nén kha dé dang:

Co n dia.

% Néu n = 1 thi ta chuyén dia duy nhit dé tir coc 1 sang coc 2 14 xong.

% Gia st rang ta c6 phuong phap chuyén dugc n - 1 dia tir coc 1 sang coc 2, thi cach chuyén
n - 1 dia tr coc x sang coc y (1 <x, y < 3) cling tuong tu.

% Gia sir rang ta c6 phuong phap chuyén duoc n - 1 dia giira hai coc bét ky. Dé chuyén n dia
ttr coc x sang coc y, ta goi coc con lai la z (=6 - x - y). Coi dia to nhat 1a ... coc, chuyén n-
1 dia con lai tir coc x sang coc z, sau do chuyén dia to nhat d6 sang coc y va cudi cung lai
coi dia to nhét d6 1a coc, chuyén n - 1 dia con lai dang & coc z sang coc y chong 1én dia to
nhét.

Céch lam d6 duoc thé hién trong thu tuc dé quy dudi day:

procedure Move(n, x, y: Integer); {Thi tuc chuyén n dia tl coc x sang coc y)
begin
if n =1 then WriteLn('Chuyén 1 dia ti ', x, ' sang ', y)
else {D& chuyén n > 1 dia t¥ coc x sang coc y, ta chia lam 3 céng doan}
begin
Move(n - 1, x, 6 - x - y); {Chuyén n - 1 dia t¥ coc x sang coc trung gian}
Move(l, %, y); {Chuyén dia to nhit tu x sang y)
Move(n - 1, 6 - x -y, y); {Chuyén n - 1 dia ti coc trung gian sang coc y}
end;
end;

Chuong trinh chinh rat don gian, chi gé)m c6 2 viéc: Nhép vao s6 n va goi Move(n, 1, 2).
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3.4. HIEU LUC CUA PE QUY

Qua céc vi duy trén, ta c6 thé thdy dé quy 1a mot cong cu manh dé giai cac bai toan. Co nhimg
bai toan ma bén canh giai thuat d&é quy van co6 nhiing giai thuat lip kha don gian va hiru hiéu.
Chang han bai toan tinh giai thira hay tinh s6 Fibonacci. Tuy vy, dé quy van co vai tro xtng
dang ctia n6, c6 nhidu bai toan ma viéc thiét ké giai thuat dé quy don gian hon nhiéu so véi 10i
gidi 1ap va trong mot s trudng hop chuong trinh dé quy hoat dong nhanh hon chuong trinh
viét khong co dé quy. Giai thuat cho bai Thap Ha Noi va thuét toan sip xép kiéu phan doan
(QuickSort) ma ta s€ ndi toi trong cac bai sau la nhirng vi du.

C6 mot mdi quan hé khing khit gitta dé quy va quy nap toan hoc. Cach giai dé quy cho mot
bai toan dua trén viéc dinh 16 10i gidi cho truong hop suy bién (neo) roi thiét ké lam sao dé 1oi
giai clia bai toan duoc suy ra tir 101 giai clia bai toan nho hon cing loai nhu thé. Tuong ty nhu
vdy, quy nap toan hoc chimg minh mét tinh chat nao d6 mg véi s6 tu nhién ciing bang cach
chtng minh tinh chit d6 ding voi mot sd trudng hop co so (thuong nguoi ta chimg minh né
dung véi 0 hay dung véi 1) va sau d6 chimg minh tinh chit d6 s& dung v6i n bat ky néu n6 da
dung v6i moi sé ty nhién nhé hon n.

Do d6 ta khong lay lam ngac nhién khi thay quy nap toan hoc dugc dung dé chimg minh céc
tinh chat c6 lién quan t&i giai thuat dé quy. Chang han: Chimg minh s phép chuyén dia dé
giai bai toan Thap Ha Ni vGi n dia 1a 2"-1:

R& rang 1a tinh chit nay ding véin = 1, boi ta can 2' - 1 =1 1an chuyén dia dé thyc hién yéu
cau

Vé6in > 1; Gia sir ring dé chuyén n - 1 dia giita hai coc ta can 2" - 1 phép chuyén dia, khi d6
dé chuyén n dia tir coc x sang coc y, nhin vao giai thuat dé quy ta co thé thdy rang trong
truong hop nay né can 2™ - 1) + 1 + (2"' - 1) = 2" - 1 phép chuyén dia. Tinh chit dugc
chung minh dung véin

Vay thi cong thuc nay s€ dung vdi moi n.

That dang tiéc néu nhu chung ta phai 1ap trinh voi mét cong cu khong cho phép dé quy,
nhung nhu vay khong c6 nghia 1a ta bo tay trudc mot bai toan mang tinh d¢ quy. Moi gidi
thuat dé quy déu co cach thay thé bang mot giai thuat khong dé quy (khir dé quy), c6 thé noi
dugc nhu vay boi tit ca cac chuong trinh con dé quy sé& déu duoc trinh dich chuyén thanh
nhiing ma 1énh khong d¢ quy trude khi giao cho may tinh thuc hién.

Viéc tim hiéu cach khir d& quy mot cach “may moc” nhu cic chuong trinh dich thi chi can
hiéu rd co ché xép chdng ciia cac thu tuc trong mot ddy chuyén goi dé quy 1a c6 thé lam dugc.
Nhung mudn khtr d¢ quy mot cach tinh té thi phai tuy thudc vao timg bai toan ma khir dé quy
cho khéo. Khong phai tim dau xa, nhimg k§ thuat giai cong thirc truy hdi bang quy hoach
dong 1a vi du cho thay tinh nghé thuat trong nhimg cach tiép can bai toan mang ban chat dé
quy dé tim ra mot giai thuat khong dé quy day hiéu qua.

Bai tap
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Bai 1
Viét mot ham dé quy tinh wdc s6 chung 16n nhét cia hai sb tu nhién a, b khong dong thoi
bang 0, chi 15 dau 13 phan neo, dau 1a phan dé quy.

Bai 2

. n \
Viét mot ham d¢ quy tinh [k) theo cong thirc truy hoi sau:

n n
= = 1
n n-1 n-1
= + ; Vk:0<k<n
k k-1) |k
(O day toi dung ky hiéu (Ej thay cho C* thugc hé thong ky higu ciia Nga)

Bai 3

Néu rd cac budce thue hién cua gidi thuat cho bai Thap Ha Noi trong truong hop n = 3.

Viét chuong trinh giai bai toan Thap Ha Noi khong dé quy

Loi giai:

C6 nhiéu cach giai, & day t6i viét mot cach “la” nhat voi muc dich giai tri, cac ban tu tim hiéu
tai sao no hoat dong ding:

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Hanoi Tower;
const
max = 64;
var
Stack: array[l..3, 0..max] of Integer;
nd: array[l..3] of Integer;
RotatedList: array[0..2, 1..2] of Integer;
n: Integer;
i: LongWord;

procedure Init;
var
i: Integer;
begin
Stack[l, 0] :=n + 1; Stack[2, 0] :=n + 1; Stack[3, 0] :=n + 1;
for i := 1 to n do Stack[l, i] :=n+1 - i;
nd[1] :=n; nd[2] := 0; nd[3] :=0;
if 0dd(n) then
begin
RotatedList[0][1] := 1; RotatedList[0][2] := 2;
RotatedList[1][1] := 1; RotatedList[1][2] := 3;
RotatedList[2][1] := 2; RotatedList[2][2] := 3;
end
else
begin
RotatedList[0][1] := 1; RotatedList[0][2] := 3;
RotatedList[1][1] := 1; RotatedList[1][2] := 2;
RotatedList[2][1] := 2; RotatedList[2][2] := 3;
end;
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end;

procedure DisplayStatus;
var
i: Integer;
begin
fori:=1to3do
Writeln('Peg ', i, ': ', nd[i], ' disks');
end;

procedure MoveDisk(x, y: Integer);
begin
if Stack[x][nd[x]] < Stack[y][nd[y]] then
begin
Writeln('Move one disk from ', x, ' to ', y);
Stack[y][nd[y] + 1] := Stack[x][nd[x]];
Inc(nd[y]);
Dec(nd[x]);
end
else
begin
Writeln('Move one disk from ', y, ' to ', x);
Stack[x] [nd[x] + 1] := Stack[y][nd[y]];
Inc(nd[x]);
Dec(nd[y]);
end;
end;

begin
Write('n = '); Readln(n);
Init;
DisplayStatus;
for i := 1 to LongWord(l) shl (n - 1) - 1 + LongWord(l) shl (n - 1) do
MoveDisk (RotatedList[(i - 1) mod 3][1], RotatedList[(i - 1) mod 3][2]);
DisplayStatus;
end.
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4.1. KHAI NIEM DANH SACH

§4. CAU TRUC DU LIEU BIEU DIEN DANH SACH

Danh sach 12 mot tap sip tht t cac phan tir cing mot kiéu. Di v6i danh sach, nguoi ta co

mot sb thao tac: Tim mot phan tir trong danh sach, chén mot phan tir vao danh sach, xo4 mot

phan tir khoi danh sach, sap xép lai cac phan tir trong danh sach theo mot trat tw nao d6 v.v...

4.2. BIEU DIEN DANH SACH TRONG MAY TINH

Vié¢c cai dat mot danh sach trong may tinh tirc 1a tim mdt cAu trac dir liéu cu thé ma may tinh

hiéu dugc dé luu cac phan tir cia danh sach dong thoi viét cac doan chuong trinh con mo ta

cac thao tac can thiét doi vaoi danh sach.

4.2.1. Cai dit bang mang mot chiéu

Khi cai dit danh sach bang mot mang, thi c6 mot bién nguyén n luu s6 phan tir hién co trong

danh sach. Néu mang dugc danh sé bit du tir 1 thi cac phan tir trong danh sach duogc cat giir

trong mang bang cac phan tir dwoc dénh sd tir 1 t6i n.
Chén phin tir vio mang:

Mang ban dau:

A

B

C

D

E

F

G

H

J

K

Néu mudn chén mét phan tir V vao mang tai vi tri p, ta phai:

++ Don tat ca cac phan tir ttr vi tri p t6i téi vi tri n vé sau mat vi tri:

p

AllB|lcl| ol el F G [ J|l K
% Dat gia tri V vao vi tri p:

AllB|lcl|ol|lel FI| V] o [ J|l K
% Tangnlén 1
Xo4a phan tir kh6i mang
Mang ban dau:

AllBf|lcl| of|lel| FI| el H J|l k|| L

Muén xo04 phan tir thit p cia mang ma van giit nguyén thir tw cic phan tir con lai, ta phai:

+¢ DOn tat ca cac phan tir tir vi tri p + 1 t6i vi tri n 1€n trudc mot vi tri:

p

H
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% Giamn di 1

p

A B C D E F H | J K L <

Trong trudng hop can xd6a mot phan tir ma khong can duy tri thtr ty cia cac phan tir khac, ta

chi can d4o gia tri cta phan tir can xo6a cho phan tir cudi cting rdi giam sb phan tir clia mang (n)

dil.

4.2.2. Cai dit bang danh sach ndi don

Danh sach nbi don gém cac nit duge ndi voi nhau theo mot chidu. Mdi nat 13 mot ban ghi

(record) gdm hai truong:

¢ Truong INFO chira gia tri luu trong ntt do6

% Trudng LINK chta lién két (con tro) toi nut ké tiép, tic 1a chira mot thong tin di dé biét
nut ké tiép nat d6 trong danh sach 1a nat ndo, trong truong hop 1a nat cudi cung (khong cd

nut ké tiép), trudng lién két nay duogc gan mot gia tri dic biét.

Gia tri

Hinh 7: Cau truc nut cia danh sach noi don

Nut dau tién trong danh sach dugc goi la chdt ciia danh sach ndi don (Head). Bé duyét danh
sach nbi don, ta bat dau tir chét, dwa vao trudng lién két dé di sang nut ké tiép, dén khi gip gia

tri dic biét (duyét qua nat cudi) thi dimg lai

Chén phin tir vao danh sich noi don:
Danh sach ban dau:

Mudn chén thém mot ntt chtra gid tri V vao vi tri cua ntt p, ta phai:

Orn

+* Tao ra mdt nut mGi NewNode chira gia tri V:
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\Y

O

% Tim nat q 1a nat ding trude nat p trong danh sach (nat c6 lién két t6i p).

Néu tim thiy thi chinh lai lién két: q lién két téi NewNode, NewNode lién két t6i p

Head q p

e W e

Néu khong c6 nit dimg trude nit p trong danh sach thi tirc 1 p = Head, ta chinh lai lién két:
NewNode lién két ti Head (cii) va dit lai Head = NewNode
Xo4 phian tir khéi danh sach néi don:
Danh sach ban dau:

STt

Mudn huy nuat p khoi danh sach nbi don, ta phai tim nat q 1a nat ding lién trude nat p trong

danh sach (nat c¢6 lién két toi p),

% Néu tim thiy thi chinh lai lién két: q lién két thang t6i nut lién sau p, khi d6 qué trinh duyét
danh sach bat dau tir Head khi duyét t6i q s& nhay qua khong duyét p nira. Trén thuc té khi
cai dit bang cac bién dong va con tro, ta nén co thao tac giai phong bo nhé da cap cho nat

p
Head q p

ST B

% Néu khong c6 niit dimg trude nat p trong danh sach thi tirc 13 p = Head, ta chi viéc dit lai

Head bang nut dung ké tiép Head (cii) trong danh sach. Sau d6 c6 thé giai phong bo nhé
cap cho nat p (Head cii)

4.2.3. Cai dit bang danh sach ndi kép

Danh sach nbi kép gom cac nit dugc ndi voi nhau theo hai chiéu. Mdi niit 13 mot ban ghi

(record) gébm ba trudng:

% Trudng thir nhét (Info) chira gia tri luu trong nut dé

% Trudng tht hai (Next) chira lién két (con tro) t6i nut ké tiép, tirc 1a chira mot thong tin du
dé biét nut ké tiép nut do 1a nut nao, trong truong hop 1a nit cudi cung (khong co nit ké
tiép), truong lién két nay dugc gan mot gia ti dic biét.
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% Trudng tht ba (Prev) chira lién két (con tro) ti nat lién trudc, tic 1a chira mot thong tin du
dé biét nut dimg trude nit d6 trong danh sach 1a niit nao, trong trudng hop 1a nit dau tién

(khong co nit lién trude) trudng ndy dugc gan mot gia tri dic biét.

INFO

Hinh 9: CAu tric nit ciia danh sach ndi kép

Khac v6i danh sach ndi don, danh sach nbi kép ¢ hai chét: Nut dau tién trong danh sach
(First) va niit cudi cting trong danh sach (Last). Cé hai cach duyét danh sach ndi kép: Hoic
bat dau tir First, dua vao lién két Next dé di sang nut ké tiép, dén khi gap gia tri dac biét
(duyét qua nut Last) thi dimg lai. Hodc bat dau tir Last, dwa vao lién két Prev dé di sang niit

lién trude, dén khi gip gia tri dic biét (duyét qua nit First) thi dung lai

Viéc chén / xo4 vao danh sach ndi kép ciing don gian chi 1a k¥ thuat chinh lai cic mdi lién két

gitra cac nat cho hop 1y, ta coi nhu bai tap.

4.2.4. Cai dit bang danh sach ndi vong mot hwéng

Trong danh sach ndi don, phan tir cudi cing trong danh sach c6 trudong lién két duogc gan mot
gi4 tri dic biét (thuong sir dung nhat 13 gia tri nil). Néu ta cho truong lién két cia phan tir cudi
cung trd thang vé phan tir dau tién cua danh sach thi ta s& duge mot kiéu danh sach méi goi 1a

danh sach noi vong mdt hudng.

Pbi v6i danh sach ndi vong, ta chi can biét mot nut bat ky ciia danh sach 1a ta ¢ thé duyét
duoc hét cac nut trong danh sach bang cach di theo hudng cia céac lién két. Chinh vi Iy do nay,
khi chén xo04 vao danh sach ndi vong, ta khong phai xtr 1y cac truong hop riéng khi chén xoa

tai vi tri ciia chot
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4.2.5. Cai dit bing danh sich néi vong hai huéng

Danh sach nbi vong mdt hudng chi cho ta duyét cac ntt cia danh sach theo mot chiéu, néu cai
dit bang danh sach ndi vong hai hudng thi ta ¢ thé duyét cic nut cua danh sach ca theo chiéu
nguoc lai nita. Danh sach ndi vong hai huéng c6 thé tao thanh tir danh sach ndi kép néu ta cho
truong Prev ciia niit First tro thang t6i niit Last con trudng Next ciia niit Last thi tro thang vé

nut First.

Bai tap

Bai 1

Lap chuong trinh quan 1y danh sach hoc sinh, tuy chon loai danh sach cho phu hop, chuong
trinh ¢6 nhitng chirc ning sau: (HO so mot hoc sinh gia sir c¢o: Tén, 16p, sé dién thoai, diém
TB ..)

Cho phép nhap danh sach hoc sinh tir ban phim hay tu file.

Cho phép in ra danh sach hoc sinh gdm c6 tén va xép loai

Cho phép in ra danh sach hoc sinh gém céc thong tin day du

Cho phép nhap vao tir ban phim mdt tén hoc sinh va mdt tén 16p, tim xem c6 hoc sinh cé tén
nhap vao trong 16p d6 khong ?. Néu co thi in ra s6 dién thoai ctia hoc sinh d6

Cho phép vao mot hd so hoc sinh méi tir ban phim, bd sung hoc sinh d6 vao danh sach hoc
sinh, in ra danh sach mai.

Cho phép nhap vao tir ban phim tén mot 1p, loai bo tit ca cac hoc sinh cia 16p d6 khoi danh
sach, in ra danh sach méi.

C6 chirc ning sap xép danh sach hoc sinh theo tht ty giam dan cia diém trung binh

Cho phép nhap vao hd so mot hoc sinh méi tir ban phim, chén hoc sinh dé vao danh sich ma
khong 1am thay ddi thir ty da sap xép, in ra danh sach méi.

Cho phép luu trit lai trén dia danh sach hoc sinh khi da thay doi.

Bai 2

C6 n ngudi danh sb tir 1 t6i n ngdi quanh mot vong tron (n < 10000), cing choi mot tro choi:
Mot ngudi nao d6 dém 1, nguoi ké tiép, theo chiéu kim dong hd dém 2... cir nhu vay cho toi
ngudi dém dén mot s6 nguyén t thi phai ra khoi vong tron, ngudi ké tiép lai dém bat dau tir 1:
Hay 1ap chuong trinh

Nhap vao 2 s6 n va S tir ban phim
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% Cho biét néu nguoi thir nhét 1a ngudi dém 1 thi nguoi con lai cudi cing trong vong tron 1a
nguoi thir may

% Cho biét néu ngudi con lai cudi ciing trong vong tron 1a nguoi thir k thi nguoi dém 1 1a
nguoi nao?.

Giai quyét hai yéu cau trén trong truong hop: dau tién trd choi duoc dém theo chidu kim dong

ho, khi c6 mot ngudi bi ra khéi cude choi thi van 1a nguoi ké tiép dém 1 nhung qua trinh dém

nguoc lai (tirc 12 nguoc chidu kim dong hd)
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§5. NGAN XEP VA HANG PQI

5.1. NGAN XEP (STACK)

Ngin xép 1a mot kiéu danh sach dugc trang bi hai phép toan bé sung mdt phin tir vao cudi

danh sach va loai b6 mgt phan tir ciing & cudi danh sach.

C6 thé hinh dung ngan xép nhu hinh anh mot chong dia, dia nao dwoc dat vao chong sau cling

s& nam trén tat ca cac dia khac va s& duoc lay ra dau tién. Vi nguyén tic “vao sau ra trudce” do,

Stack con c6 tén goi 1a danh sach kiéu LIFO (Last In First Out) va vi tri cubi danh sach duoc

goi la dinh (Top) cua Stack.

5.1.1. Mé ta Stack bing mang

Khi mo ta Stack bang mang:

% Viéc bd sung mot phan tir vao Stack twong duong véi viée thém mot phan tir vao cudi
mang.

¢ Viéc loai b6 mot phén tor khoi Stack twong duong véi viée loai bo mot phﬁn tr & cudi
mang.

% Stack bi tran khi bd sung vao mang di day

% Stack 14 rdng khi sé phan tir thuc sy dang chira trong mang = 0.

program StackByArray;
const
max = 10000;
var
Stack: array[l..max] of Integer;
Top: Integer; {Top luu chi sb phdn tu cudi trong Stack)

procedure StackInit; {Khéi tao Stack rdng)
begin

Top := 0;
end;

procedure Push(V: Integer); (Piy mot gid tri V vio Stack)
begin
if Top = max then WriteLn('Stack is full') {Néu Stack di diy thi khéng ddy dugc thém vio nita}
else
begin
Inc(Top); Stack[Top] := V; {Néu khong thi thém mot phdn t@ vdo cudi mang}
end;
end;

function Pop: Integer; {Lay mot gia tri ra khoi Stack, trd vé& trong két qué ham}
begin
if Top = 0 then WriteLn('Stack is empty') {Stack dang rdng thi khéng ldy dugc)
else
begin
Pop := Stack[Top]; Dec(Top); {Ldy phan ti cubi ra khéi ming}
end;
end;

begin
StackInit;
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(Test); {Pua mot vai lénh dé kiém tra hoat dong cia Stack}
end.

Khi cai dit bang mang, tuy cac thao tac ddi véi Stack viét hét strc don gian nhung & day ta
van chia thanh cac chuong trinh con, mdi chuong trinh con moé ta mdt thao tac, dé tir do vé
sau, ta chi can biét ring chuong trinh cta ta c6 mdt cau tric Stack, con ta mo phong cu thé
nhu thé nao thi khong can phai quan tim nira, va khi cai dit Stack bang cac ciu trac dir liéu
khac, chi can stra lai cac thi tuc StackInit, Push va Pop ma thoi.

5.1.2. M ta Stack bang danh sich néi don kiéu LIFO

Khi cai dit Stack bang danh sach ndi don kiéu LIFO, thi Stack bi tran khi ving khong gian
nh¢ ding cho cac bién dong khong con du dé thém mot phan tir méi. Tuy nhién, viéc kiém tra
diéu nay rat kho boi nd phu thudc vao may tinh va ngén ngir 1ap trinh. Vi du nhu dbi voi
Turbo Pascal, khi Heap con tréng 80 Bytes thi ciing chi da chd cho 10 bién, mdi bién 6 Bytes
ma thoi. Mit khac, khong gian bo nhé dung cho cac bién dong thudng rat 16n nén cai dit dudi
day ta bo qua viéc kiém tra Stack tran.

program StackByLinkedList;
type
PNode = *TNode; {Con tr¢ toi mdt nit cua danh sach}
TNode = record {Ciu tric mdt nit cla danh sach)
Value: Integer;
Link: PNode;
end;
var
Top: PNode; {Con tro dinh Stack}

procedure StackInit; {Khéi tao Stack réng}
begin

Top := nil;
end;

procedure Push(V: Integer); {Bdy gia tri V vao Stack © thém nit moi chia V va nbi niit d6 vao danh séch}
var
P: PNode;
begin
New(P); P*.Value := V; {Tao ra mft nit moi}
P*.Link := Top; Top := P; {Méc nit d6 vao danh sach}
end;

function Pop: Integer; {Ldy mot gi& tri ra khoi Stack, trd vé trong két qua ham)

var
P: PNode;
begin
if Top = nil then Writeln('Stack is empty')
else
begin
Pop := Top*.Value; {G4n két qua ham)
P := Top*.Link; (Gift lai ndt tiép theo Top” (nit dugc ddy vdo danh sach truéc nit Top*))
Dispose (Top); Top := P; {Giai phéng bo nhé cdp cho Top”, cép nhit lai Top méi}
end;
end;
begin
StackInit;
(Test); {Dua mot vai lénh dé kiém tra hoat dong cia Stack)
end.
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5.2. HANG POI (QUEUE)

Hang doi 1a mot kiéu danh sach dugc trang bi hai phép toan bd sung mét phan tir vao cudi

danh sach (Rear) va loai b6 mdt phén tir & diu danh sach (Front).

C6 thé hinh dung hang doi nhu mot doan nguoi xép hang mua vé: Nguoi nao xép hang trude

s& dugc mua vé trude. Vi nguyén tic “vao trude ra trude” do, Queue con co tén goi 1a danh

sach kiéu FIFO (First In First Out).

5.2.1. M6 ta Queue bang mang

Khi mé ta Queue bang mang, ta c6 hai chi so Front va Rear, Front luu chi s6 phan tir dau

Queue con Rear Ivu chi s6 cudi Queue, khai tao Queue rong: Front := 1 va Rear := 0;

% Dé thém mot phan tir vao Queue, ta ting Rear 1én 1 va dua gia tri d6 vao phan tir thir Rear.

% Dé loai mot phan tir khoi Queue, ta 1dy gia tri ¢ vi tri Front va ting Front 1én 1.

% Khi Rear tang 1én hét khoang chi sb cia mang thi mang di day, khong thé dy thém phan
tr vao nira.

% Khi Front > Rear thi tic 12 Queue dang rong

Nhu vay chi mét phén cuia mang tur vi tri Front téi Rear duge st dung lam Queue.

program QueueByArray;

const
max = 10000;

var
Queue: array[l..max] of Integer;
Front, Rear: Integer;

procedure QueueInit; {Khdi tao mot hang doi rdng)
begin

Front := 1; Rear := 0;
end;

procedure Push(V: Integer); {Pdy V vao hang doi)

begin
if Rear = max then WriteLn('Overflow')
else
begin
Inc(Rear);
Queue[Rear] := V;
end;
end;

function Pop: Integer; {Ldy mot gid tri khéi hang doi, tra vé trong két qua ham)

begin
if Front > Rear then WriteLn('Queue is Empty')
else
begin
Pop := Queue[Front];
Inc(Front);
end;
end;
begin
QueuelInit;

(Test); {Dua mot vai lénh dé kiém tra hoat dong cia Queue)
end.
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5.2.2. M ta Queue bing danh sich vong

Xem lai chuwong trinh cai dit Stack bang mot mang kich thudce t6i da 10000 phan tir, ta thiy
rang néu nhu ta 1am 6000 1an Push réi 6000 1an Pop rdi lai 6000 1an Push thi van khéng c6
van dé gi xay ra. Ly do 1a vi chi s6 Top luu dinh ctia Stack s& duoc ting 1én 6000 rdi lai giam
dén 0 rdi lai tang tré lai 1én 6000. Nhung ddi v6i cach cai dat Queue nhu trén thi s& gap thong
bao 15i tran mang, boi mdi 1an Push, chi s6 cudi hang doi Rear ciing ting 1én va khong bao
gid bi giam di ca. D6 chinh 14 nhugc diém ma ta noi téi khi cai dat: Chi c6 cac phﬁn tur tor vi
tri Front t6i Rear 1a thudc Queue, cac phan tir tir vi tri 1 t6i Front - 1 1a vo nghia.

Pé khic phuc diéu ndy, ta mo ta Queue bang mot danh sach vong (biéu dién bang mang hoic
cdu trac lién két), coi nhu cac phan tir cia mang dugc xép quanh vong theo mot hudng nao do.
Céc phan tir nam trén phan cung tron tir vi tri Front t6i vi tri Rear 13 cac phan tir cia Queue.
C6 thém mot bién n luu sd phan tir trong Queue. Viée thém mot phan tr vao Queue twong
duong véi viée ta dich chi s Rear theo vong mét vi tri rdi dat gia tri moi vao d6. Viéc loai bo
mdt phan tir trong Queue tuong dwong véi viéc 1dy ra phan tir tai vi tri Front roi dich chi sd

Front theo vong.

Hinh 13: Dung danh sach vong mo ta Queue

Luu ¥ 13 trong thao tic Push va Pop phai kiém tra Queue tran hay Queue can nén phai cap
nhat lai bién n. (Thyc ra co thé chi dung hai bién Front va Rear la c6 thé kiém tra dugc Queue
tran hay can).

program QueueByCList;

const
max = 10000;

var
Queue: array[0..max - 1] of Integer;
i, n, Front, Rear: Integer;

procedure QueueInit; {Khdi tao Queue rong)
begin

Front := 0; Rear :=max - 1; n := 0;
end;

procedure Push(V: Integer); {Pdy qi4 tri V vao Queue)
begin

if n = max then WriteLn('Queue is Full')

else
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begin
Rear := (Rear + 1) mod max; {Rear chay theo vong tron}
Queue[Rear] :=V;
Inc(n);
end;
end;

function Pop: Integer; {Ldy mot phan ti khoi Queue, tra vé trong két qua ham)
begin
if n = 0 then WriteLn('Queue is Empty')
else
begin
Pop := Queue[Front];
Front := (Front + 1) mod max; {Front chay theo vong tron}
Dec(n);
end;
end;

begin

QueuelInit;

(Test); {Dua mot vai lénh dé kiém tra hoat dong cta Queue)
end.

5.2.3. M6 ta Queue bang danh sach ndi don kiéu FIFO
Twong tu nhu cai dit Stack bang danh sach ndi don kiéu LIFO, ta ciing khong kiém tra Queue

tran trong trudng hop mé ta Queue bang danh sach ndi don kiéu FIFO.

program QueueByLinkedList;
type
PNode = *TNode; {Kilu con tré téi mdt nit cla danh sach}
TNode = record {C4u tric mdt ndt cla danh sich}
Value: Integer;
Link: PNode;
end;
var
Front, Rear: PNode; {Hai con tro t6i ndt ddu va nit cubi cia danh sach)

procedure QueueInit; {Khéi tao Queue rdng}
begin

Front := nil;
end;

procedure Push(V: Integer); {Piy gii tri V vao Queue)
var
P: PNode;
begin
New(P); P*.Value :=V; {Tao ra mdt nit moi}
PA.Link := nil;
if Front = nil then Front := P {Moc nit d6 vao danh séach}
else Rear”.Link := P;
Rear := P; {Nit méi trd thanh nit cubi, cip nhat lai con tro Rear)
end;

function Pop: Integer; {Ldy gi4 tri khoi Queue, trd vé trong k&t qua ham}
var
P: PNode;
begin
if Front = nil then WritelLn('Queue is empty')
else
begin
Pop := Front*.Value; {G4n két qua ham}
P := Front*.Link; {Gift lai nit tiép theo Front" (Nat dugc ddy vao danh sach ngay sau Front®))
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Dispose (Front); Front := P; {Gidi phong bd nhé cp cho Front®, cép nhat lai Front méi)
end;
end;

begin

QueuelInit;

(Test); {Pua mot vai lénh dé kiém tra hoat dong cta Queue}
end.

Bai tap

Bai 1

Tim hiéu co ché xép chdng cua thu tuc dé quy, phuong phap dung ngin xép dé khir dé quy.
Viét chwong trinh mé ta cach ddi co s6 tir hé thap phan sang hé co s6 R dung ngin xép

Bai 2

Hinh 14 14 co cdu duong tau tai mot ga xe lua

Hinh 14: Di chuyén toa tau

Ban déu ¢ dudng ray A chira cic toa tau danh sb tir 1 t6i n theo thtr ty tir trai qua phai, ngudi
ta mudn chuyén céac toa d6 sang duong ray C dé dugc mot thir ty méi 1a mot hoan vi caa (1,
2, ..., n) theo quy tic: chi dugc dua cac toa tau chay theo dudng ray theo hudng miii tén, c6
thé dung doan duong ray B dé chtra tam céc toa tau trong qua trinh di chuyén.

a) Hay nhap vao hodn vi can c6, cho biét c6 phuong 4n chuyén hay khong, va néu ¢ hiy dua
ra cach chuyén. Vi du: n = 4; Thir tw can c6 (1, 4, 3, 2), Cach di chuyén 1a: (A — C); (A — B);
(A->B);(A—>C);(B—>C);(B—->C).

b) Nhitng hoan vi nao cua thir ty céc toa la c6 thé tao thanh trén doan duong ray C voi luat di
chuyén nhu trén

¢) Vi hai yéu cdu trén, nhung véi so dd dudng ray nhu Hinh 15:
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§6. CAY (TREE)

6.1. PINH NGHIA

Céu tric dit liéu triru trong ta quan tam toi trong muc nay 1a cu tric cay. Cay 1a mot ciu triic

dir liéu gém mot tap hiru han cac nut, gitta cdc nit c6 mot quan hé¢ phan cép goi 1a quan hé

“cha — con”. C6 mot nut dic biét goi 1a gbe (root).

C6 thé dinh nghia cdy bang cac d¢ quy nhu sau:

% MObi nit 1a mot cay, nit d6 ciing 13 gbe cia cdy dy

% Néunla mot nit va ny, ny, ..., Ny lan luot 1a géc cua cac cay Ty, Ty, ..., Ti; cac cay nay doi
mot khong cé nat chung. Thi néu cho nut n trd thanh cha cta cac nht ny, Ny, ..., N ta sé
dugc mot cdy méi T. Cay nay c6 nat n 1a gbc con cac cay Ty, Ty, ..., Ty trd thanh cac cay
con (subtree) ctia goc.

Dé tién, nguoi ta con cho phép ton tai mot cdy khong co nit nao ma ta goi 1a ciy rong (null

tree).

Xét cay trong Hinh 16:

Hinh 16: Cay

% Quan h¢ cha-con dugc dinh nghia theo hudng miii tén. Vi du A 1a cha cua B, C, D, con G,
H, I1a con cua D.

% SO cac con cua mot nut duoc goi la Cf,lp ctia nut do, vi du cép cua A la 3, cép cuaBla2,
cap cia C 13 0.

«» Nut ¢co cép b?mg 0 dugc goi 1a nit 1a (leaf) hay nut tdn cung: cacnat E, F, C, G, J, K val
la cac nut 1a. Nhiing nat khong phai 1a 14 duogc goi 1a nit nhanh (branch)

% Cap cao nhat cia mot nit trén cAy goi la cdp ciia cay d6, cdy & Hinh 16 14 cy cap 3.

% Goc cua ciy ngudi ta gan cho s6 murc 1a 1, néu nit cha o6 muc 14 i thi nat con s& ¢6 mirc 1a

1+ 1. Muc cuia cay trong Hinh 16 dugc chi ra trong Hinh 17:
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% Chiéu cao (height) hay chiéu siu (depth) ciia mét cdy 1a s6 mirc 16n nhat ciia niit ¢ trén
cay d6. Cay 6 trén co chiéu cao 1a 4

% Mot tap hop cac cay phan biét duge goi 1a rirng (forest), mot ciy ciing 1a mot rimg. Néu bo
nat goc trén cay thi sé tao thanh mot rimg cac cay con.

Vi du:

% Muc luc ctia mot cudn sach voi phén, chuong, bai, myc v.v... c6 cAu tric cta cay

% Cau tric thuy muyc trén dia ciing c6 cdu truc cdy, thu muc gde co thé coi 1a ge cua cay do
v6i cac cay con 1a cac thu muc con va tép nam trén thu muc gdc.

++ Gia pha cua mdt ho tdc ciing co cAu trac cay.

% Mot biéu thuc sb hoc gém cac phép toan cong, trir, nhan, chia ciing co thé luu trir trong
mot cdy ma cac toan hang duoc luu trir & cac nut 14, cac toan tir dugc luu trit & cac nut

nhanh, moi nhanh 1a mot biéu thtrc con.

6.2. CAY NHI PHAN (BINARY TREE)

Cay nhj phan 1a mdt dang quan trong ciia cdu truc cdy. N6 c¢6 dic diém 1a moi nut trén cay chi
c6 tbi da hai nhanh con. Vi mot nut thi nguoi ta ciing phan biét cdy con trai va cay con phai
ctia nut d6. Cay nhi phan 1a ciy c6 tinh dén tht tu ctia cac nhanh con.

Cén chu ¥ t61 mot $6 dang dac biét cia cay nhi phan
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Céc cdy nhi phan trong Hinh 19 dugc goi 1a cAy nhi phan suy bién (degenerate binary tree),
cac nut khong phai 1a 14 chi c6 mot nhanh con. Cay a) duoc goi 1a cdy 1éch phai, ciy b) duoc
goi 1a cay léch trai, cay c) va d) dugc goi 1a cay zic-zic.

a) b) c) d)

Hinh 19: Cac dang cay nhi phén suy bién

Céc cay trong Hinh 20 duoc goi 1a cAy nhi phan hoan chinh (complete binary tree): Néu
chiéu cao cua cay 1a h thi moi nit c6 mic <h - 1 déu co dang 2 nat con. Con néu moi nut c6
mirc < h - 1 déu c6 dung 2 nut con nhu truong hop cay f) thi cdy dé dugc goi 1a cAy nhi phin
diy da (full binary tree). Cay nhj phan ddy du 13 truong hop riéng cua ciy nhi phan hoan
chinh.

Q@ @ 0 0 © 60 0 O
& ©
e)

Hinh 20: Ciy nhi phan hoan chinh va cay nhi phan day di

f)

Ta c6 thé thiy ngay nhiing tinh chét sau bang phép chirng minh quy nap:
% Trong cac cdy nhi phan c6 ciing s6 lwong nit nhu nhau thi ciy nhi phan suy bién c6 chiéu

cao 16n nhat, con cdy nhi phan hoan chinh thi ¢6 chiéu cao nho nhat.
% S6 luong tdi da cac nit trén muc i ctia cdy nhi phan 1 2™, t6i thiéu la 1 (i > 1).
% S6 luong tdi da cac nit trén mot cay nhi phan c6 chiu cao h 1a 21, t6i thiéu 1a h (h > 1).

«% Cay nhi phan hoan chinh c6 n nat thi chidu cao cia né 1a h = lg(n)] + 1.
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6.3. BIEU DIEN CAY NHI PHAN

6.3.1. Bi¢u dién bang mang

Néu c6 mot cay nhi phan day du, ta co thé d& dang danh s cho cac nut trén cay do theo thir tur
lan luot tir mirc 1 tr di, hét mirc nay dén mirc khac va tir tréi sang phai d6i véi cac nit & mdi

murc.

V6i cach danh s nay, con ciia niit thir i s& 1a cac nit thir 2i va 2i + 1. Cha ctia nat thi i 1a nut
i ; © oA 1s A AU <

thir {EJ Twr do co thé luu trir cady bang mot mang T trong doé nut thir i cia cay dugc luu triv

bang phan tir T[i].

V6i cdy nhi phan day di ¢ Hinh 21 thi khi luu trit bang mang, ta s& duoc mang:

1 2 3 4 5 6 7
A B E C D F G

Trong trudng hop cdy nhi phan khong day du, ta c6 thé thém vao mot sé nit gia dé duogc cay
nhi phan day du, khi biéu dién bang mang thi nhimg phan tir twong tng voi cac nit gia sé
dugc gan mot gia tri ddc biét. Mot giai phap khac 1a dung thém mot mang phu dé danh déu
nhitng nit nao 1a nut gia. Chinh vi Iy do nay nén viéc biéu dién cdy nhi phan khong day du
bang mang s& gip phai sy lang phi bo nhé néu phai thém nhiéu nut gia cho dwoc cay nhi phan
day du.

Vi du v6i cay léch trai, ta phai ding mot mang 31 phan tir dé luu cay nhi phan chi gdm 5 nut
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1 2 3 4 5 6 7 8 9 10 1" 12 13 14 15 16 17

A B C D E

Hinh 22: Nhuge diém ciia phwong phap biéu dién ciy nhi phan bang mang

6.3.2. Biéu dién bang ciu tric lién két.

Khi biéu dién ciy nhi phan bang cau trauc lién két, mdi nut cua cy 1a mot ban ghi (record)

gdm 3 trudng:

¢ Truong Info: Chira gia tri luu tai nat d6

% Truong Left: Chira lién két (con trd) t&i niit con trai, tirc 1a chira mot thong tin du dé biét
nut con trai cua nat do6 1a nat nao, trong truong hop khong c6 nut con trai, trudong nay duoc
gan mot gia tri dac biét.

< Truong Right: Chira lién két (con trd) toi niit con phai, tirc 1 chira mot thong tin du dé biét
nat con phai cua nat d6 1a nit nao, trong truong hop khong c6 nut con phai, trudng nay
duoc gan mot gia tri dac biét.

INFO

Hinh 23: Cu triic nit ciia ciy nhi phin

Dbi voi cay ta chi can phai quan tam gitr lai nat gdc, boi tir nut gde, di theo cac hudng lién két
Left, Right ta c6 thé duyét moi nat khac.
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Hinh 24: Biéu dién ciy nhi phan bing cu tric lién két

6.4. PHEP DUYET CAY NHI PHAN

Phép xir Iy cac nut trén ciy ma ta goi chung 1a phép thim (Visit) cac nat mot cach hé thong
sao cho mdi nut chi duoc thim mot 1an goi 1a phép duyét cay.

Gia sir rang néu nhur mot nit khong c6 niit con trai (hodc nut con phai) thi lién két Left (Right)
ctia niat d6 dugc lién két thang t6i mot nat dac biét ma ta goi 1a NIL (hay NULL), néu cdy
rong thi niit gbc cua cdy d6 ciing duge gan bang NIL. Khi d6 c6 ba cach duyét cay hay duoc
st dung:

6.4.1. Duyét theo thir tu trudc (preorder traversal)

Trong phép duyét theo thir tw trude thi gia tri trong mdi nut bat ky s& duoc liét ké trudc gia tri
lwu trong hai niit con ctia né, c6 thé mé ta bang thu tuc dé quy sau:

procedure Visit(N); {Duyét nhanh cdy nhan N 1a nit gbc cta nhanh d6)
begin
if N # nil then
begin
<Output truong Info cia nit N>
Visit (Nat con trai cta N);
Visit(Nat con phai caa N);
end;
end;

Qua trinh duyét theo thtr ty trudc bat ddu bang 101 goi Visit(nat gdc).
Nhu cdy ¢ Hinh 24, néu ta duyét theo thir ty trudce thi cac gia tri s€ lan luot duoc 1iét ké theo
thur tu:

ABDHIEJCFKGL
6.4.2. Duyét theo thir tu giira (inorder traversal)
Trong phép duyét theo thir ty giita thi gia tri trong mdi nit bat ky s& duoc liét ké sau gia tri
lwu & niit con trai va duge ligt ké trude gia tri luu & nit con phai ctia nat do, c6 thé mo ta bang

thu tuc d¢é quy sau:
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procedure Visit(N); {Duy&t nhinh cdy nhan N 13 nit gbc cia nhénh d6)
begin
if N # nil then
begin
Visit (Nat con trai cta N);
<Output truong Info cda nit N>
Visit(Nat con phai caa N);
end;
end;

Qua trinh duyét theo thir tw giita ciing bat dau bang 101 goi Visit(nut goc).
Nhu cay ¢ Hinh 24, néu ta duyét theo thur tu gifra thi cac gid tri sé lan luot duoc liét ké theo
thtr tu:

HDIBEJAKFCGL
6.4.3. Duyét theo thir tu sau (postorder traversal)
Trong phép duyét theo thir tu sau thi gié tri trong mdi nat bat ky s& dugc liét ké sau gia tri luu
& hai niit con ciia nit dé, co thé mo ta bang thu tuc dé quy sau:

procedure Visit(N); (Duyét nhanh cdy nhan N 13 nit gbc cta nhanh do)
begin
if N # nil then
begin
Visit (NGt con trai cda N);
Visit(Nat con phai cia N);
<Output trudng Info cda nit N>
end;
end;

Qué trinh duyét theo thi tu sau ciing bat dau bang 101 goi Visit(niit goc).
Ciing v6i cay & Hinh 24, néu ta duyét theo thtr tur sau thi cac gia tri s& 1an luot duoc liét ké
theo thtr tu:

HIDJEBKFLGCA

6.5. CAY K PHAN

Cay K_phan 1a mot dang céu triic cdy ma mdi nut trén cy co t6i da K nut con (co tinh dén
thir tu cua cac nut con).

6.5.1. Bi¢u dién cAy K_phin biang mang

Ciing twong ty nhu viéc biéu dién cdy nhi phan, nguoi ta c¢6 thé thém vao cay K_phan mot sd
nut gia dé cho mdi nat nhanh cua cdy K _phéan déu c6 dung K nut con, cac nat con dugce xép
thir tu tir nut con thir nhat t6i nut con thir K, sau d6 danh sb cac nit trén cay K_phén bat dau
tr 0 trd di, bat dau tir mire 1, hét mirc nay dén muc khac va tir “trai qua phai” & mdi muc.

Theo cach danh sd nay, nat con thir j cua nat i 1a: Ki+ j. Néu i khong phai 1a nat goe (I > 0)
s 1 ; 1 - 1 J A \ A 5 r AN A ’ .7 .
thi nat cha cta nat 1 1a nut L?J . Ta c6 thé dung mot mang T danh so tir 0 dé luu cac gia tri

trén cac nut: Gia tri tai nat thir 1 duoc luu trir & phén to T[1].
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6.5.2. Biéu dién cAy K_phén bang ciu tric lién két

Khi biéu dién cay K_phan bang cu tric lién két, mdi nit cia cay 1a mot ban ghi (record) gom

hai truong:

% Truong Info: Chira gia tri luu trong nut do.

% Truong Links: La mot mang gdbm K phan tir, phan tir thir i chira lién két (con tro) t6i nut
con thir 1, trong truong hgp khong c6 nat con thar i thi Links[i] dugc gdn mdt gié tri dac
biét.

Dbi v6i cdy K phén, ta cling chi can giir lai nut gbe, boi tir nat gde, di theo cac hudng lién

két 6 thé di t6i moi nat khac.

6.6. CAY TONG QUAT

Trong thyc té, c6 mot s6 ung dung doi hoi mot ciu trac dir liéu dang cdy nhung khong co rang

budc gi vé sd con cia mot nit trén cay, vi du nhu cAu trac thu muc trén dia hay hé théng dé

muc ciia mdt cudn sach. Khi do, ta phai tim cach mo td& mdt cach khoa hoc cau trac dir liéu
dang cay tong quat. Cling nhu trudng hop ciy nhi phan, ngudi ta thuong biéu dién cay tong
quat bang hai cach: Luu trit ké tiép bang mang va luu trix bang cau trac lién két.

6.6.1. Biéu dién cay tong quat bang mang

Dé luu trir cdy tong quat bing mang, gia st cdy c6 n nut, ta danh sb cac nit trén ciy bang cac

sO ty nhién tir 1 téi n theo mot thir ty tuy y. Cau triic dit liéu dé bicu dién cay gom co:

% Mot mang Info[ 1..n], trong d6 Info[i] 1a gia tri luu trong nut thir i.

% Mot mang Children dugc chia 1am n doan, doan thir i gdm mot day lién tiép cac phén tir 1a
chi s6 cac nat con ciia niit i. N6i cach khac, dung mang Children dé liét ké cac niit con ctia
nut 1, tiép theo dén cac nat con cua nut 2, ... theo dung ther tir danh chi s6. Mang Children
s& chira tat ca chi sb ciia moi nut con trén cdy (ngoai trir nit gdc) nén né s& gdm n - 1 phan
tir. Luu ¥ rang khi chia mang Children 1am n doan thi s& c6 nhiing doan rdng (tuong tmg

v6i1 danh séch céc nat con ciia mgt nut 14)
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% Mot mang Head[1..n + 1], dé danh dau vi tri cat doan trong mang Children: Head[i] 1a vi

tri dimg lién trudc doan thir i, hay néi cach khac: Poan con ctia mang Children tinh tir chi

s6 Head[i] + 1 dén Head[i] s& duoc dung dé chua chi sd cac nat con cua nut thir i. Khi
Head[i] = Head[i + 1] c6 nghia la doan tht i rong. Quy wéc: Head[n+ 1]=n- 1.

¢ Mot bién luu chi s6 cua nit goc.

Vi du:

Info:

Children:

Head:

6.6.2. Luu trir ciy tong quat bang ciu tric lién két

1 3 4 5 6 8 10 11 12
BllclloffFrllelflleclfrnlAallv]«x]|L.
2l 3|l s 7| s frwof 12| 1] 4]°6e

\1 2/'3\1 f: 6 7 8‘\9 1V1’1
o[ 33|35 5| & 8l 81| 1]|1] 1
1 2 3 4 5 6 7 8 9 10 11 12 13

Khi Iuu trit cdy tong quat bang cau trac lién két, méi nut 13 mot ban ghi (record) gdom ba

truong:

% Truong Info: Chira gia tri luu trong nut do.

% Trudng FirstChild: Chira lién két (con trd) t6i nut con dau tién cua nut d6 (con ca), trong

truong hop 1a nit 14 (khong c6 nut con), truong ndy dugc gdn mot gia tri dac biét.

% Trudng Sibling: Chira lién két (con tro) t6i nit em ké can bén phai (nit cing cha voi nat

dang xét, khi sap thir tw cac con thi nut d6 dimg lién sau nat dang xét). Trong truong hop

khong c6 nat em ké can bén phai, truong nay dugc gdn mot gia tri dac biét.
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INFO ‘

Hinh 27: Céu triic nit cia ciy tdng quat

D& thiy duogc tinh ding ddn ctua phuwong phap biéu dién, boi tir mot nit N bat ky, ta co thé di
theo lién két FirstChild dé dén nit con ca, nat nay chinh 1 chdt cia mot danh sach ndi don
cac niit con cua niit N: tir nit con ca, di theo lién két Sibling, ta c6 thé duyét tat ca cac nat con
cua nut N.

Bai tap

Bai 1

Viét chuong trinh mé ta ciy nhi phan dung céu trac lién két, mdi niit chira mot s6 nguyén, va
viét cac tha tuc duyét trudc, gitra, sau.

Bai 2

Chtrng minh rang néu cay nhi phan c6 x nat 14 va y ntit cip 2 thix =y + 1

Bai 3

Chimg minh riang néu ta biét ddy cac nit dugc tham cta mot cdy nhi phan khi duyét theo tha
tu trude va tha ty gitra thi co thé dung dugc cdy nhi phan d6. Diéu nay con dung nita khong
ddi véi thir tu trude va thir tu sau? Vi thir tu gifra va thur tu sau.

Bai 4

Viét cac tha tuc duyét trudc, giira, sau khong dé quy.
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§7. KY PHAP TIEN TO, TRUNG TO VA HAU TO

7.1. BIEU THUC DUGI DANG CAY NHI PHAN

Chung ta co thé biéu dién cac biéu thirc s6 hoc gém cac phép toan cong, trir, nhan, chia béng
mdt ciy nhi phan, trong d6 cac nut 14 biéu thi cac hang hay cac bién (cac toan hang), cac nut
khéng phai 13 14 biéu thi cac toan tir (phép toan sé hoc chiang han). Mdi phép toan trong mot

nut s€ tac dong 1€n hai biéu thitc con nam & cay con bén trai va cay con bén phai cua nut do.

Vi du: Cay biéu dién biéu thirc (g + 3) x(7-4)

Hinh 28: Biéu thirc dwéi dang cdy nhi phan

7.2. CAC KY PHAP CHO CUNG MOQT BIEU THUC

Véi cay nhi phan biéu dién biéu thirc trong Hinh 28,

% Néu duyét theo thtr tw trudc, ta s& duge x +/62 3 -7 4, day 1a dang tién td (prefix) cua
biéu thuc. Trong ky phap nay, toan tir dwgc viét trude hai toan hang twong Ung, ngudi ta
con goi ky phap nay 1a ky phap Ba lan.

% Néu duyét theo thu tu giira, ta s& dugc 6/2+3 x 7-4. Ky phap nay bi nhap nhing vi
thiéu dau ngoac. Néu thém vao thu tuc duyét inorder viéc bd sung cac cap diu ngoac vao
mdi biéu thirc con s& thu dugc biéu thuc (((6/2) + 3) x (7- 4)) Ky phéap nay goi la
dang trung t (infix) ciia mot biéu thirc (Thuc ra chi can thém cac dau ngodc du dé tranh
su map md ma thoi, khong nhét thiét phai thém vao day du cac cip déu ngoic).

< Néu duyét theo thtr tu sau, ta s& duoc 62 /3 + 74 - x, day 1a dang hiu té (postfix) cua
biéu thirc. Trong ky phéap nay toan tir dwoc viét sau hai toan hang, ngudi ta con goi ky phap
nay la ky phap nghich ddo Balan (Reverse Polish Notation - RPN)

Chi c6 dang trung té méi can c6 déu ngoidc, dang tién t6 va hau t6 khong can phai co diu

ngodc. Chung ta s& thao luan vé tinh don dinh cua dang tién t6 va hau t trong phan sau.
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7.3. CACH TiNH GIA TRI BIEU THUC

C6 mot van dé can luu y 1a khi may tinh gia tri mot bicu thirc s6 hoc gom céc toan tir hai ngoi
(toan ttr gdm hai toan hang nhu +, —, x, /) thi may chi thuc hién duoc phép toan d6 voi hai
toan hang. Néu biéu thirc phuc tap thi may phai chia nhé va tinh riéng timg biéu thirc trung
gian, sau d6 méi lay gia tri tim dugc dé tinh tiép. Vi du nhu biéu thirc 1 + 2 + 4 may s& phai
tinh 1 + 2 truée duoc két qua 13 3 sau d6 méi dem 3 cong véi 4 chir khong thé thyuc hién phép
cong mot luc ba s6 duogc.

Khi Iuu trir biéu thire dudi dang cay nhi phan thi ta c¢6 thé coi m8i nhanh con ciia ciy d6 méd
ta mot biéu thirc trung gian ma may can tinh khi xir 1y biéu thirc 16n. Nhu vi du trén, may s&
phai tinh hai biéu thirc 6 / 2 + 3 va 7 — 4 trudc khi lam phép tinh nhan cudi cing. Dé tinh biéu
thirc 6 / 2 + 3 thi may lai phai tinh biéu thic 6 / 2 trude khi dem cong véi 3.

Vay dé tinh mot biéu thic luu trit trong mot nhanh cay nhi phan gdc & nat n, may s& tinh gan
gidng nhu ham d¢ quy sau:

function Calculate(n): Value; {Tinh biéu thic con trong nhanh cdy gbc n)
begin
if <Nat n chita khong phai la mot toan t@> then
Calculate := <Gia tri chia trong nit n>
else {Nit n chia mft toan tu R}
begin
x := Calculate(ndt con trai cda n);
y := Calculate(nit con phdi cda n);
Calculate := xR y;
end;
end.

(Trong trudng hop lap trinh trén cac hé théng song song, viéc tinh gia tri biéu thirc & cdy con

trai va cdy con phai co thé tién hanh dong thoi lam giam dang ké thoi gian tinh toan biéu

thire).

Pé ¥ rang khi tinh toan biéu thirc, may s& phai quan tdm t6i viéc tinh biéu thirc ¢ hai nhanh

con trudc, 1di méi xét dén toan tir & niit gée. Didu d6 1am ta nghi tdi phép cay theo thi ty sau

va ky phéap hau t6. Trong nhimg nim dau 1950, nha 16-gic hoc nguoi Balan Jan Lukasiewicz

d3 chimg minh rang biéu thire hau t6 khong can phai co ddu ngodc van cé thé tinh duge mot

cach ding dan bang cach doc 1an lwgt biéu thirc tir trai qua phai va ding mot Stack dé luu

cac két qua trung gian:

Budce 1: Khédi tao mot Stack rong

Budce 2: Poc lan lugt cac phan tir cia biéu thire RPN tir trai qua phai (phan tir nay c6 thé 1a

hang, bién hay toan tir) véi mdi phan tir d6, ta kiém tra:

+% Néu phan tir nay 13 mot toan hang thi ddy gia trj cia no vao Stack.

% Néu phan tir nay 1a mot toan tir R, ta l4y tir Stack ra hai gia trj (y va x) sau d6 ap dung toan
tr R d6 vao hai gia trj vira 13y ra, day két qua tim dugc (x R y) vao Stack (ra hai vao mot).

Buée 3: Sau khi két thuc bude 2 thi toan bd biéu thire d3 duge doc xong, trong Stack chi con

duy nhit mot phén tir, phan tir 6 chinh 1a gia tri ctia biéu thirc.
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Vi du: Tinh biéu thirc 10 2/ 3 + 7 4 — x twong \ng véi biéu thirc trung to (10/2 + 3) x (7 — 4)

Poc | Xuly Stack
10 | Pay vao Stack 10
2 Day vao Stack 10,2

/ Lay 2 va 10 khoi Stack, Tinh dugc 10 /2 =5, ddy 5 vao Stack | 5

3 Day vao Stack 5,3

+ | Lay 3 va 5 khoi Stack, tinh dugc 5 + 3 = 8, ddy 8 vao Stack | 8

7 Pay vao Stack 8,7

4 Béy vao Stack 8,7, 4

- Lay 4 va 7 khoi Stack, tinh duoc 7 — 4 =3, ddy 3 vao Stack | 8,3

x Lay 3 va 8 khoi Stack, tinh dugc 8 x 3 = 24, ddy 24 vao Stack | 24

Ta dugc két qua 1a 24

Dudi déy ta s& viét mot chuong trinh don gian tinh gié tri biéu thirc RPN.

% Input: File vin ban CALRPN.INP chi gébm 1 dong c6 khong qua 255 ky tu, chira cac sb
thuc va céc toan tir {+, -, *, /}. Quy dinh khudén dang bat budc 1a hai sb lién nhau trong
biéu thirc RPN phai viét cach nhau it nhat mot dau céach.

% Output: Két qua biéu thirc do.

CALRPN. INP CALRPN.OUT
102/3 + 74-%102/34+74-*=24.0000

bé qua trinh doc mot phén tur trong biéu thirc RPN duoc d& dang hon, sau budc nhap li¢u, ta
c6 thé hiéu chinh ddi chit biéu thirc RPN vé khuén dang dé doc nhat. Chéng han nhu thém va
b6t mot s6 dau cach trong Input dé mdi phan tir (toan hang, toan tir) déu cach nhau ding mot
déu cach, thém mét ddu cach vao cudi biéu thirc RPN. Khi d6 qué trinh doc 1an luot cic phan
tir trong biéu thirc RPN c¢6 thé lam nhu sau:

T:="'"
for p := 1 to Length(RPN) do {Xét cic ky tu trong biéu thic RPN tit trdi qua phai)
if RPN[p] # ' ' then T := T + REN[p] {Néu RPN[p] khong phéi diu cach thi nbi ky ty d6 vio T}
else {Néu RPN[p] 1 ddu cach thi phan ti dang doc di doc xong, tiép theo s& 14 phin to khac)
begin
(X@ 1y phn ti T);
T :=''; {Chudn bi doc phin t@ méi)
end;
Pé don gian, chuong trinh khong kiém tra 18i viét sai biéu thirc RPN, viéc d6 chi 1a thao tac ti
mi chir khéng phirc tap 1dm, chi cdn xem lai thudt toan va cai thém cac mo-dun bat 18i tai mdi
budc.

P 2 07 1.PAS * Tinh gi4 tri biéu thic REN
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%" - 1]%)
program Calculating RPN Expression;

const
InputFile = 'CALRPN.INP';
OutputFile = 'CALRPN.OUT';
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OPt= ['+'l |-|r '*'r |/|];
var
T, REN: String;
Stack: array[l..255] of Extended;
p, Top: Integer;
f: Text;
{C4c thao t&c dbi véi Stack)
procedure StackInit;
begin
Top := 0;
end;

procedure Push(V: Extended);
begin

Inc(Top); Stack[Top] :=V;
end;

function Pop: Extended;
begin

Pop := Stack[Top]; Dec(Top);
end;

procedure Refine(var S: String); {Hiéu chinh biéu théic RPN vé& khudn dang d& doc nhat}

var
i: Integer;
begin
S:=8+"1

for i := Length(S) - 1 downto 1 do {Thém nhiing déu cach gifta todn hang va toan ti)

if (S[i] in Opt) or (S[i + 1] in Opt) then
Insert(' ', S, i+ 1);
for i := Length(S) - 1 downto 1 do {Xo0& nhiing diu cach thua)
if (S[i] ="' ') and (S[i + 1] = ' ') then Delete(S, i +1, 1);
end;

procedure Process(T: String); (X 1y phdn td T doc dugc ti biéu thirc RPN}
var
X, y: Extended;

e: Integer;
begin

if not (T[1] in Opt) then {T 13 todn hang}

begin
Val(T, x, e); Push(x); (POi T thanh sb va ddy gia tri dé vao Stack)

end

else {T 1a toan tu}
begin

y := Pop; x := Pop; {Ra hai}
case T[1] of
"t'rxi=x+ty;

i =Xy
"*lixi=xty;
ix=x ]y
end;
Push(x); {Vao mot}
end;
end;
begin

Assign(f, InputFile); Reset(f);
Readln(f, REN);

Close(f);

Refine (REN) ;

StackInit;

T:="'"
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for p := 1 to Length(RPN) do {Xét c&c ky tu cua bibu thic RPN tir trai qua phai}
if REN[p] <> ' ' then T := T + REN[p] {néu khdng phai diu céch thi nbi né vdo sau xau T}
else {Néu gip dau céch)

begin
Process (T); (X 1y phan ti via doc xong)
T :=''; (P4t lai T dé chudn bi doc phan ti méi}
end;
Assign(f, OutputFile); Rewrite(f);
Writeln(f, REN, ' = ', Pop:0:4); {In gi4 tri bilu thic RPN dugc luu trong Stack)
Close(f);

end.

7.4. CHUYEN TU DANG TRUNG TO SANG DANG HAU TO

C6 thé noi rang viée tinh toan biéu thic viét bang ky phap nghich dao Balan 1a khoa hoc hon,
méay moc, va don gian hon viéc tinh toan biéu thirc viét bang ky phap trung t6. Chi riéng viéc
khong phai xtr Iy diu ngodc da cho ta thiy vu diém cta ky phap RPN. Chinh vi Iy do nay, cac
chuong trinh dich van cho phép 1ap trinh vién viét biéu thuc trén ky phap trung t6 theo thoi
quen, nhung trude khi dich ra cac 1énh may thi tit ca cac biéu thirc déu duoc chuyén vé dang
RPN. Vén d¢ dat ra 1a phai c6 mot thuat toan chuyén biéu thirc dudi dang trung td vé dang
RPN mot cach hi€u qua, va dudi day ta trinh bay thuat toan do:

Thuat toan str dung mot Stack dé chira céc toan tir va dau ngoac mé. Thu tuc Push(V) dé déy
mot phan tir vao Stack, ham Pop dé 1dy ra mot phan tir tir Stack, ham Get dé doc gia tri phan

tr nim & dinh Stack ma khong iy phan tir d6 ra. Ngoai ra mirc do wu tién cia cac toan tir
dugc quy dinh bang ham Priority: Uu tién cao nhat 1a ddu “x” va “/” véi Priority 1a 2, tiép
theo 14 ddu “+” va “~” v¢i Priority 14 1, vu tién thap nhit 1a diu ngodc mé “(” véi Priority 14 0.

Stack := @;
for <Phin t& T doc duoc ti bidu thitc infix> do
{T c6 thé 1 hdng, bién, toan tir hoic diu ngodc duoc doc tir bidu théc infix theo thd tu tir trai qua phai}
case T of
"(": Push(T);
l) '
repeat
X := Pop;
if x # '(' then Output(x);
until x = '(';
l+l’ |_|, le, l/l:
begin
while (Stack # @) and (Priority(T) < Priority(Get)) do Output(Pop);
Push(T) ;
end;
else Output(T);
end;
while (Stack # @) do Output (Pop);

Vi du v6i biéu thirc trung t6 (10 / 2 + 3) x (7 — 4)

boc | Xuly Stack | Output
( Pay vao Stack (

10 Output: “10” ( 10

/ Phép “/” dwoc uu tién hon “(” & dinh Stack, day “/” vao Stack ¢
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boc | Xuly Stack | Output
2 Output: “2” (/ 2
+ Phép “+” uu tién khong cao hon “/” & dinh Stack. (+ /
Lay “/” khoi Stack, Output: “/”
So sanh tiép:
Phép “+” uru tién cao hon “(” ¢ dinh Stack, day “+” vao Stack
3 Output: 3 + 3
) Lay ra va hién thi cac phan tir trong Stack t6i khi 1iy phai ddu “(" | & +
x Stack dang 1a rong, day “x” vao Stack x
( Day vao Stack x(
7 Output: “7” x( 7
- Phép “~" uru tién hon “(” & dinh Stack, ddy “~” vao Stack x(—
4 Output: “4” x(— |4
) Lay ra va hién thi cac phan tir trong Stack t6i khi ldy phai dau “(" | x -
Hét Ly ra va hién thi hét cac phan tir con lai trong Stack x

Duéi day 1a chuwong trinh chuyén biéu thirc viét & dang trung td sang dang RPN. Biéu thirc

trung to dau vao s€ duoc hi¢u chinh sao cho moi thanh phan cua n6é dugc cach nhau dung mét

dau cach, va thém mot dau cach vao cudi cho dé tach cac phan tir ra dé xur ly. Vi Stack chi

dung dé chura céac toan tr va dau ngodc md nén co thé mo ta Stack dudi dang xau ky tu cho

don gian.
Input: File van ban RPNCONV.INP chi gom 1 dong chira biéu thirc trung t.

Output: File vin ban RPNCONV.OUT ghi biéu thirc trung t6 sau khi d& hiéu chinh va biéu
thirc RPN tuong tmg

Vi du:

RPNCONV . INP RPNCONV. OUT

(10/2 + 3)*(7-4) | Refined: (10 /2+3) * (7-4)
RN :102/3+74-¢

P 2 07_2.PAS * Chuyén biéu thic trung té sang dang REN

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Converting Infix to REN;

const

InputFile = 'RPNCONV.INP';
OutputFile = 'RPNCONV.OUT';

OPt= ['('l |)|r '+'l |-|r '*'r |/|];
var

T, Infix, Stack: string;

p: Integer;

f: Text;

procedure StackInit;

begin
Stack

e 11
. ’
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end;

procedure Push(V: Char); {(Pdy mit toadn ti vao Stack)
begin

Stack := Stack + V;
end;

function Pop: Char; {Ldy mot toan ti ra khoi Stack, tra vé trong két qua ham)
begin

Pop := Stack[Length (Stack)];

Delete(Stack, Length(Stack), 1);
end;

function Get: Char; {Doc toan ti & dinh Stack}
begin

Get := Stack[Length(Stack)];
end;

procedure Refine(var S: String); {Hiéu chinh bilu thic trung té)

var
i: Integer;

begin
S:=85+""

for i := Length(S) - 1 downto 1 do
if (S[i] in Opt) or (S[i + 1] in Opt) then
Insert(' ', S, i +1);
for i := Length(S) - 1 downto 1 do
if (S[i] ="' ') and (S[i + 1] = ' ') then Delete(S, i +1, 1);
end;

function Priority(Ch: Char): Integer; {Ham trd vé dd wu tién cla cic toén ti va diu ngodc md)

begin
case ch of
k' '/': Priority := 2;
"+', '-': Priority :=1;
"(': Priority := 0;
end;
end;

procedure Process(T: String); (X 1y mdt phan t& doc dugc tir biéu thic trung td)
var
¢, x: Char;
begin
¢ = T1];
case ¢ of
"(": Push(c); (T 1a diu ( thi ddy T vio Stack)
')': repeat (T 1& déu ) thi 14y ra va hién thi c4c phn ti trong Stack dén khi ldy téi (}

X := Pop;
if x <> '(' then Write(f, x, ' ');
until x = '(";
T, tet, TRrOU/ve (T 13 toan tu}
begin

while (Stack <> '') and (Priority(c) <= Priority(Get)) do
Write(f, Pop, ' ');
Push(c);
end;
else
Write(f, T, ' '); (T 13 toan hang thi hién thi ludn)
end;
end;

begin
Assign(f, InputFile); Reset(f);
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Readln(f, Infix);
Close(f);
Assign(f, OutputFile); Rewrite(f);
Refine(Infix);
Writeln(f, 'Refined: ', Infix);
Write(f, 'REN )y
T = ||,.
for p := 1 to Length(Infix) do {Tach v& xi 1y ting phan ti doc duoc ti biéu théic trung tb)
if Infix[p] <> ' ' then T :=T + Infix[p]
else
begin
Process(T) ;
T = ll;
end;
while Stack <> '' do Write(f, Pop, ' ');
Close(f);
end.

7.5. XAY DUNG CAY NHI PHAN BIEU DIEN BIEU THUC

Ngay trong phan dau tién, chung ta da biét ring cac dang biéu thirc trung td, tién td va hau td

déu co thé duoc hinh thanh bang cach duyét cdy nhi phan biéu dién biéu thirc d6 theo céc trat

tw khac nhau. Vay tai sao khong xay dung ngay cy nhi phan biéu dién biéu thirc d6 rdi thuc

hién céc cong viéc tinh toan ngay trén cay?. Kho khan gap phai chinh Ia thuat toan xay dung

cdy nhij phan truc tiép tir dang trung t6 c6 thé kém hiéu qua, trong khi d6 tir dang hau t6 lai c6

thé khoi phuc lai cdy nhi phan biéu dién biéu thirc mot cach rat don gian, gan giébng nhu qua

trinh tinh toan biéu thirc hau tb:

Budc 1: Khdi tao mot Stack rdng dung dé chira cac nut trén cay

Budc 2: Poc lan luot cac phan tir ciia biéu thire RPN tir trai qua phai (phan ttr nay c6 thé 1a

hang, bién hay toan tir) voi mdi phan tir do:

% Tao ra mot nut m&i N chira phan tir méi doc duoc

% Néu phan tir nay 1 mot toan tir, 14y tir Stack ra hai nat (theo thtr tw 13 y va x), sau d6 dem
lién két trai ciia N tro dén x, dem lién két phai cua N tré dén y.

< Pay nat N vao Stack

Buée 3: Sau khi két thuc bude 2 thi toan bd biéu thirc d3 duge doc xong, trong Stack chi con

duy nhat mot phan tir, phan tir d6 chinh 1 gbc ctia cay nhi phan biéu dién biéu thirc.

Bai tap

Bai 1

Viét chuong trinh chuyén biéu thirc trung t6 dang phirc tap hon bao gdm: Phép 13y s6 ddi (-x),

phép luy thira x¥ (x*y), 151 goi ham s6 hoc (sqrt, exp, abs v.v...) sang dang RPN.

Bai 2

Viét chuong trinh chuyén biéu thirc logic dang trung t6 sang dang RPN. Vi du:

Chuyén: “a and b or ¢ and d” thanh: “a b and ¢ d and or”

Bai 3

Chuyén cac biéu thirc sau ddy ra dang RPN

Lé Minh Hoang



< 88 o Chuyén dé

a) Ax (B+C)

b) A+B/C+D

c) Ax (B+ )

dA- (B+C)'e

e) Aand Bor C

f) A and (B or not C)

g) (A or B) and (C or (D and not E))

h) (A =B) or (C=D)

i) (A< 9) and (A > 3) or not (A > 0)

j) ((A>0) or (A<0)) and BxB-4xAxC<DO0)

Bai 4

Viét chuong trinh tinh biéu thic logic dang RPN véi cac toan tir and, or, not va cac toan hang
la TRUE hay FALSE.

Bai 5

Viét chuong trinh hoan chinh tinh gié tri biéu thirc trung t9.
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§8. SAP XEP (SORTING)

8.1. BAI TOAN SAP XEP

Sép Xép la qué trinh b tri lai cac ph?m tor ciia mat tap ddi tuong nao do theo mot thir ty nhat
dinh. Chang han nhu thtr ty ting dan (hay giam dan) ddi véi mot diy sb, thir ty tir dién ddi voi
cac tir v.v... Yéu cau vé sap xép thudng xuyén xuit hién trong cac tmg dung Tin hoc véi cac
muc dich khac nhau: sip xép dit liéu trong may tinh dé tim kiém cho thuan loi, sip xép cac
két qua xtr Iy dé in ra trén bang biéu v.v...

N6i chung, dit liéu c6 thé xuét hién dudi nhiéu dang khac nhau, nhung & day ta quy udc: Mot
tap cac ddi twong can sip xép la tip cic ban ghi (records), mdi ban ghi bao gdm mot sb
truong (fields) khac nhau. Nhung khong phai toan bd cic truong dir liéu trong ban ghi déu
duoc xem xét dén trong qué trinh sip xép ma chi 1a mot truong nao d6 (hay mot vai truong
nao do) duoc chu ¥ téi thoi. Truong nhu vay ta goi 1a khoa (key). Sip xép s& duogc tién hanh
dua vao gia tri cua khod nay.

Vi du: H6 so tuyén sinh ctia mot truong Pai hoc 13 mot danh sach thi sinh, mdi thi sinh c6 tén,
s0 bao danh, diém thi. Khi mudn liét ké danh sach nhiing thi sinh tring tuyén tirc 1a phai sap
xép céc thi sinh theo thir ty tir diém cao nhat toi diém thap nhat. O day khoa sap xép chinh 1a

diém thi.

STT | SBD | Ho vatén Diém thi

1 A100 | Nguyén Vin A |20

2 B200 | Tran Thi B 25

3 X150 | Pham Van C 18

4 G180 | Pd ThiD 21

Khi sép xép, cac ban ghi trong bang s¢ dugc dat lai vao cac vi tri sao cho gia tri khoa tuong
g véi chiing c6 dung thtr tw dd 4n dinh. Vi kich thudc cua toan ban ghi co thé rat 16n, nén
néu viéc sép Xép thuc hién truc tiép trén cac ban ghi s€ doi hoi su chuyén ddi vi tri cua cac
ban ghi, kéo theo viéc thudng xuyén phai di chuyén, copy nhitng ving nhd 16n, giy ra nhing
t6n phi thoi gian kha nhiéu. Thuong ngudi ta khic phuc tinh trang ndy bang cach xdy dung
mot bang khoa: Mdi ban ghi trong bang ban dau s& tuong mg véi mot ban ghi trong bang
khoa. Bang khoa ciing gdm cac ban ghi nhung mdi ban ghi chi gdm c6 hai truong:

Trudng tht nhat chira khoa

Truong th hai chira lién két t6i mot ban ghi trong bang ban dau, tirc 13 chira mot théng tin du
dé biét ban ghi trong (mg v&i nd trong bang ban dau 1a ban ghi nao.

Sau do6, viéc sap xép duoc thuc hién truc tiép trén bang khod, trong qua trinh sap xép, bang

chinh khong hé bi anh hwéng gi, viéc truy cip vao mot ban ghi nao d6 ciia bang chinh van
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c6 thé thuc hién dugc bang cach dua vao truong lién két cua ban ghi tuong Gmg thudc bang
khoa.
Nhu & vi dy trén, ta c6 thé xay dung bang khoa gdém 2 trudng, trudng khoa chira diém va

truong lién két chira sb thir ty cia ngudi c6 diém twong tng trong bang ban dau:

Piém thi | STT
20 1
25 2
18 3
21 4

Sau khi sap xép theo trat tu diém cao nhat toi diém thap nhat, bang khoa sé trg thanh:

Piém thi | STT
25 2
21 4
20 1
18 3

Duya vao bang khoa, ta c6 thé biét duoc rang nguoi c6 diém cao nhét 1a ngudi mang s thi tyr
2, tiép theo 1a nguoi mang s6 thi ty 4, tiép nita 12 nguoi mang sb thar tu 1, va cudi cing 1a
ngudi mang s6 thr ty 3, con mudn liét ké danh sach day du thi ta chi viéc dbi chiéu véi bang
ban dau va liét ké theo thir tw 2,4, 1, 3.
C6 thé con cai tién tot hon dya vao nhan xét sau: Trong bang khoa, ndi dung cua truong khoa
hoan toan c6 thé suy ra duoc tir truong lién két biang cach: Dya vao truong lién két, tim t6i
ban ghi twong tmg trong bang chinh rdi truy xuat truong khoa trong bang chinh. Nhu vi du
trén thi nguoi mang s6 thi ty 1 chic chin s& phai c6 diém thi 1a 20, con ngudi mang sb thir tur
3 thi chic chin phai c6 diém thi 1a 18. Vay thi bang khoa c6 thé loai bo di truong khoa ma chi
giit lai trudng lién két. Trong truong hop cac phin tir trong bang ban dau duoc danh sé tir 1
t6i n va truong lién két chinh 1a s thir tu cua ban ghi trong bang ban dau nhu ¢ vi du trén,
ngudi ta goi k¥ thuat nay 1a k¥ thuat sap xép bang chi sb: Bang ban dau khong hé bi anh
hudng gi ca, viéc sip xép chi don thuan 1a danh lai chi s cho cac ban ghi theo tht tu sap xép.
Cu thé hon:
Néu r[1..n] 14 cic ban ghi can sip xép theo mot thr ty nhat dinh thi viéc sip xép bang chi sd
tire la xay dung mét day Index[1..n] ma & day:
Index[j] = Chi s6 ctia ban ghi s& dimg thu j khi sap thir tur
(Ban ghi r[index[j]] s& phai dimg sau j - 1 ban ghi khac khi sip xép)
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Do khod co vai tro dac biét nhu vay nén sau nay, khi trinh bay cac giai thuat, ta s€ coi khoa
nhwr dai dién cho cic ban ghi va dé cho don gian, ta chi n6i t6i gi tri ciia khoa ma thoi. Cac
thao tac trong k¥ thuat sip xép 18 ra 1a tic dong 1én toan ban ghi gid day chi 1am trén khoa.
Con viéc cai dat cac phuong phap sap xép trén danh sach cac ban ghi va ky thuat sip xép
bang chi sd, ta coi nhu bai tap.

Bai toan sip xép gio diy c6 thé phat biéu nhw sau:

Xét quan hé thir t toan phan “nhé hon hoidc bang” ky hiéu “<” trén mot tap hop S, 1a quan hé
hai ngdi thoa man bdn tinh chat:

VéiVa,b,c e S

% Tinh phd bién: Hodc 1a a < b, hodc b < a;

¢ Tinh phan xa: a<a

% Tinh phan d6i xtmg: Néu a < b va b < a thi bat budc a =b.

% Tinh bic cdu: Néucéa<bvab<cthia<c.

Trong truong hgp a <b va a # b, ta dung ky hi¢u “<” cho gon

Cho mét ddy k[1..n] gdm n khod. Giira hai khoa bat ky c6 quan hé thtr ty toan phan “<". Xép
lai diy cac khoa d6 dé dugc day khod thoa man k[1]< k[2] < ...<k[n].

Gia su cau tric dir liéu cho day khod dugec mé ta nhu sau:

const

n=.; {36 kho4 trong daiy khod, cé thé khai bao duéi dang bién s6 nguyén dé& tuy bién hon)
type

TRey = ..; {Kiéu dit 1iéu mét khoa)

TArray = array[l..n] of TKey;
var
k: TArray; {Day khod}

Thi nhitng thuat toan sip xép dudi day duogc viét dudi dang tha tuc sip xép day khoa k, kiéu
chi s6 danh cho timg khoa trong day c6 thé coi 1a s6 nguyén Integer.

8.2. THUAT TOAN SAP XEP KIEU CHON (SELECTIONSORT)

Mot trong nhirng thuat toan sip xép don gian nhit 1a phuong phép sip xép kiéu chon. Y tuéng
co ban cua cach sap xEp nay la:

O luot thir nhét, ta chon trong day khoa k[1..n] ra khoa nhé nhét (khoa < moi khoa khéc) va
doi gia tri cua n6 voi k[ 1], khi do gié tri khod k[1] tr¢ thanh gid tri khod nhé nhat.

O luot tht hai, ta chon trong ddy khoa k[2..n] ra khoa nho nhét va ddi gia tri ctia né véi k[2].
O luot tht i, ta chon trong diy khoa k[i..n] ra khoa nho nhét va doi gid tri ciia nd véi k[i].

Lam t6i lugt thir n - 1, chon trong hai khoa k[n-1], k[n] ra khoa nho nhit va doi gia tri cia nd
voi k[n-1].
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procedure SelectionSort;

var
i, j, jmin: Integer;
begin
fori:=1ton-1do {Lamn - 1 lugt)
begin
{Chon trong s6 cic kho4 trong doan k[i..n] ra kho4 k[jmin] nhd nhit}
jmin :=1i;
for j:=i+1tondo
if k[j] < k[jmin] then jmin := j;
if jmin # i then
<Pdo gia tri cda k[jmin] cho k[i]>
end;
end;

Dbi véi phuong phéap kiéu lwa chon, c6 thé coi phép so sanh (k[j] < k[jmin]) 12 phép toan tich
cuc dé danh gia hi¢u suat thuat toan vé mat thoi gian. O luot tht i, dé chon ra khoa nho nhat
bao gid cling can n - i phép so sanh, s6 luong phép so sanh nay khong hé phu thude gi vao
tinh trang ban dau cua day khoa ca. Tir d6 suy ra tong sé phép so sanh s& phai thyc hién 1a:
m-1)+(n-2)+...+1=n*n-1)/2

Vay thuét toan sip xép kiéu chon c6 do phc tap tinh toan 1a O(n?)

8.3. THUAT TOAN SAP XEP NOI BOT (BUBBLESORT)

Trong thuat toan sip xép ndi bot, diy cac khoa s& duoc duyét tir cudi diy 1én dau day (tir k[n]
vé k[1]), néu gap hai khoa ké can bi nguoc tha tu thi ddi chd cua chiung cho nhau. Sau lan
duyét nhu vay, khoa nho nhét trong diy khoa s& dugc chuyén vé vi tri du tién va van dé tro
thanh sap xép day khoa tir k[2] ti k[n]:

procedure BubbleSort;
var

i, j: Integer;
begin

fori ;=2 tondo

for j := n downto i do {Duyét tir cubi day 1én, lam ndi khod nhd nhit trong doan k[i-1, n] vé& vi tri i-1}
if k[j] < k[j-1] then
<Pao gia tri k[j] va k[j-1]>

end;

Déi v6i thuat toan sap xép ndi bot, co thé coi phép toan tich cuc 1a phép so sanh k[j] < k[j-1].
Va s6 1an thuc hién phép so sanh nay 1a:

m-H)+(m-2)+...+1=n*n-1)/2
Vay thudt toan sap xép ndi bot ciing co do phtrc tapla O(n?). Bat ké tinh trang dir liéu vao nhu
thé nao.

8.4. THUAT TOAN SAP XEP KIEU CHEN (INSERTIONSORT)

Xét day khoa k[1..n]. Ta thay day con chi gdm mdi mot khoa 1a k[1] c6 thé coi 1a da sip xép
roi. Xét thém k[2], ta so sanh né v6i k[1], néu thdy k[2] < k[1] thi chén né vao trudc k[1]. Pdi
v6i k[3], ta lai xét ddy chi gdm 2 khoa k[1], k[2] d4 sdp xép va tim cach chén k[3] vao diy
khoa d6 dé duoc thr tu sap xép. Mot cach tong quat, ta s& sip xép day k[1..i] trong diéu kién
day k[1..i-1] da sap xép rdi bang cach chén k[i] vao diy do tai vi tri dung khi sap xép.
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procedure InsertionSort;
var

i, j: Integer;

tmp: TKey; {Bién git lai gi4 tri khod chén}
begin

for i :=2 to ndo {Chén gid tri k[i] vado day k[l..i-1] d& toan doan k[l..i] trd thanh di sdp xép)

begin
tmp := k[i]; {Gil lai gid tri k[i]}

ji=i-1;
while (j > 0) and (tmp < k[j]) do {So sénh gi& tri cin chén véi 14n lugt cac khod k[j] (i-12320))
begin
k[§+1] := k[j]; {Pdy 1ui gi4 tri k[j] vé phia sau mot vi tri, tao ra “khodng tréng” tai vi tri j}
ji=g- L
end;
k[j+1] := tmp; {Pua gia tri chén vao “khodng trdéng” méi tao ra)
end;

end;

Ddi vé6i thuét toan sép Xép kiéu chén, thi chi phi thoi gian thyc hién thuat toan phu thudc vao
tinh trang ddy khod ban dau. Néu coi phép toan tich cuc ¢ day 1a phép so sanh tmp < k[j], ta
co:
Truong hop t6t nhat img voi ddy khoda da sip xép rdi, mdi luot chi can 1 phép so sanh, va nhu
vay tong sd phép so sanh duoc thuc hién 13 n - 1. Phan tich trong trudng hop tot nhat, d6 phirc
tap tinh todn cua InsertionSort 1a ®(n)
Trudng hop tdi t& nhét Gng voi diy khoa da c6 thir tu nguoc voi tha tu can sip thi & luot thu i,
can co i - 1 phép so sanh va tong sd phép so sanh 1a:
n-H+m-2)+...+1=n*(n-1)/2.

Vay phan tich trong truong hop tét nhat, do phirc tap tinh toan cua InsertionSort 13 O(n?)
Truong hop cac gia tri khoa xuét hién mét cach ngau nhién, ta co thé coi xac suat xuét hién
mdi khoa 13 dong kha ning, thi ¢ thé coi & luot thir i, thudt toan can trung binh i / 2 phép so
sanh va téng s6 phép so sanh 1a:

1/2)+@2/2)+...+(m/2)=m+1)*n/4.
Vay phan tich trong truong hop trung binh, do phtrc tap tinh toan cta InsertionSort 1a ©(n?).
Nhin vé két qua danh gia, ta c6 thé thdy rang thuat toan sap xép kiéu cheén to ra t6t hon so voi
thuat toan sap xép chon va sap xép noéi bot. Tuy nhién, chi phi thoi gian thuc hién cua thuat
toan sap xép kiéu chén van con kha 16n.
C6 thé cai tién thuat toan sap xép chén nho nhan xét: Khi day khoa k[1..i-1] d3 duogc sip xép
thi viéc tim vi tri chén co thé lam béng thuat toan tim kiém nhj phan va k¥ thuat cheén co thé
lam bang cac 1énh dich chuyén ving nhé cho nhanh. Tuy nhién diéu d6 cling khong lam giam
di do phtc tap cua thuat toan boi trong trudng hop xau nhat, ta phai mat n - 1 1an chén va lan
chén thir i ta phai dich i i khoa dé tao ra khoang tréng truéc khi day gia tri khoa chén vao
chd tréng do.
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procedure InsertionSortwithBinarySearching;

var
i, inf, sup, median: Integer;
tmp: TKey;
begin
for i :=2 tondo
begin

tmp := k[i]; {Gi% lai gid tri k[i]}

inf :=1; sup :=i - 1; {Tinm chd chén gid tri tmp vao doan tu k[inf] tol k[suptl]}

repeat {Sau mdi vong 1&p nay thi doan tim bi co lai mét noa)
median := (inf + sup) div 2; {Xét chi s6 ndm gifia chi s inf v& chi s6 sup)
if tmp < k[median] then sup := median - 1
else inf := median + 1;

until inf > sup; { K&t thic vong 13p thi inf = sup + 1 chinh 14 vi tri chén}

<Dich cac khod tw k[inf] téi k[i-1] lui sau mdt vi trid>

k[inf] := tmp; {Pua gi& tri tmp vdo “khodng trbng” méi tao ra)

end;
end;

8.5. SAP XEP CHEN VOI PQ DAI BUGC GIAM DAN (SHELLSORT)

Nhuoc diém ctia thuat toan sip xép kiéu chén thé hién khi ma ta ludn phai chén mot khoa vao
vi tri gan dau diy. Dé khic phuc nhugc diém nay, nguoi ta thuong sir dung thuat toan sap xép
chén véi do dai budc giam dan, ¥ tuong ban dau cho thuat toan duoc dua ra boi D.L.Shell

nam 1959 nén thuat toan con cdé madt tén goi khac: ShellSort

Xét diy khoa: k[1..n]. Vi mot sé nguyén duong h: 1 <h < n, ta c6 thé chia diy d6 thanh h
day con:

Day con 1: k[ 1], k[1+h], k[1 + 2h], ...

Day con 2: k[2], k[2+h], k[2 + 2h], ...

Day con h: k[h], k[2h], k[3h], ...

Vidunhuday (4,6,7,2,3,5,1,9,8);n=9; h=3. Cé 3 day con.
Day khoé chinh: 4 6 7 2 3 5 1 9 8

Day con 1: 4 2 1
Day con 2: 6 3 9
Day con 3: 7 5 8

Nhirng diy con nhu vy dugc goi 1a diy con xép theo do dai budc h. Tu tudng cua thuat toan
ShellSort 1a: V&i mot bude h, 4p dung thuat toan sip xép kiéu chén timg diy con doc 1ap dé
lam min dan day khoa chinh. Réi lai lam twong ty ddi véi bude h div 2 ... cho ti khi h =1 thi
ta duoc day khoa sap xép.

Nhu & vi dy trén, néu ding thuat toan sip xép kiéu chén thi khi gap khoa k[7] = 1, 12 khod nho
nhat trong day khoa, né phai chén vao vi tri 1, tirc 13 phai thao tac trén 6 khoa dimg trudc no.

Nhung néu coi 1 13 khoa ctia diy con 1 thi né chi can chén vao trude 2 khoa trong diy con dé
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ma thoi. Day chinh 14 nguyén nhan ShellSort hidu qua hon sip xép chén: Khoa nho duoc

nhanh chéng dua vé gan vi tri ding cia no.

procedure ShellSort;
var
i, j, h: Integer;
tmp: TKey;
begin
h :=ndiv 2;
while h <> 0 do {Lam min ddy voi do dai budc h}
begin
fori:=h+1tondo
begin {S&p xép cheén trén day con ali-h], ali], a[i+h], a[i+2h], ..)
tmp := k[i]; j :=1 - h;
while (j > 0) and (k[j] > tmp) do
begin
k[3+h] := k[3];
j=3-N
end;
k[j+h] := tmp;
end;
h :=h div 2;
end;
end;

Trén day 1a phién ban nguyén thuy cua ShellSort do D.L.Shell dua ra nam 1959. B¢ dai budce
dugc dem div 2 sau mdi 1an lap. D& thay rang dé ShellSort hoat dong diing thi chi can diy
budc h gidm dan vé 1 sau mdi budc lap 1a dugc, da c6 mot ) nghién ctru vé viéc chon day
budc h cho ShellSort nham ting hiéu qua cua thuét toan.

ShellSort hoat dong nhanh va dé cai dat, tuy vay viéc danh gia do phurc tap tinh todn cia
ShellSort 14 twong ddi kho, ta chi thira nhin cac két qua sau day:

Néu cac budc h duge chon theo thir tu nguoc tur day: 1, 3, 7, 15, ..., 2.1, ... thi do phuec tap
tinh toan cta ShellSort 1a O(n*?).

Néu céac bude h duoc chon theo thir ty nguoc tir day: 1, 8,23, 77, ..., 4™ + 32 + 1, ... thi 6
phire tap tinh toan cia ShellSort 1a O(n*?).

Néu cac budce h duoc chon theo thir ty nguoc tir diy: 1, 2, 3, 4, 6, 8,9, 12, 16, ..., 2'3', ...
(Ddy ting dan cua cac phan tor dang 2i3j) thi do phtuc tap tinh toan cua ShellSort la
O(n(logn)?).

8.6. THUAT TOAN SAP XEP KIEU PHAN POAN (QUICKSORT)

8.6.1. Tu twomg cua QuickSort

QuickSort - thuit toan dugc dé xuét boi C.A.R. Hoare - 1a mdt phuwong phap sip xép tot nhat,
nghia la du day khoé thudc kiéu dit liéu c6 thir ty nao, QuickSort cling co thé sép xép duoc va
chua c6 mot thuat toan sip xép tong quéat nao nhanh hon QuickSort vé mit téc do trung binh
(theo to1 biét). Hoare da manh dan léy chir “Quick” dé dat tén cho thuat toan.

Y tudng chi dao ctia phuong phép ¢ thé tom tat nhu sau: Sap xép day khoa k[1..n] thi c6 thé
coi 1 sip xép doan tir chi s 1 t6i chi sb n trong diy khoa d6. Dé sip xép mot doan trong diy

kho4, néu doan do6 co6 it hon 2 khoa thi khong can phai lam gi c4, con néu doan do6 c6 it nhat 2
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khoa, ta chon mdét khoa ngéu nhién nao do cua doan lam “chét” (Pivot). Moi khod nho hon
khoa chdt duge Xép vao vi tri dung trude chdt, moi khoa 16n hon khoa chét duoc Xép Vao vi
tri dimg sau chdt. Sau phép hoan chuyén nhu vay thi doan dang xét duoc chia 1am hai doan
khac rdng ma moi khoa trong doan dau déu < chdt va moi khoa trong doan sau déu > chét.
Hay ndi cach khac: Mdi khoa trong doan déu déu < moi khoa trong doan sau. Va van dé tro
thanh sip xép hai doan méi tao ra (c6 do dai ngan hon doan ban dau) bang phuong phap

tuong tu.

procedure QuickSort;

procedure Partition(L, H: Integer); {Sip xép diy khoa k[L..H]}
var
i, j: Integer;
Pivot: TKey; {Bién lwu gi4 tri khoa chét)
begin
if L 2 H then Exit; {Néu doan chi c6 < 1 kho4 thi khong phdi lam gi ca)
Pivot := k[Random(H - L + 1) + L]; {Chon mot khoé ngdu nhién trong doan lam khod chbt)
i:=1L;j:=H {i:=vitri ddu doan; j := vi tri cubi doan)
repeat
while k[i] < Pivot do i

i+ 1; {Tim tu dau doan khoa > khoa chét)

while k[j] > Pivot do j := j - 1; {Tim tur cubi doan khod < khod chét)
{Pén day ta tim dugc hai khod k[i] va k[j] ma k[i] 2 key 2 k[]]}
if i < j then

begin

if 1 < j then {Néu chi sb i dimg truéc chi sb j thi ddo gia tri hai khod k[i] v& k[j]}
(pao gia tri k[i] va k[j]); {Sau phép ddo nay ta cd: k[i] < key < k[j]}
im=1i41;,3:=3-1;
end;
until i >
Partition(L, j); Partition(i, H); {S&p xép hai doan con méi tao ra}
end;

begin
Partition(l, n);
end;

Ta tht phan tich xem tai sao doan chuong trinh trén hoat dong dung: Xét vong lap
repeat...until trong 1an lip dau tién, vong lap while thir nhit chic chéin s& tim dugc khoa k[i]
> khoa chét boi chic chin ton tai trong doan mdt khoa béng khoéa chét. Tuong ty nhu vay,
vong lip while thir hai chic chian tim duoc khoa k[j] < khoa chét. Néu nhu khoa k[i] dimng
trudc khod k[j] thi ta ddo gia tri hai khod, cho i tién va j lui. Khi do ta c6 nhan xét réng moi

khoa dung trude vi tri i s& phai < khoa chét va moi khoa dung sau vi tri j s& phai > khoa chdt.

< Khoa chét > Khoa chét

Hinh 29: Vong lap trong cia QuickSort

Diéu nay dam bao cho vong lip repeat...until tai budc sau, hai vong lip while...do bén trong
chic chin lai tim dugc hai khoa k[i] va k[j] ma k[i] > khoa chét > k[j], néu kho4 k[i] dung
trudce khoa k[j] thi lai ddo gié tri cua chung, cho 1 tién 1én mot vi tri va j i vé mét vi tri. Vay

vong lap repeat. ..until s& dam bao tai mdi budc:
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% Hai vong lap while...do bén trong luén tim duoc hai khoa k[i], k[j] ma k[i] > khoa chét >
k[j]. Khong c6 trudng hop hai chi sb i, j chay ra ngoai doan (luén luén c6 L < i, j < H).

% Sau mdi phép hoan chuyén, moi khoa dimg trudc vi tri i luén < khoa chdt va moi khoa
dimg sau vi tri j luén > khoa chét.

Vong lap repeat ...until s& két thuc khi ma chi sé i ding phia sau chi sé j (Hinh 30).

< Khoa chét

Hinh 30: Trang thai trwéce khi goi dé quy

Theo nhirng nhan xét trén, néu c6 mot khoa nam gitra k[j] va k[i] thi khoa dé phai dang bang

khoa chét va n6 da dugc dat dung vi tri nén c6 thé bo qua khoa nay ma chi xét hai doan ¢ hai

dau. Cong viéc con lai 1a goi dé quy dé lam tiép véi doan tir k[L] toi k[j] va doan tir k[i] t6i

k[H]. Hai doan nay ngdn hon doan dang xét boi vi L < j < i < H. Vay thuit toan khong bao

gid bi roi vao qua trinh v6 han ma s& dimg va cho két qua dung dan.

Xét vé do phtc tap tinh toéan, truong hop tdt nhat 1a tai mdi budc chon chdt dé phan doan, ta

chon ding trung vi cua day khod (gia trj s& dimg gitra ddy khi sdp th tu), khi d6 do phuc tap

tinh toan cua QuickSort 1a ©(nlgn). Trudng hop toi té nhat 1a tai mdi budc chon chdt dé phan

doan, ta chon ding vao khoa lon nhét hodc nho nhét cua day kho4d, tao ra mdt doan gém 1

khoa va doan con lai gém n - 1 khod, khi d6 d6 phuc tap tinh toan cua QuickSort 1a ®(n2).

Thoi gian thyc hién giai thuat QuickSort trung binh 1a ©(nlgn). Viéc chimg minh cac két qua

nay phai st dung nhiing cong cu toan hoc phtic tap, ta thira nhan nhitng diéu noi trén.

8.6.2. Trung vi va thir tu thong ké (median and order statistics)

Viéc chon chdt cho phép phan doan quyét dinh hiéu qua ciia QuickSort, néu chon chdt khong

tét, rat ¢ thé viéc phan doan bi suy bién thanh truong hop x4u khién QuickSort hoat dong

cham va tran ngan xép chuong trinh con khi gap phai day chuyén d¢ qui qua dai. Nhiing vi du

sau ddy cho thdy v&i mot chién lugce chon chdt toi co thé d& dang tim ra nhitng bo dir liéu

khién QuickSort hoat dong cham.

Vi m kha 16n:

% Néu nhu chon chdt 13 khoa dau doan (Pivot := k[L]) hay chon chdt 1 khoa cudi doan
(Pivot :=k[H]) thi QuickSort s¢& tr¢ thanh “Slow” Sort voi day (1, 2, ..., m).

% Néu nhu chon chdt 1a khoa giita doan (Pivot := k[(L+H) div 2]) thi QuickSort ciing tr&
thanh “Slow” Sort véi day (1, 2, ..., m-1, m, m, m-1, ..., 2, 1).

% Trong trudng hop chon chét 13 khod ndm & vi tri ngdu nhién trong doan, that kho co thé
tim ra mot bo dit liéu khién cho QuickSort hoat dong cham. Nhung ta cling can hiéu rf?mg
v6i moi thudt toan tao sd ngau nhién, trong m! diy hoan vi cua day (1, 2, ... m) thé nao

cling c6 mot diy 1am QuickSort bi suy bién, tuy nhién xac sut xdy ra diy nay qua nho va
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cling rat kho dé chi ra nén viée st dung céch chon chdt 1a khoa nam & vi tri ngéu nhién co
thé coi 1a an toan véi cac truong hop suy bién ciia QuickSort.
Phan “trung vi va thi tu thong ké” nay dugc trinh bay trong ndi dung thao luan vé QuickSort
boi nd cung cap mot chién luge chon chét “dep” trén 1y thuyét, nghia 1a trong trudng hop xu
nhat, 46 phuc tap tinh toan cua QuickSort ciing chi 13 O(nlgn) ma thoi. Bé giai quyét van dé
suy bién cua QuickSort, ta xét bai toan tim trung vi ciia diy khoa va bai toan tong quat hon:
Bai toan thir ty thong ké (Order statistics).
Bii todn: Cho diy khoa ki, ko, ..., ky, hiy chi ra khoa s& dimg thir p trong day khi sép thir tu.
Khi p = n div 2 thi bai toan thir tr théng ké tro thanh bai toan tim trung vi ctia diy khoa. Sau
day ta s& ndi vé mot s cach giai quyét bai toan tha ty thong ké v6i muc tiéu cudi clng 1a tim
ra mot thudt toan dé giai bai toan nay véi do phirc tap trong trudng hop x4u nhét 1a O(n)
Céch té nhat ma ai ciing c6 thé nghi t6i 12 sip xép lai toan b diy k va dua ra khoa dung thir p
cua ddy da sap. Trong cac thudt toan sap xép tong quat ma ta thao luan trong bai, khong thuat
todn nao cho phép thyc hién viéc nay voi do phiic tap xau nhat va trung binh 1a O(n) ca.
Céach thi hai 12 stra d6i mot chut thu tuc Partition cta QuickSort: thu tuc Partition chon khoa
chét va chia doan dang x¢ét 1am hai doan con (thuc ra 1a ba): Cac khoa cua doan dau < chdt,
cac khoa cua doan gitra = chdt, cac khoa ciia doan sau > chét. Khi d6 ta hoan toan c6 thé xéac
dinh duoc khod can tim nam & doan nao. Néu khoa d6 nam & doan gitra thi ta chi viéc tra vé
gia tri khoa chdt. Néu khoa d6 nam & doan dau hay doan sau thi chi can goi dé quy lam tuong

tu voi mot trong hai doan d6 chir khong can goi dé quy dé sap xép ca hai doan nhu QuickSort.

{
Input: Day khod k[l..n], s6p (1 <p<n)
Output: Gid tri khod ding thi p trong diy sau khi sip thd tu dugc tra vé trong 1oi goi ham Select(l, n)
}
function Select(L, H: Integer): TKey; {Tim trong doan k[L..H]}
var
Pivot: TKey;
i, j: Integer;
begin
Pivot := k[Random(H - L + 1) + L];
im:=L]:=4
repeat
while k[i] < Pivot do i := i + 1;
while k[j] > Pivot do j :=j - 1;
if 1 < j then
begin
if 1 < j then (Péo gid tri k[i] va k[j]);
im=it+l;3:=3-1;
end;
until i > j;
{Xac dinh khod can tim ndm ¢ doan nao)
if p < j then Select := Select(L, j) {Khoa cin tim nim trong doan dau)
else
if p > i then Select := Select(i, H) {Khoa cin tim nim trong doan sau)
else Select := Pivot; {Khod can tim ndm & doan gilta, chi can tra vé Pivot}
end;

Céch thir hai tt hon cach thi nhét khi phan tich do phtc tap trung binh vé thoi gian thuc
hién giai thuat (C6 thé ching minh dugc 1a O(n)). Tuy nhién trong trudng hop xau nhat, giai
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thuat nay lai c6 do phuc tap O(nz) khi can chi ra khod 16n nhét cua day khoé va chdt Pivot
duoc chon ludn la khod nhd nhat ctia doan k[L..H]. Ta van phai hudéng té1 mdt thuat toan tot
hon nira.

Céch tht ba: Sy bi hiém cua sb 5.

Ta s& viét mot ham Select(L, H, p) tra vé khoa s& dung thu p khi sap xép day khoa k[L..H].
Néu ddy nay c6 it hon 50 kho4, thuat toan sip xép kiéu chén s& dugc ap dung trén diy khoa
nay va sau do gia tri k[L + p - 1] s€ dugc tra vé trong két qua ham Select.

Néu diy nay c6 > 50 khod, ta chia cac khoa k[L..H] thanh cac nhém 5 khoa:
k[L+0..L+4],k[L+5..L+9],k[L+10,L+ 14]...

Néu cudi cuing qué trinh chia nhém con lai it hon 5 khod (do d6 dai doan k[L..H] khong chia
hét cho 5), ta bo qua khong xét nhitng khoa du thira nay.

Véi mdi nhém 5 khoa ké trén, ta tim trung vi cia nhoém (goi tat 13 trung vi nhom - khoa dimg
thir 3 khi sdp thir tw 5 khod) va ddy trung vi nhom ra dau doan k[L..H] theo thir tu:

Trung vi cua k[L + 0..L + 4] sé dugc dao gia tri cho k[L]

Trung vi cia k[L + 5..L + 9] s€ dugc ddo gia tri cho k[L + 1]

Gia sir trung vi cia nhom cudi cing s& dugc dao gia tri cho k[j].
Sau khi c4c trung vi nhom da tap trung vé cac vi tri k[L.j], ta dit Pivot bang trung vi ctia cac
trung vi nhdm bang mot 1énh goi dé quy ham Select:

Pivot := Select(L, j, j - L + 1) div 2);
Tiép tuc cac 1énh cta ham Select nhu thé ndo s& ban sau, biy gid ta gia sir ham Select hoat
dong ding dé xét mot tinh chat quan trong ciia Pivot:
Néu do dai doan k[L..H] lan (=H—L + 1) thi ¢6 1 div 5 nhém, nén ciing ¢ n div 5 trung vi
nhom. Pivot 14 trung vi ciia cac trung vi nhoém nén Pivot phai 16n hon hay bang (1 div 5) div 2
trung vi nhom, mdi trung vi nhom lai 16n hon hay bang 2 khoa khac cua nhom. Vay co thé
suy ra rang Pivot 16n hon hay bang (n div 5 div 2 * 3) khoa ctia doan k[L..H]. Lap luan tuong
tu, ta c6 Pivot nho hon hay bang (n div 5 div 2 * 3) khoa khéc ctia doan k[L..H]. Vi n > 50,
ta co n div 5 div 2 * 3 > n/4. Suy ra:
% C6 it nhit /4 khoa nho hon hay bang Pivot = c6 nhiéu nhit 311/4 khoa 16n hon Pivot
% Co it nhat n/4 khoa 16n hon hay bang Pivot = ¢ nhiéu nhit 3n/4 khoa nho hon Pivot
Ta quay lai xdy dung tiép ham Select, khi dd co Pivot, ta c6 thé dém duoc bao nhiéu khoa
trong doan k[L..H] nhé hon Pivot, bao nhiéu khoa bang Pivot va bao nhiéu khoa 16n hon
Pivot, tir 6 xac dinh duoc gia tri can tim nho hon, 16n hon, hay bang Pivot. Néu gia tri can
tim bang Pivot thi chi can tra vé Pivot trong két qua ham. Néu gia tri cAn tim nho hon Pivot, ta
don tat ca cac khod nho hon Pivot trong doan k[L..H] vé dau doan va goi dé quy tim tiép voi
doan dau nay (Cht y rang d6 dai doan dugc xét tiép trong 10i goi d¢ quy khong qua % lan do

dai doan k[L..H]), van dé twong ty d6i véi truong hop gia tri can tim 16n hon Pivot.
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procedure InsertionSort(L, H: Integer);
begin

(Ding InsertionSort sdp xép day k[L..H]);
end;

function Select(L, H, p: Integer): TKey; {Ham trd vé& khod nhd tht p trong day khod k[L..H])
var
i, j, cL, cE: Integer;
Pivot: TKey;
begin
if H - L < 49 then {Néu do dai doan it hon 50 khoa)
begin
InsertionSort(L, H); {Thuc hién sip xép chén)
Select := k[L + p - 1]; {V& trd vé phin ti nhé tht p)
Exit;
end;
ji=L-1;1i:=1;
repeat {Tim trung vi cta k[i, i + 4] chuyén vé dau doan}
InsertionSort(i, i + 4);

J=itl
(pdo gia tri k[i + 2] cho k[j]);
i:=1i+5;

until 1 + 5 > H;
Pivot := Select(L, j, (j - L + 1) div 2);
cL :=0; cE := 0; {dm cL: s6 phan ti nhd hon Pivot, cE: s6 phan ti bing Pivot trong day k[L, H]}
fori ;=L toH do
if k[i] < Pivot then cL :=cL + 1;
else if k[i] = Pivot then cE := cE + 1;
if (cL < p) and (p <= cL + cE) then {Gi4 tri cin tim bing Pivot}
begin
Select := Pivot;
Exit;
end;
ji=L-1
if p <= cL then {Gi& tri cin tim nhd hon Pivot}
begin
for i := L to H do {DOn cac khoa nho hon Pivot v& ddu doan)
if k[i] < Pivot then
begin
ji=j+l;
(pao gia tri k[i] cho k[j]);
end;
Select := Select(L, j, p); {Goi d& quy tim tiép trong doan k[L..i])
end
else {Gi4 tri can tim 16n hon Pivot)
begin
for i := L to H do {Dén céc khod 16n hon Pivot vé ddu doan}
if k[i] > Pivot then

begin
ji=j+l;
(Péo gid tri k[i] cho k[j]);
end;
Select := Select(L, j, p - cL - cE); {Goi d& quy tim tiép trong doan k[L..j]}

end;
end;

Ta sé& chi ra ring d6 phirc tap tinh toan ciia thuat toan trén 1a O(n) trong truong hop x4u nhat.
Néu goi T(n) 1a thoi gian thyc hién ham Select trong trudng hop x4u nhat véi do dai day khoa
k[L..H] bang n. Ta c6:
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¢, ifn<50

1°

T(n) <
®) czn+T(%j+T(%j, otherwise

B61 khi n < 50 thi thuat toan sép xép chén s& duoc thuc hién, ¢6 thé coi doan chuong trinh nay
két thic trong thoi gian ¢; véi ¢; 1a mot hing sé du 16n. Khi n > 50, nhin vao cac doan ma
trong ham Select, 1énh Pivot := Select(L, j, (j - L + 1) div 2) ¢6 thoi gian thyc hién T(n div 5).
Lénh Select := Select(L, j, ...) ¢6 thoi gian thuc hién khong qua T(3n/4) do tinh chat cua Pivot.
Thoi gian thyc hién cac 1énh khac trong ham Select tong lai c6 thé coi 1a khong qua c,.n véi ¢,
12 mot hing sb du 16n. Pat ¢ = max(c;, 20c,), ta co:

Véi1<n<50,r0 rang T(n) <c; <cn.

Véi n > 50, gia thiét quy nap rang T(m) < cm véi Vm < n, ta s& chimg minh T(n) < cn, that

vay:
1 1
T(n) < czn+c£+c3—ns c—n+c—n+c§n =cn
5 4 2 5 4

Ta c6 diéu phai chimg minh: T(n) = O(n). Sy bi 4n cta viéc chon s6 5 cho kich thuéc nhom

da duogc giai thich (1/5 +3/4 <1)

8.6.3. Két luan:

% Co thé giai bai toan thir ty thong ké bang thuat toan c¢6 do phirc tap O(n) trong trudng hop
xau nhat.

% Co thé cai dat thuat toan QuickSort v&i do phirc tap O(nlgn) trong truong hop xau nhét boi
tai moi 1an phan doan cua QuickSort ta c6 thé tim dugc trung vi cua ddy trong thoi gian
O(n) bang viéc giai quyét bai toan tht tu thong ké

% Cho t6i thoi diém nay, khi giai moi bai toan c6 chira thii tuc sap xép, ta c6 thé coi thoi gian

thue hién thu tuc sap xép d6 1a O(nlgn) v6i moi tinh trang dir liéu vao.

8.7. THUAT TOAN SAP XEP KIEU VUN PONG (HEAPSORT)

HeapSort duoc dé xuat boi J.W.J. Williams nam 1981, thuét toan khong nhiing dong gép mot
phuong phéap sap x€p hi€u qua ma con xay dung mdt cau truc dir liéu quan trong dé bi€u dién
hang doi c6 do uu tién: Cau truc dir licu Heap.

8.7.1. Pong (heap)

Péng 1a mot dang cay nhi phan hoan chinh dic biét ma gia tri luu tai moi nat co6 do uu tién
cao hon hay bang gia tri luu trong hai nat con cia n6. Trong thudt toan sap xép kiéu vun dong,

ta coi quan hé “uu tién hon hay bang” 13 quan hé “16n hon hay bang": >
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Hinh 31: Heap

8.7.2. Vun dong

Trong bai §6, ta da biét mot diy khoa k[1..n] 13 biéu dién ctia mot cay nhj phan hoan chinh ma
k[i] 1a gia tri luu trong nut th{r i, nut con ctia nat thir i 1a nat 21 va nat 2i + 1, nut cha cua nut
thir j 1a nat j div 2. Van d& dat ra 13 sép lai ddy khoa di cho dé n6 biéu dién mot dong.

Vi cdy nhi phan chi gdm c6 mot nat hién nhién 13 déng, nén dé vun mot nhanh ciy géc r
thanh dong, ta c6 thé coi hai nhanh con ciia n6 (nhanh géc 2r va 2r + 1) da la ddng rdi va
thue hién thuat toan vun déng tor dudi 1€n (bottom-up) ddi véi cay: Goihla chiéu cao cua cay,
nat & muc h (nat 14) d3 1a gbc mot ddng, ta vun 1én dé nhitg nat & mic h - 1 cling 13 gdc cua
dbng, ... ctr nhur vay cho t6i nat & mirc 1 (nut goc) ciing 13 gbe cua dong.

Thuit toan vun thanh dong doi véi ciy gbc r, hai nhanh con ciia r da 1a dong roi:

Gid sir & nlt r chtra gid tri V. Tu r, ta cr di t61 nit con chira gia tri 16n nhét trong 2 nat con,
cho t&i khi gip phai mot nlit ¢ ma moi niit con cia ¢ déu chira gia tri <V (nut 14 cling 1a
truong hop riéng ciia diéu kién nay). Doc trén duong di tir r ti ¢, ta ddy gia tri chira ¢ nit con

1én nut cha va dat gia tri V vao nut c.

Hinh 32: Vun dong

8.7.3. Tu tuwéng ctia HeapSort

Pau tién, diy khoa k[1..n] dugc vun tir dudi 1én dé né biéu dién mot déng, khi d6 khoa k[1]
tuong ung voi nit goc cua déng 1a khoa 16n nhat, ta dao gia tri khoa d6 cho k[n] va khong
tinh té1 k[n] nita (Hinh 33). Con lai day khod k[1..n-1] tuy khong con la biéu dién cua mot
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d6ng nita nhung no lai biéu dién cay nhi phan hoan chinh ma hai nhanh ciy ¢ nit thir 2 va nat
thr 3 (hai nat con ctia nat 1) da la déng rOi. Vay chi can vun mdt 1an, ta lai dugec mot déng,
dao gia tri k[1] cho k[n-1] va tiép tuc cho t&i khi déng chi con lai 1 nat (Hinh 34).

Vi du:

Thuat toan HeapSort ¢ hai tha tuc chinh:

% Thu tuc Adjust(root, endnode) vun cdy gbc root thanh ddng trong diéu kién hai ciy gbc
2.root va 2.root +1 d la déng roi. Cac nit tir endnode + 1 t6i n da nam & vi tri ding va
khong dugc tinh téi nira.

% Thi tuc HeapSort mo ta lai qué trinh vun déng va chon khod theo y tuéng trén:
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procedure HeapSort;
var
r, i: Integer;

procedure Adjust(root, endnode: Integer); {Vun cdy gbc Root thanh déng)
var
c: Integer;
Key: TKey; {Bién luu gia tri khod & ndt Root)
begin
Key := k[root];
while root * 2 < endnode do {Chiing ndo root chua phai la la}
begin
c := Root * 2; {Xét nit con tradi cla Root, so sanh véi gia tri nit con phai, chon ra nit mang gi4 tri 16n nhit)
if (c < endnode) and (k[c] < k[c+l]) thenc :=c + 1;
if k[c] < Key then Break; {Ca hai nit con cia Root déu mang gi4 tri < Key thi ding ngay)
k[root] := k[c]; root := ¢; {Chuyén gid tri t¥ ndt con c lén nit cha root va di xudng xét nit con c)
end;
k[root] := Key; {bdt gid tri Key vao nit root}
end;

begin (B4t ddu thudt todn HeapSort)
for r := n div 2 downto 1 do Adjust(r, n); {Vun cdy tu duéi 1én tao thanh dbng}
for i := n downto 2 do
begin
(pao gia tri k[1] va k[i]); (Kho4 1én nhdt dugc chuyén ra cubi day}
Adjust(l, i - 1); {Vun phdn con lai thanh ddng)
end;
end;

Vé d6 phuc tap cua thuat toan, ta da biét rang cdy nhi phan hoan chinh c6 n nat thi chiéu cao
ctia n6 1a [Ig(n)] + 1. C&r cho 1a trong truong hop x4u nhét thu tuc Adjust phai thyc hién tim
duong di tir nit gde toi nut 14 & xa nhat thi duong di tim duoc ciing chi dai bang chiéu cao cua
cay nén thoi gian thuc hién mot 1an goi Adjust 1a O(lgn). Tir d6 c6 thé suy ra, trong trudng
hop xau nhat, do phuc tap cua HeapSort ciing chi 1a O(nlgn). Viéc danh gia thoi gian thuc
hién trung binh phirc tap hon, ta chi ghi nhan mot két qua da ching minh dugc 1a do phirc tap
trung binh ctia HeapSort cling 1a O(nlgn).

8.8. SAP XEP BANG PHEP PEM PHAN PHOI (DISTRIBUTION COUNTING)
C6 mot thuat toan sip xép don gian cho truong hop dic biét: Day khoa k[1..n] 1a cac sd
nguyén nam trong khoang tir 0 téi M (TKey = 0..M).

Ta dung day ¢[0..M] cac bién dém, & ddy c[V] 14 s6 1an xuét hién gia tri V trong day khoa:

for V := 0 to M do c[V] := 0; {Khoi tao day bién dém}
for i := 1 ton do c[k[i]] := c[k[i]] + 1;

Vi du voi day khoa: 1,2,2,3,0,0, 1, 1, 3,3 (n= 10, M = 3), sau budc dém ta co:

c[0] =2;c[1]=3; c[2] =2; ¢c[3] = 3.

Duya vao diy bién dém, ta hoan toan c6 thé biét dugc: sau khi sap xép thi gia tri V phai nam tir
vi tri nao té1 vi tri nao. Nhu vi du trén thi gia tri 0 phai nam tir vi tri 1 t6i vi tri 2; gia tri 1 phai
dtng lién tiép tir vi tri 3 t6i vi tri 5; gia tri 2 dGng & vi tri 6 va 7 con gia tri 3 nam & ba vi tri
cui 8,9, 10:

0011122333
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Tc 1a sau khi sip xép:
Gia tri 0 dung trong doan tur vi tri 1 to1 vi tri c[0].
Gia tri 1 dung trong doan tur vi tri c[0]+1 to1 vi tri c[0]+c[1].

Gid tri 2 ding trong doan tur vi tri c[0]+c[1]+1 t&i vi tri c[0]+c[1] ¢[2].

Gié tri v trong doan dung tu vi tri c[0]+... +c[v-1]+1 t&i vi tri c[0]+...+ c[v].

pé Vv Vi tri cudi cia mdi doan, néu ta tinh lai day c nhu sau:
for V. := 1 to M do c[V] := ¢c[V-1] + c[V]
Thi ¢[V] 12 vi tri cudi ciia doan chira gia tri V trong diy khoa di sip xép.
Mudn dung lai day khod sip xép, ta thém mot diy khoa phu x[1..n]. Sau d6 duyét lai diy khoa
k, mdi khi giip khoa mang gia tri V ta dua gia trj d6 vao khod x[c[V]] va giam c[V] di 1.

for i := n downto 1 do

begin

vV := k[i];

X[c[V]] := k[i]; c[V] :=c[V] - 1;
end;

Khi d6 ddy khod x chinh 1a diy khoa d3 duogc sap xép, cong viéc cudi cing 1a gan gia tri diy
khoa x cho day khoa k.

procedure DistributionCounting; {TKey = 0..M}

var
c: array[0..M] of Integer; {Diy bién dém sb 14n xudt hién mdi qgid tri}
t: TArray; {D&y khod phu}
i: Integer;
V: TKey;

begin
for V. := 0 to M do c[V] := 0; {Khdi tao day bién dém}
for i :=1 to n do c[k[i]] := c[k[i]] + 1; (Pém sb 14n xuit hién cic gi4 tri}
for V := 1 to M do c[V] := c[V-1] + ¢[V]; {Tinh vi tri cudi mdi doan)
for i := n downto 1 do

begin
vV = k[i];
tlc[V]] := k[i]; c[V] :=c[V] - 1;
end;
k := x; {Sao chép gid tri tu ddy khod x sang day khod k}

end;

R& rang d6 phic tap cta phép dém phan phdi 1a O(M + n)). Nhuoc diém cua phép dém phan
phdi 12 khi tap gia tri khoa qua 16n thi cho du n nhoé ciing khong thé 1am duoc.

C6 thé ¢6 thic mic tai sao trong thao tac dung diy khoa t, phép duyét diy khoa k theo thi tur
nao thi két qua sap xép ciing van dung, vay tai sao ta lai chon phép duyét nguoc tir dudi 1én?.

Dé tra 101 cau hoi nay, ta phai phan tich thém mot dic trung clia cac thuat toan sap xép:

8.9. TINH ON PINH CUA THUAT TOAN SAP XEP (STABILITY)

Mot phuong phép sap xép dugc goi 1a 6n dinh néu nod bao toan thir ty ban dau cua cac ban
ghi mang kho4 bang nhau trong danh sach. Vi du nhu ban dau danh sach sinh vién duoc xép

theo thi tu tén alphabet, thi khi sip xép danh sach sinh vién theo tht tu giam dan cta diém thi,
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nhting sinh vién béng diém nhau s& duoc don vé mot doan trong danh sach va van dugc gitlr
nguyén thir ty tén alphabet.

Hay xem lai nhung thuat toan sip xép & trudc, trong nhimg thuat todn dé, thuat toan sip xép
ndi bot, thuat toan sap xép chén va phép dém phan phbi 1 nhing thuat toan sap xép on dinh,
con nhitng thuat toan sap xép khac (va néi chung nhimng thuat toan sap xép doi hoi phai dao
gid tri 2 ban ghi & vi tri bat ky) 1a khong on dinh.

Véi phép dém phan phdi & muc trude, ta nhan xét rang néu hai ban ghi c6 khoa sap xép bang
nhau thi khi dua gid tri vao diy ban ghi phu, ban ghi ndo vao trudc s& nam phia sau. Vay nén
ta s& ddy gi tri cac ban ghi vao ddy phu theo thir tu nguoc dé gitr duoc thir ty twong dbi ban
dau.

N6i chung, moi phuong phép sip xép tong quat cho du khong 6n dinh thi déu co thé bién d6i
dé n6 tr thanh 6n dinh, phuong phap chung nhat dugc thé hién qua vi du sau:

Gia sir ta can sap xép cac sinh vién trong danh sach theo thir tw giam dan ciia diém bang mot
thuat toan sép xép on dinh. Ta thém cho mdi sinh vién mot khod Index 1a thtr tu ban dau cua
anh ta trong danh sach. Trong thuat toan sip xép dugc 4p dung, ctr chd nao can so sanh hai
sinh vién A va B xem ai phai dimg trudc, trudc hét ta quan tdm t6i diém s6: Néu diém cia A
khac diém cia B thi ngudi ndo diém cao hon s& dimg trude, néu diém sb bang nhau thi ngudi
nao co6 Index nhé hon sé& dung trudce.

Trong mot s bai toan, tinh 6n dinh cua thuat toan sip xép quyét dinh tdi ca tinh ding dan cta
toan thudt toan 16n. Chinh tinh “nhanh” ctia QuickSort va tinh 6n dinh cta phép dém phan
phéi 1 co sé nén tang cho hai thuat toan sip xép cuc nhanh trén cac diy khod sd ma ta s&

trinh bay dudi day.

8.10. THUAT TOAN SAP XEP BANG CO SO (RADIX SORT)

Bai toan dat ra 1a: Cho diy khod 1a cac s tuy nhién k[1..n] hiy sap xép ching theo thtr tur
khong giam. (Trong truong hop ta dang xét, TKey la ki€u so6 tu nhién)

8.10.1. Sip xép co s6 theo Kiéu hoan vi cac khoa (Radix Exchange Sort)

Hay xem lai thuat toan QuickSort, tai budc phan doan né phan doan dang xét thanh hai doan
thoa man mdi khoa trong doan dau < moi khoa trong doan sau va thuc hién tuong tu trén hai
doan mdéi tao ra, viéc phan doan dugc tién hanh véi su so sanh cac khoa véi gia tri mot khoa
chot.

Pbi v6i cac sd nguyén thi ta co thé coi mdi sb nguyén 1a mot ddy z bit danh s tir bit 0 (bit &
hang don vi) tdi bit z - 1 (bit cao nhat).

Vi du:
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Vay thi tai buéc phan doan day khoa tir k[1] téi k[n], ta c6 thé dwa nhitng khoa c6 bit cao nhat
1a 0 vé dau day, nhimg khoa c6 bit cao nhét 1a 1 vé cudi day. Dé thay rang nhing khoa bat dau
bang bit 0 s& phai nho hon nhitng khoa bat dau bang bit 1. Tiép tuc qua trinh phan doan voi
hai doan day khoa: Poan gém cac khod co bit cao nhat 1a 0 va doan gdm céac khoa co bit cao
nhat 1a 1. Véi nhiing khod thudc cung mét doan thi c6 bit cao nhat giéng nhau, nén ta c6 thé
ap dung qua trinh phan doan tuwong tu trén theo bit thir z - 2 va cir tiép tuc nhu vy ...

Qué trinh phan doan két thiic néu nhu doan dang xét 1a rdng hay ta da tién hanh phan doan
dén tan bit don vi, tire 12 tat ca cac khoa thudc mot trong hai doan mai tao ra déu c6 bit don vi
bang nhau (diéu nay dong nghia véi su bang nhau ¢ tit ca nhitng bit khac, tirc 13 bang nhau vé
gia tri khoa).

Vi du:

Xét day khoa: 1,3,7,6,5,2,3,4,4,5, 6, 7. Tuong ung vdi cac day 3 bit:

001 ([ 011 f 111 |f 110 ([ 101 |f 010 [ O11 ([ 100 |[ 100 [f 101 ([ 110 |[ 111

Trude hét ta chia doan dua vao bit 2 (bit cao nhat):

v
001 || 011 || 011 |[ 010 || 101 || 110 || 111 | 100 || 100 || 101 || 110 || 111
A
Sau do6 chia tiép hai doan tao ra dua vao bit 1:
\ 4 A4 A 4
001 || 011 || 011 || 010 || 101 || 101 || 100 || 100 || 111 || 110 || 110 || 111
A A A
Cudi cung, chia tiép nhiing doan tao ra dya vao bit 0:
v Vv A4 \ 4 \ 4 A4
001 || 010 || 011 || 011 || 100 || 100 || 101 || 101 || 110 || 110 || 111 || 111
A A A A A A

Ta dugc diy khoa twong ung: 1,2, 3,3, 4,4, 5,5, 6, 6,7, 7 1a diy khoa sap xép.

Qua trinh chia doan dya vao bit b ¢o thé chia thanh mot doan rdng va mot doan gém toan bod
cac khod con lai, nhung vi¢c chia doan khong bao gio bi roi vao qué trinh d¢ quy vo han boi
nhimg 1an d¢ quy tiép theo s& phan doan dua vao bitb - 1, b - 2 ...va s& phai dimng lai khi xét
t6i bit 0. Cong viée con lai 1a ¢d gang hiéu doan chuong trinh sau va phan tich xem tai sao nd

hoat dong ding:
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procedure RadixExchangeSort;
var
z: Integer; (P9 dai day bit bilu difn mdi khoa)

procedure Partition(L, H, b: Integer); {Phén doan [L, H] dya vao bit b}
var
i, j: Integer;
begin
if L 2 H then Exit;
i:=L3]:=4
repeat
{Hai vong 13¥p trong dudi day luén cm canh i
while (i < j) and (Bit b cuda k[i] = 0) do i
while (i < j) and (Bit b cua k[j] =1) do j :
(péo gia tri k[i] cho k[j]);
until i = j;
if <Bit b cda k[j] = 0> then j := j + 1; {j 13 diém bdt dau cia doan c6 bit b la 1}
if b > 0 then {Chua xét to6i bit don vi}
begin
Partition(L, j - 1, b - 1); Partition(j, R, b - 1);
end;
end;

3)
i+ 1; {Tim khod c6 bit b = 1 tu dau doan)
j - 1; {Tim kho4 cé bit b = 0 tir cudi doan)

n n A

begin
(Dva vao gia tri lén nhit cia ddy khoa, xac dinh z 1a d6 dai ddy bit biéu dién mbi khod);
Partition(l, n, z - 1);

end;

Vé6i Radix Exchange Sort, ta hoan toan c6 thé 1am trén hé co sé R khac chir khong nhat thiét
phai [am trén hé nhi phan (¥ tudng cling twong tu nhu trén), tuy nhién qua trinh phan doan s&
khong phai chia lam 2 ma chia thanh R doan. V& d6 phirc tap cta thudt toan, ta thdy dé phan
doan bang mot bit thi thoi gian s& 13 C.n dé chia tat ca cac doan can chia bang bit d6 (C 1a
hing s). Vay tong thoi gian phan doan bang z bit s& 1a C.n.z. Trong truong hop xau nhét, do
phtrc tap cua Radix Exchange Sort 1a O(n.z). Va d¢ phurc tap trung binh ctia Radix Exchange
Sort 1a O(n.min(z, 1gn)).

Noi chung, Radix Exchange Sort cai dat nhu trén chi thé hién tdc do tdi da trén cac hé théng
cho phép xtr 1y truc tiép trén céac bit: Hé thong phai cho phép ldy mot bit ra dé dang va thao
tac véi thoi gian nhanh hon han so véi thao tac trén BYTE, WORD, DWORD, QWORD...
Khi d6 Radix Exchange Sort s& t6t hon nhiéu QuickSort. (Ta thir 1ap trinh sip xép cac diy nhi
phan d6 dai z theo th ty tir dién dé khao sat). Trén cac mdy tinh hién nay chi cho phép xir ly
truc tiép trén BYTE (hay WORD, DWORD v.v...), viéc tach mot bit ra khoi Byte d6 dé xtr Iy
lai rit chdm va lam anh hudng khong nho toi téc do cua Radix Exchange Sort. Chinh vi vy,
tuy ddy 1a mot phuong phap hay, nhung khi cai dat cu thé thi toc do ciing chi ngang ngira chir
khong thé qua mat QuickSort dugc.

8.10.2. Sip xép co s6 true tiép (Straight Radix Sort)

Ta sé trinh bay y tudng chinh ctia phuong phéap sip xép co s truc tiép bang mot vi du: Sip
xép day khoa:

925 || 817 (| 821 || 638 || 639 || 744 (| 742 ([ 563 || 570 || 166
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Trude hét, ta sip xép diy khoa nay theo thtr ty ting dan cua chir sé hang don vi bing mot
thuat toan sap xép khac, dugc day khoa:

570 || 821 || 742 || 563 || 744 || 925 || 166 || 817 || 638 || 639

Sau do, ta sap xép diy khoa mdi tao thanh theo thir tu ting dan cta chit s6 hang chuc bang

mot thuat toan sip xép on dinh, dugc diy khoa:

817 || 821 || 925 || 638 || 639 || 742 (| 744 || 563 || 166 || 570

Vi thuat toan sip xép ta str dung 12 6n dinh, nén néu hai khoa c6 chit s6 hang chuc giéng nhau
thi khoa nao c6 chir s6 hang don vi nhé hon s& dimg trudc. Néi nhu vy co nghia 13 diy khoa
thu duogc s€ co thu ty tang dan vé gia tri tao thanh tir hai chir s6 cudi.

Cudi cung, ta sip xép lai diy khoa theo thtr ty ting dan cua chit sb hang trim ciing bing mot

thuat toan sép Xép 6n dinh, thu duoc day khoa:

166 || 563 || 570 || 638 || 639 || 742 || 744 || 817 || 821 || 925

Lap luan tuong ty nhu trén dwa vao tinh 6n dinh cua phép sip xép, diy khod thu duogc s& co
thir tu ting dan vé gia tri tao thanh bai ca ba chit sd, d6 1a diy khoa da sap.

Nhan xét:

Ta hoan toan c6 thé coi s6 chit s6 cia mdi khoa 13 bang nhau, nhu vi du trén néu c6 s6 15
trong diy khoa thi ta c6 thé coi n6 1a 015.

Ciing tir vi du, ta c6 thé thay rang sb luot thao tac sip xép phai ap dung ding bang s6 chir sd
tao thanh mot khod. Vi mot hé co sé 16n, biéu didn mot gia tri khoa s& phai dung it chir s6
hon. Vi du s6 12345 trong hé thap phan phai dung téi 5 chit s6, con trong hé co sb 1000 chi
can dung 2 chit s6 AB ma thoi, & day A 1a chir s6 mang gia tri 12 con B 1a chit s6 mang gia tri
345.

Téc do cua sip xép co sb truc tiép phu thudc rat nhicu vao thuat toan sip xép o6n dinh tai mdi
budc. Khong c¢6 mot lwa chon nao khac tt hon phép dém phan phéi. Tuy nhién, phép dém
phan phdi co thé khong cai dat duoc hodc kém hiéu qua néu nhu tap gid tri khoa qua rong,
khéng cho phép dung ra diy cac bién dém hoic phai sir dung diy bién dém qua dai (Piéu nay
xay ra néu chon hé co sb qua 16n).

Mot Iya chon khén ngoan 1a nén chon hé co sb thich hop cho ting truong hop cu thé dé dung
hoa t&i mure toi wu nhat ba muc tiéu:

%+ Viéc léy ra mot chit sb cia mot sd duge thuc hién dé dang

% Sir dung it 1an goi phép dém phan phdi.

% Phép dém phan phéi thuc hién nhanh
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procedure StraightRadixSort;
const
radix = ..; (Tuy chon hé co s6 radix cho hop 1ly)
var
t: TArray; {D&y khod phu}
p: Integer;
nDigit: Integer; {S6 chit sb cho mot khod, danh sb tur chit s6 thit 0 14 hang don vi dén chit s6 tht nDigit - 1}
Flag: Boolean; {Flag = True thi sdp diy k, ghi két qua vao day t; Flag = False thi sdp diy t, ghi kq vdo k)

function GetDigit(Num: TKey; p: Integer): Integer; {Ldy chit sb thit p cia sb Num (0<p<nDigit)}
begin

GetDigit := Num div radix® mod radix; {Trudng hop cu thé cé thé cé cach viét tét hon}
end;

{Sp xép 6n dinh day s6 x theo thd tu tdng dan cta chit sb thit p, k&t qua sip xép dugc chita vao day sb y}
procedure DCount (var x, y: TArray; p: Integer); {Thuat todn dém phin phdi, sdp tu x sang y)
var
c: array[0..radix - 1] of Integer; {c[d] 13 s6 14n xudt hién chi s6 d tai vi tri p)
i, d: Integer;
begin
for d := 0 to radix - 1 do ¢[d] := 0;
fori :=1tondo

begin
d := GetDigit(x[i], p); c[d] :=c[d] + 1;
end;
for d := 1 to radix - 1 do c[d] := c[d-1] + c[d]; {cic c[d] trd thanh cic mbc cubi doan)
for i :=n downto 1 do {Pién gi4 tri vao day y)
begin

d := GetDigit(x[i], p);
yle[d]] := x[i]; c[d] :=c[d] - 1;
end;
end;

begin {Thudt to4n sdp xép co sb tryc tiép)
(Dva vao gia tri lon nhit trong ddy khoa, xac dinh nDigit 1a sb chit s6 phai ding cho mdi khoa trong hé radix);

Flag := True;
for p := 0 to nDigit - 1 do {Xét tu chit s6 hang don vi 1én, sdp xép on dinh theo chit s§ thit p}
begin

if Flag then DCount(k, t, p) else DCount(t, k, p);
Flag := not Flag; {Po cd, dung k tinh t roi lai dung t tinh % ..}
end;
if not Flag then k := t; {Néu két qua cudi cing dang & trong t thi sao chép gi& tri tu t sang k)
end;

Xét phép dém phan phdi, ta da biét do phuc tap cua nd 13 O(max(radix, n)). Ma radix 1a mot
hang sb tu ta chon tir trude, nén khi n 16n, d6 phic tap cta phép dém phan phéi 1a O(n). Thuat
toan st dung nDigit 1dn phép dém phan phdi nén c6 thé thiy do phuc tap cia thuat toan 1a
O(n.nDigit) bt ké dir liéu dau vao.

Ta c6 thé coi sip xép co sb truc tiép 14 mot mé rong cua phép dém phan phdi, khi diy sb chi
toan cac sd c¢6 1 chit sd (trong hé radix) thi d6 chinh 1a phép dém phéan phdi. Su khac biét &
day 1a: Sap xép co sb tryc tiép co thé thyc hién véi cac khod mang gia tri 16n; con phép dém
phan phéi chi ¢ thé 1am trong truong hop cac khoa mang gia tri nho, boi nd cin mot luong

b6 nhé du rong dé giing ra diy bién dém sb 14n xudt hién cho timg gia tri.
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8.11. THUAT TOAN SAP XEP TRON (MERGESORT)

Thuat toan sap xép tron (MergeSort hay Collation Sort) 1a mét trong nhitng thuat toan sap xép
c6 dién nhét, duoc dé xuét bsi J.von Neumann nam 1945. Cho téi nay, ngudi ta van coi
MergeSort 1a mot thuat toan sap xép ngoai mau muc, dugc dua vao giang day rong rai va
duoc tich hop trong nhidu phan mém thuong mai.

8.11.1. Phép tron 2 duwong

Phép tron 2 duong 13 phép hop nhit hai diy khoa da siap xép dé ghép lai thanh mot day khoa
c6 kich thudc bang tong kich thudc cua hai diy khoa ban dau va diy khoa tao thanh ciing co
thir tu sdp xép. Nguyén tic thuc hién cta né kha don gian: so sanh hai khoa ding dau hai day,
chon ra khoa nho nhat va dua né vao mién sap xép (mot diy khoa phu co kich thudc bang
téng kich thudc hai day khoa ban dau) & vi tri thich hgp. Sau d6, khoa nay bi loai ra khoi diy
khoa chtra n6. Qua trinh tiép tuc cho t61 khi mdt trong hai day khoa da can, khi dé chi can
chuyén toan bo diy khoa con lai ra mién sip xép 1a xong.

Vi du: Véi hai day khoa: (1,3, 10, 11) va (2, 4, 9)

Day 1 Day 2 Khod nhd nhat trong 2 day Mién sdp xép

(1, 3, 10, 11) (2, 4, 9) 1 (1)

(3, 10, 11) (2, 4, 9) 2 (1, 2)

(3, 10, 11) (4, 9) 3 (1, 2, 3)

(10, 11) (4, 9) 4 (1, 2, 3, 4)

(10, 11) (9) 9 (1, 2,3,4,9)

(10I 11) )] Déy 2 1a @, dua nét déy 1 vao mién Sép (1r 2/ 3! 4, 9/ 10! 1)
xép

8.11.2. Sip xép bang tron 2 dwong true tiép

Ta c6 thé coi mdi khoa trong day khoa k[1..n] 1a mot mach v6i d6 dai 1, di nhién cac mach do
dai 1 ¢6 thé coi la da duge sép. Néu tron hai mach lién tiép lai thanh mot mach c6 d¢ dai 2, ta
lai duoc diy gom cac mach di dugc sap. Cu tiép tuc nhu vay, sé mach trong diy s& giam dan

sau mdi 1an tron (Hinh 36)

3 6 5 4 9 8 1 0 2 7
[\ ~ s\ ~ ~/ . ~ /. ~ J . ~ J
3 6 4 5 8 9 0 1 2 7
- g - 7 . J
Y gl v
3 4 5 6 0 1 8 9 2 7
N— — “ J
——~—— ~
0 1 3 4 5 6 8 9 2 7
N— I
———
0 1 2 3 4 5 6 7 8 9

Dé tién hanh thuat toan sip xép tron hai dudng truc tiép, ta viét cac thu tuc:
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Thu tuc Merge(var x, y: TArray; a, b, c: Integer); thu tuc nay tron mach x[a..b] véi mach
x[b+1..c] dé dugc mach y[a..c].

Thu tuc MergeByLength(var x, y: TArray; len: Integer); thu tuc nay tron lan luot cic cip
mach theo thir tu:

Tron mach x[1..1en] va x[len+1..2len] thanh mach y[1..2len].

Tron mach x[2len+1..3len] va x[3len+1..4len] thanh mach y[2len+1..4len].

Luu y rang dén cudi cing ta c6 thé gap hai truong hop: Hodc con lai hai mach ma mach thir
hai ¢6 d6 dai < len. Hodc chi con lai mot mach. Truong hop thir nhit ta phai quan 1y chinh xac
cac chi sé dé thuc hién phép tron, con truong hop thir hai thi khong duoc quén thao tac dua
thang mach duy nhat con lai sang day vy.

Cudi cung 1a thu tuc MergeSort, thil tuc nay can mot diy khoa phu t[1..n]. Trudc hét ta goi
MergeByLength(k, t, 1) dé tron hai khoa lién tiép cua k thanh mot mach trong t, sau d6 lai goi
MergeByLength(t, k, 2) dé tron hai mach lién tiép trong t thanh mdt mach trong k, 1oi lai goi
MergeByLength(k, t, 4) dé tron hai mach lién tiép trong k thanh mot mach trong t ...Nhu vay
k va t dugc str dung véi vai tro luan phién: mot diy chira cac mach va mot diy dung dé tron

cac cap mach lién tiép dé dugc mach 16n hon.
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procedure MergeSort;
var
t: TArray; {Day khoa phy}
len: Integer;
Flag: Boolean; {Flag = True: trdn c4c mach trong k vao t; Flag = False: trdn cadc mach trong t vao k}

procedure Merge(var X, Y: TArray; a, b, c: Integer);{Tron X[a..b] va X[btl..c]}
var
i, j, p: Integer;
begin
{Chi sb p chay trong mién sp xép, i chay theo mach thi nhdt, j chay theo mach thd hai)
p:=a;i:=a j:=b+l;
while (i <b) and (j € c¢) then {Chimg ndo cd hai mach déu chua xét hét)
begin
if X[i] < X[j] then {So s&nh hai khoa nhd nhdt trong hai mach mi chua bi dua vao mién sp xép)
begin
Y[p] :
end
else
begin
Y[p] :
end;
p:=ptl;
end;
if i <b then Y[p..c] := X[i..b] {Mach 2 hét trudc, Dua phan cubi clia mach 1 vao mién sip xép)
else Y[p..c] := X[j..c]; {Mach 1 hét trubc, Dua phdn cudi cia mach 2 vao mién sdp xép)
end;

i+ 1; {Pua x[i] vdo mién sép xép va cho i chay}

X[i]; i :

X[31; j := 3+ 1; {Bua x[j] vdo mién sdp xép va cho j chay)

procedure MergeBylength(var X, Y: TArray; len: Integer);
begin
a: =1, b:=1len; ¢c :=2 * len;
while ¢ < n do {Trdn hai mach x[a..b] va x[b+l..c] déu c6 do dai len)
begin
Merge (X, Y, a, b, ¢);
a:=a+2*len;b:=b+2*1len; c:=c+2*len; {Dich cic chi s6a, b, ¢ v& sau 2.len vi tri}
end;
if b < n then Merge(X, Y, a, b, n) {Con lai hai mach md mach thét hai cé db dai ngén hon len)
else
if a < n then Y[a..n] := X[a..n] {Con lai mot mach thi dua thdng mach d6 sang mién y)
end;

begin {Thudt toén sdp xép tron}
Flag := True;
len := 1;
while len < n do
begin
if Flag then MergeBylLength(k, t, len) else MergeBylLength(t, k, len);
len := len * 2;
Flag := not Flag; {Pao cd d& luan phién vai trd cta k va t)
end;
if not Flag then k := t; {Néu két qud cudi cing dang ndm trong t thi sao chép két qua vao k)
end;

V& 6 phirc tap cua thudt toan, ta thdy riang trong thi tuc Merge, phép toan tich cuc 1a thao tac
dua mot khoa vao mién sap xép. Mdi 1an goi thii tuc MergeByLength, tit ca cac khoa trong
diy khod duoc chuyén hoan toan sang mién sip xép, nén d6 phic tap cia thu tuc
MergeByLength 1a O(n). Thu tuc MergeSort ¢c6 vong 1ap thuc hién khong qua |—lgn—| 101 goi
MergeByLength boi bién len s& duoc ting theo cip s6 nhan cong boi 2. Tir d6 suy ra do phirc
tap ctia MergeSort 13 O(nlgn) bat chap trang thai dir liéu vao.
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Cung 14 nhiing thuat toan sip xép tong quat v6i do phuc tap trung binh nhu nhau, nhung
khong gidng nhu QuickSort hay HeapSort, MergeSort c6 tinh 6n dinh. Nhugc diém cia
MergeSort 14 n6 phai dung thém mot ving nhé dé chtra day khoa phu c6 kich thudc bang diy
kho4 ban dau.

Nguoi ta con co thé loi dung dugc trang thai dir liu vao dé khién MergeSort chay nhanh hon:
ngay tir dau, ta khong coi mdi khoa cua diy khoa 1a mot mach ma coi nhitng doan da duogc
sap trong diy khoa 1a mot mach. Boi mot diy khoa bat ky c¢6 thé coi 1a gdm cac mach da sép
xép nam lién tiép nhau. Khi d6 nguoi ta goi phuong phap nay 1a phuong phap tron hai
duwong tu nhién.

Tong quét hon nita, thay vi phép tron hai mach, ngudi ta c6 thé sir dung phép tron k mach, khi
d6 ta duoc thudt toan sap xép tron k duong.

8.12. CAIDAT

Ta s& cai dat tat ca cac thuat toan sép xép néu trén, véi dir liéu vao duoc dit trong file van ban
SORT.INP chtra khong nhiéu hon 10° khoa va gia tri mdi khod 1a s6 tw nhién khong qua 10°,
Két qua dugc ghi ra file vin ban SORT.OUT chira diy khoa duoc sip, mdi khoa trén mot
dong.

SORT.INP | SORT.OUT
14325
798
10 6

= O oo J 0 U & W N

0

Chuong trinh ¢6 giao dién dudi dang menu, mdi chirc ning tuong g véi mot thuat toan sap
xép. Tai mdi thuat toan sép Xép, ta thém mot vai 1énh do thoi gian thuc té ctia nd (chi do thoi
gian thyc hién giai thuat, khong tinh thoi gian nhap liéu va in két qua).

O thuat toan Radix Exchange Sort, ta chon h¢ nhi phan. O thuat toan Straight Radix Sort, ta
st dung h¢ co s6 256, khi d6 néu mot gia tri sb tu nhién x biéu dién bé‘mg d + 1 chit sb trong

h€ 256: X = X4..X,X 55, thi xp = x div 256” mod 256 = (x shr (p shl 3) ) and $FF (1 <p <d).

P 2 08 1.PAS * Cac thudt toan sdp xép

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Sorting Algorithms Demonstration Program;
uses crt, dos;
const

InputFile = 'SORT.INP';

OutputFile = 'SORT.OUT';

max = 1000000;

maxV = 1000000;

BitCount = 64;

nMenu = 13;

SMenu: array[l..nMenu] of String =

(
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'D. Display Input',
'1. SelectionSort',
'2. BubbleSort',

'3. InsertionSort',

'4. InsertionSort with binary searching',

'5. ShellSort',
'6. QuickSort',
'7. HeapSort',
'8. Distribution Counting',
'9. Radix Exchange Sort',
'A. Straight Radix Sort',
'B. MergeSort',
'E. Exit'
)i
type

TArr = array[l..max] of Integer;
TCount = array[0..maxV] of Integer;

var
k, t: TArr;
¢: TCount;
n, MinV, SupV: Integer;
selected: Integer;
StTime: Extended;

function GetCurrentTime: Extended;

var
h, m, s, s100: Word;
begin
GetTime(h, m, s, s100);

GetCurrentTime := (h * 3600 + m * 60 + s) + s100 / 100;

end;

procedure Enter;
var

f: Text;
begin

Assign(f, InputFile); Reset(f);

n:=0;

MinV := High(Integer); SupV := 0;

while not SeekEof(f) do
begin
Inc(n); Read(f, k[n]);

if k[n] < MinV then MinV := k[n];
if k[n] > SupV then SupV := k[n];

end;
Close(f);
Inc(SupV);
StTime := GetCurrentTime;
end;

procedure PrintInput;
var

i: Integer;
begin

Enter;

for i :=1 to n do Write(k[i]:8);
Write('Press any key to return to menu...');

ReadKey;
end;

procedure PrintResult;
var
f: Text;
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i: Integer;
ch: Char;
begin
Writeln('Running Time = ', GetCurrentTime - StTime:1:4, ' (s)');
Assign(f, OutputFile); Rewrite(f);
for i := 1 to n do Writeln(f, k[i]);
Close(f);
Write('Press <P> to print Output, another key to return to menu...');
ch := ReadKey; Writeln(ch);
if Upcase(ch) = 'P' then
begin
for i := 1 to n do Write(k[i]:8);
Writeln;
Write('Press any key to return to menu...');
ReadKey;
end;
end;

procedure Swap(var x, y: Integer);

var
t: Integer;

begin
ti=x; 2=y, y =t

end;

{-------- - Sorting Algorithms ------------------ }

{ SelectionSort }

procedure SelectionSort;

var
i, j, jmin: Integer;
begin
Enter;
fori:=1ton-1do
begin
jmin :=1i;
for j:=i+1tondo
if k[j] < k[jmin] then jmin := j;
if jmin <> i then Swap(k[i], k[jmin]);
end;
PrintResult;
end;

{ BubbleSort }

procedure BubbleSort;
var
i, j: Integer;
begin
Enter;
fori:=2tondo
for j :=n downto i do
if k[§ - 1] > k[3] then Swap(k[j - 1], k[3]);
PrintResult;
end;

{ InsertionSort }

procedure InsertionSort;
var

i, j, tmp: Integer;
begin

Enter;
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fori ;=2 tondo
begin
tmp := k[i]; j:=1 - 1;
while (j > 0) and (tmp < k[j]) do
begin
k[j +1] :=k[j];
Dec(j)
end;
k[j + 1] := tmp;
end;
PrintResult;
end;

{ InsertionSort with Binary searching }

procedure AdvancedInsertionSort;
var
i, inf, sup, median, tmp: Integer;
begin
Enter;
fori:=2tondo
begin
tmp := k[i];
inf :=1; sup :=1i - 1;
repeat
median := (inf + sup) shr 1;
if tmp < k[median] then sup := median - 1
else inf := median + 1;
until inf > sup;
Move (k[inf], k[inf + 1], (i - inf) * SizeOf(k[1]));
k[inf] := tmp;
end;
PrintResult;
end;

{ ShellSort }

procedure ShellSort;
var
tmp: Integer;
i, j, h: Integer;
begin
Enter;
h :=n shr 1;
while h <> 0 do
begin
fori:=h+1tondo
begin
tmp := k[i]; j :=1 - h;
while (j > 0) and (k[j] > tmp) do
begin
kI3 +h] := k[3];
j=i-h
end;
k[j + h] := tmp;
end;
h :=h shr 1;
end;
PrintResult;
end;

{ QuickSort }
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procedure QuickSort;

procedure Partition(L, H: Integer);
var
i, j: Integer;
Pivot: Integer;
begin
if L >= H then Exit;
Pivot := k[L + Random(H - L + 1)];
i:=1L j:=H
repeat
while k[i] < Pivot do Inc(i);
while k[j] > Pivot do Dec(j);
if i <= j then
begin
if i < j then Swap(k[i], k[j]);
Inc(i); Dec(j);
end;
until i > j;
Partition(L, j); Partition(i, H);
end;

begin
Enter;
Partition(l, n);
PrintResult;
end;

{ HeapSort }

procedure HeapSort;
var
r, i: Integer;

procedure Adjust(root, endnode: Integer);
var
key, c: Integer;
begin
key := k[root];
while root shl 1 <= endnode do
begin
¢ := root shl 1;
if (c < endnode) and (k[c] < k[c + 1]) then Inc(c);
if k[c] <= key then Break;
k[root] := k[c]; root :=¢;
end;
k[root] := key;
end;

begin
Enter;
for r :=n shr 1 downto 1 do Adjust(r, n);
for i := n downto 2 do
begin
Swap (k[1], k[i]);
Adjust(l, i - 1);
end;
PrintResult;
end;

{ Distribution Counting }

procedure DistributionCounting;
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var
i, V: Integer;
begin
Enter;
FillChar(c, SizeOf(c), 0);
for i := 1 to n do Inc(c[k[i]]);
for V := MinV + 1 to SupV - 1 do c[V] :=c[V - 1] + c[V];
for i n downto 1 do
begin
vV := k[i];
tle[V]] := k[i];
Dec(c[V]);
end;
k= t;
PrintResult;
end;

{ Radix Exchange Sort }

procedure RadixExchangeSort;

var
MaskBit: array[0..BitCount - 1] of Integer;
i, maxbit: Integer;

procedure Partition(L, H, BIndex: Integer);
var
i, j, Mask: Integer;
begin
if L >= H then Exit;
i :=1L; j := H; Mask := MaskBit[BIndex];
repeat
while (i < j) and (k[i] and Mask = 0) do Inc(i);
while (i < j) and (k[j] and Mask <> 0) do Dec(j);
swap (k[1], k[3]);
until i = j;
if k[j] and Mask = 0 then Inc(j);
if BIndex > 0 then
begin
Partition(L, j - 1, BIndex - 1); Partition(j, H, BIndex - 1);
end;
end;

begin
Enter;
maxbit := Trunc(Ln(SupV) / Ln(2));
for i := 0 to maxbit do MaskBit[i] := 1 shl i;
Partition(l, n, maxbit);
PrintResult;
end;

{ Straight Radix Sort}

procedure StraightRadixSort;
const
Radix = 256;
var
p, maxDigit: Integer;
Flag: Boolean;

function GetDigit(key, p: Integer): Integer;
begin

GetDigit := (key shr (p shl 3)) and $FF;
end;
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procedure DCount(var x, y: TArr; p: Integer);
var
c: array[0..Radix - 1] of Integer;
i, d: Integer;
begin
FillChar(c, SizeOf(c), 0);
fori :=1tondo
begin
d := GetDigit(x[i], p); Inc(c[d]);
end;
for d := 1 to Radix - 1 do ¢c[d] :=c[d - 1] + c[d];
for i := n downto 1 do
begin
d := GetDigit(x[i], p);
yle[d]] := x[i];
Dec(c[d]);
end;
end;

begin
Enter;
MaxDigit := Trunc(Ln(SupV) / Ln(Radix));
Flag := True;
for p := 0 to MaxDigit do
begin
if Flag then DCount(k, t, p)
else DCount(t, k, p);
Flag := not Flag;
end;
if not Flag then k := t;
PrintResult;
end;

{ MergeSort }

procedure MergeSort;
var
Flag: Boolean;
len: Integer;

procedure Merge(var Source, Dest: TArr; a, b, c: Integer);
var

i, j, p: Integer;
begin

p:=a;i:=a j:=b+1l;

while (i <=Db) and (j <= c) do

begin
if Source[i] <= Source[j] then
begin
Dest[p] := Source[i]; Inc(i);
end
else
begin
Dest[p] := Source[j]; Inc(j);
end;
Inc(p);
end;
if i <=b then
Move (Source[i], Dest[p], (b - i + 1) * SizeOf (Source[1]))
else
Move (Source[j], Dest[p], (c - j + 1) * SizeOf (Source[l]));

end;
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procedure MergeByLength(var Source, Dest: TArr; len: Integer);
var
a, b, c: Integer;
begin
a:=1;b:=1len; ¢ :=len shl 1;
while ¢ <=n do
begin
Merge (Source, Dest, a, b, c);
a:=atlenshll;b:=b+lenshll;c:=c+lenshll;

end;
if b < n then Merge(Source, Dest, a, b, n)
else
if a <= n then
Move (Source[a], Dest[a], (n - a + 1) * SizeOf (Source[l]));
end;
begin
Enter;

len := 1; Flag := True;

FillChar(t, SizeOf(t), 0);

while len < n do

begin

if Flag then MergeByLength(k, t, len)
else MergeByLength(t, k, len);
len := len shl 1;
Flag := not Flag;

end;
if not Flag then k := t;
PrintResult;
end;
{-------m-- End of Sorting Algorithms ---------------- }

function MenuSelect: Integer;
var
i: Integer;
ch: Char;
begin
Clrscr;
Writeln('Sorting Algorithms Demos; Input: SORT.INP; Output: SORT.OUT');
for i ;=1 to nMenu do Writeln(' ', SMenu[i]);
Write('Enter your choice: ');
ch := Upcase (ReadKey) ;
Writeln(ch);
for i :=1 to nMenu do
if SMenu[i][1] = ch then

begin
MenuSelect := i;
Exit;
end;
MenuSelect := 0;
end;
begin
repeat

selected := MenuSelect;
if not (Selected in [1..nMenu]) then Continue;
Writeln(SMenu[selected]);
case selected of
1 : PrintInput;
2 : SelectionSort;
3 : BubbleSort;
4 . InsertionSort;
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5 : AdvancedInsertionSort;
6 : ShellSort;
T . QuickSort;
8 : HeapSort;

9 : DistributionCounting;
10: RadixExchangeSort;
11: StraightRadixSort;
12: MergeSort;

13: Halt;
end;
until False;

end.

8.13. DANH GIA, NHAN XET

Nhiing con s6 vé thoi gian va toc d6 chuong trinh do duoc 1 qua thir nghiém trén mot bo dir

lidu cu thé, voi mot may tinh cu thé va mot cong cu 1ap trinh cy thé. Vi bo dit liéu khac, may

tinh va cong cu lap trinh khac, két qua c6 thé khac. Toi da viét lai chuwong trinh niy trén

Borland Delphi 7 dé dwa vao mot sd cai tién:

% Thiét ké dua trén kién trac da ludng (MultiThreads) cho phép chay dong thoi hai hay nhiéu
thuat toan se“lp xép dé so sanh téc do, bén canh d6 van co thé chay tuan tu cac thuat toan
sap xép dé do thoi gian thyuc hién chinh xé4c cta ching.

% Qua trinh sdp xép duoc hién thi tryc quan trén man hinh.

< Bo di thuat toan sap xép kiéu chén dang nguyén thuy, chi giir lai thuat toan sip xép kiéu
chén dung tim kiém nhj phan

% Thuat toan ShellSort duoc viét lai, dung cac gia tri trong day Pratt: 1, 2, 3, 4, 6, 8, 9, 12,
16, ..., 2'3, ... 1am d¢ dai budc.

Thur nghiém ca hai chuong trinh, mot trén Free Pascal 1.0.10 va mdt trén Delphi 2005, nhin
chung téc do sip xép ctia chuong trinh viét trén Delphi nhanh hon nhiéu so v6i chuong trinh
trén FPK, tuy nhién khi so sanh tbc d6 twong d6i giita cac thuat toan van c6 nhiéu khac biét
gitra hai chuong trinh. C6 mot s6 thuat toan thuc hién nhanh bat ngo so voi du doédn va cling
c6 mot s6 thuat toan thuc hién cham hon hin so véi danh gia 1y thuyét. Co thé cd ging giai
thich qua hiéu mg ctia bd nhd Cache va cach thirc toi wu ma 1énh, nhung diéu nay hoi phirc
tap va ciing khong thuc sy can thiét. Ta chi rat ra kinh nghiém rﬁng tdc do thuc thi cua mot
thuat toan phy thudc rit nhiéu vao phan cimg may tinh va chuong trinh dich.

Hinh 37 1a giao dién ctia chuong trinh viét trén Delphi, ban c¢6 thé tham khao mi ngudn kém

theo. C6 mot diéu phai luu y 1a dé chuong trinh khong bi anh huéng boi cac phan mém khac

dang chay, khi kho1 dong cac threads, ban phim, chudt va tat ca cac phﬁn mém khac s& bi treo
tam thoi dén khi cac threads thuc hién xong. Vi vay khong nén chay cac thuét toan sip xép
cham vé6i dir liéu 16n vi s& khong thé doi dén khi cac threads két thiic va s& phai tit may khoi

dong lai.
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ShellSort; 166.0000 (secs

lf?' Generate data

Methods:

SelectionSort

BubbleSort

InsertionSort

ShellSort

QuickSort

HeapSort

Distribution Counting

Radix Exchange Sort

Straight Radix Sort Distribution Counting: 43.2340 (secs
v IMermeSort

Chart control:

Pre-defined positions j

ckSaort: 24 3600 (sec

o N B P P LS

adix Exchange Sort: 24,3440 (ze

’3‘# Run in parallel mode

.

I.\.Et‘;_f’ Run in serial mnde_/.l
E:{ Fresentation

Written b Le Minh Hoang

Y

Straight Radix Sort: 9.6250 [

MergeSort: 28,1410 (secs)

ulll
‘r-:_-t—-r"l . |
Hinh 37: May Pentium 4, 3.2GHz, 2GB RAM té ra chim chap khi sip xép 10® khoa e [0..7.107] cho dd
nhirng thuit toan sap xéep tot nhat da dwgc ap dung
Cung mdt muc dich sip xép nhu nhau, nhung c6 nhiéu phuong phap giai quyét khac nhau.
Néu chi dua vao thoi gian do dugc trong mot vi du cu thé ma danh gia thuat toan nay tdt hon
thuat toan kia v& moi mit 1 diéu khong nén. Viéc chon mot thudt toan sip xép thich hop cho
phu hop véi timg yéu cau, timg diéu kién cu thé 13 k§ ning cta nguoi lap trinh.
Nhirng thuat toan c6 do phurc tap O(n?) thi chi nén 4p dung trong chwong trinh ¢6 it 1an sép
Xép va v6i kich thude n nho. Vé tdc do, BubbleSort luon ludn dimg bét, nhung ma 1énh cua
n6 lai hét sac don gian ma nguoi moi hoc 1ap trinh nao cling c6 thé cai dat duogc, tinh 6n dinh
ciia BubbleSort ciing rat dang chi y. Trong nhimg thuit toan c6 d6 phuc tap O(n’),
InsertionSort to ra nhanh hon nhitng phuwong phap con lai va ciing 6 tinh 6n dinh, ma 1énh
cling tuong dbi don gian, d& nhd. SelectionSort thi khong 6n dinh nhung voi n nho, viéc chon
ra m khod nho nhét c6 thé thuc hién d& dang chtr khong can phai sip xép lai toan bd nhu sép
xép chén.
Thuat toan dém phén phdi va thuat toan sip xép bang co sd nén duoc tan dung trong truong
hop cac khoa sip xép 1a sb tu nhién (hay 1a mot kiéu dit liéu c6 thé quy ra thanh céc s tu
nhién) boi nhitng thuat toan nay ¢ téc do rat cao. Thudt toan sip xép bang co sb ciing c6 thé
sap xép day khoa c6 s thuc hay s6 Am nhung can dwa vao mot sd stra d6i nho.
QuickSort, HeapSort, MergeSort va ShellSort 13 nhitng thuét toan sip xép tong quat, day khoa

thudc kiéu dit lidu c6 thr tu nao ciing co thé ap dung duoc chir khong nhat thiét phai 1a cac sb.
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QuickSort gip nhuge diém trong truong hop suy bién nhung xac suit xay ra truong hop nay

rat nho. HeapSort thi ma 1énh hoi phirc tap va khé nhé, nhung néu can chon ra m khoa 16n

nhat trong diy khoa thi dung HeapSort s& khong phai sip xép lai toan bo diy. MergeSort phai

doi hoi thém mot khong gian nhé phu, nén 4p dung né trong truong hop sap xép trén file. Con

ShellSort thi hoi khé trong viéc danh gia vé thoi gian thyc thi, n6 14 sira doi ctia thuat toan sap

xép chén nhung lai c6 toc do twong ddi tot, ma 1énh don gian va lugng bd nhd can huy dong

rat it. Tuy nhién, nhitng nhugc diém cia bén phuong phap niay qué nhé so véi uu diém chung

ctia chiing 12 nhanh. Hon nita, chiing dugc dénh gia cao khong chi vi tinh tong quat va toc do

nhanh, ma con 14 két qua cuia nhitng cach tiép can khoa hoc ddi véi bai toan sap xép.

Nhiing thuét toan trén khong chi don thuan 14 cho ta hiéu thém vé mot cach sap xép méi, ma

viéc cai dat chung ciing cho ching ta thém nhiéu kinh nghiém: Ky thuat sir dung sb ngau

nhién, k¥ thuat “chia dé tri", ky thuat dung céc bién v&i vai tro luan phién v.v...Vay nén ndm

vitng ndi dung cta nhiing thuat toan d6, ma cach thudc tét nhat chinh 1a cai dit ching vai lan

v6i cac rang budc dit liéu khac nhau (néu c6 thé thir duoc trén hai ngdn ngit 1ap trinh thi rat

t6t) va ciing dimg quén k¥ thuat sap xép bang chi sb.

Bai tap

Bai 1

Tim hiéu céc tai liéu khac dé chimg minh rang: BAt ctr thuat toan sip xép tong quat nao dya

trén phép so sanh gia tri hai khod déu c6 d6 phtc tap tinh toan trong truong hop xau nhit 1a

Q(nlgn). (St dung mé hinh ciy quyét dinh — Decision Tree Model).

Bai 2

Viét thuat toan QuickSort khong dé quy

Bai 3

Cho mot danh sach thi sinh gdm n ngudi, mdi ngudi cho biét tén va diém thi, hiy chon ra m

nguoi diém cao nhét. Giai quyét bang thuat toan c6 do phirc tap O(n).

Bai 4

C6 2 tinh chat quan trong cua thuat toan sap xép: Stability va In place:

% Stability: Tinh 6n dinh

% In place: Giai thuat khong yéu cau thém khong gian nhé phy, diéu nay cho phép sip xép
mot sé luong 16m cac khoa ma khong can cip phat thém bd nhé. (Tuy vy viée cAp phat
thém mot luong bo nhd ¢& O(1) van duoc cho phép)

Trong nhitng thuat toan ta da khao sat, nhirng thuat todn nao lIa stability, thudt toan nao 1a in

place, thuat todn ndo c6 ca hai tinh chat trén.

Bai 5

Cho mot mang a[1..n]

a) Tim gia tri xuat hién nhidu hon n/2 lan trong a hodc thong bao rang khong ton tai gia tri

nhu vay. Tim giai thuat véi do phtre tap O(n)
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b) Cho s6 tu nhién k, Liét ké tit ca cac gia tri xut hién nhidu hon n/k 1an trong a. Tim giai
thudt voi do phuce tap O(n.k)

Céch giai:

a) Néu mot gia tri xuat hién nhiéu hon n/2 1an trong a, gia tri d6 phai la trung vi ctia ddy a. Ta
s& tim trung vi cua ddy va duyét lai ddy mot 1an nira dé x4c nhan trung vi c6 xuét hién nhiéu
hon n/2 khong.

b) Néu mét gia tri xuat hién nhiéu hon n/k 14n trong a, thi khi sip xép diy a theo thir tw khong
giam, gid tri d6 phai nam & mot trong céc vi tri % (1 £1<Kk). Ap dung thudt toan thu tu
thng ké dé tim phan tir 16n tht n/k, 2n/k, ..., (k-1)n/k, n, va duyét lai day d€ x4c dinh gié tri
clia phan tir nao xuét hién nhiéu hon n/k 1an.

Bai 6

Thuat toan sip xép bang co sb truc tiép c6 6n dinh khong ? Tai sao ?

Bai 7

Cai dat thuat toan sép xép tron hai dudng tu nhién

Bai 8

Tim hiéu phép tron k duong va cac phuong phap sip xép ngoai (trén tép truy nhap tuan tu va
tép truy nhap ngiu nhién)
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§9. TIM KIEM (SEARCHING)

9.1. BAI TOAN TiM KIEM

Cung véi sip xép, tim kiém 1a mot doi hoi rat thudng xuyén trong cac tng dung tin hoc. Bai
toan tim kiém c6 thé phat biéu nhu sau:

Cho mét diy gom n ban ghi r[1..n]. Mdi ban ghi 1[i] (1 <i < n) twong tmg véi mot khoa k[i].
Hay tim ban ghi c¢6 gia tri khoa bang X cho trudc.

X duge goi 1a khoa tim kiém hay dbi tri tim kiém (argument).

Cong viéc tim kiém s& hoan thanh néu nhu c¢6 mot trong hai tinh hudng sau xay ra:

% Tim duogc ban ghi c6 khoa twong Gmg bang X, lac d6 phép tim kiém thanh cong.

% Khong tim dugc ban ghi nao c6 khod tim kiém bang X ca, phép tim kiém thit bai.

Twong tu nhu sdp xép, ta coi khoa ciia mot ban ghi 14 dai dién cho ban ghi d6. Va trong mot

s6 thuat toan s& trinh bay dudi ddy, ta coi kiéu dit liéu cho mdi khoa ciing ¢6 tén goi la TKey.

const

n = .; {S6 khod trong diy khod, c6 thé khai duéi dang bién sb nquyén d¢é tuy bién hon)
type

TRey = ..; {Kiéu dit 1idu mot khod)

TArray = array[l..n] of TKey;
var

k: TArray; {Day khod}

9.2. TIM KIEM TUAN TU (SEQUENTIAL SEARCH)
Tim kiém tuan tu 12 mot k¥ thuat tim kiém don gian. Noi dung cua n6 nhu sau: Bit dau tir ban
ghi dau tién, 1an luot so sanh khoa tim kiém véi khoa twong tmg ciia cic ban ghi trong danh

sach, cho téi khi tim thdy ban ghi mong mudn hoidc da duyét hét danh sach ma chua thay

{Tim kiém tudn tu trén day khod k[l..n]; ham ndy thi tim xem trong diy cé khod ndo = X khong, néu thdy né trd vé chi sé
clia kho4 4y, néu khong thay né trad vé 0. C6 st dung mdt khod phu k[n+l] duoc gén gia tri = X)
function SequentialSearch(X: TKey): Integer;

var
i: Integer;
begin
ix=1;

while (1 <= n) and (k[i] #X) doi =i +1;
if i = n + 1 then SequentialSearch := 0
else SequentialSearch := i;

end;

D@ thiy rang do phirc tap cia thudt toan tim kiém tudn ti trong trudong hop tét nhét 1a O(1),
trong trudng hop x4u nhét 1a O(n) va trong truong hop trung binh 13 O(n).

9.3. TIM KIEM NHI PHAN (BINARY SEARCH)
Phép tim kiém nhi phan c6 thé ap dung trén day khod di c6 thir tu: k[1] < k[2] < ... <k[n].

Gia sir ta can tim trong doan k[inf...sup] v6i khod tim kiém 1a X, trudc hét ta xét khod nam

gitra day k[median] v6i median = (inf + sup) div 2;
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% Néu k[median] < X thi c6 nghia I doan tir k[inf] t6i k[median] chi chtra toan khoa < X, ta
tién hanh tim kiém tiép voi doan tir k[median+1]t6i k[sup].

% Néu k[median] > X thi c6 nghia I doan tir k[median] t&i k[sup] chi chira toan khoa > X, ta
tién hanh tim kiém tiép véi doan tir k[inf] t6i k[median-1].

% Néu k[median] = X thi viéc tim kiém thanh cong (két thiic qua trinh tim kiém).

Qua trinh tim kiém s€ that bai néu dén mét budc nao do, doan tim kiém la rong (inf > sup).

{Tim kiém nhi phan trén day khod k[1] < k[2] < .. < k[n]; him ndy thi tim xem trong diy c6 khod ndo = X khong, néu thiy né
tra vé chi sb clia khod &y, néu khong thdy né tra vé 0}
function BinarySearch(X: TKey): Integer;
var
inf, sup, median: Integer;
begin
inf :=1; sup :=n;
while inf < sup do

begin
median := (inf + sup) div 2;
if k[median] = X then
begin
BinarySearch := median;
Exit;
end;

if k[median] < X then inf := median + 1
else sup := median - 1;
end;
BinarySearch := 0;
end;

Ngudi ta di chimg minh dugc d phtic tap tinh toan ciia thudt toan tim kiém nhi phén trong
truong hop t6t nhat 1a O(1), trong truong hop xau nhét 1a O(lgn) va trong truong hop trung
binh 13 O(Ign). Tuy nhién, ta khéng nén quén rang trude khi sir dung tim kiém nhi phan, day
khoa phai dugc sip xép roi, tic 1a thoi gian chi phi cho viée sap xép ciling phai tinh dén. Néu
diy khoa ludn ludn bién dong boi phép bd sung hay loai bot di thi luc d6 chi phi cho sip xép

lai n6i 1€n rat ro 1am bdc 16 nhuge diém ctia phuong phép nay.

9.4. CAY NHI PHAN TiM KIEM (BINARY SEARCH TREE - BST)

Cho n khod k[1..n], trén cac khod c6 quan hé thir ty toan phan. Cay nhi phan tim kiém mg véi
day khod d6 1a mot cAy nhi phan ma mdi nit chira gia tri mot khoa trong n khoa da cho, hai
gia tri chira trong hai nit bat ky 13 khac nhau. D6i véi moi nit trén cay, tinh chét sau luon
duoc thoa man:

% Moi khoa nam trong cdy con trai ctia nut d6 déu nho hon khod tmg véi nut do.

% Moi khoa nam trong cay con phai cua nut d6 déu 1é6n hon khoa g véi nut do

Lé Minh Hoang




< 28 we Chuyén dé

Thuét toan tim kiém trén cdy c6 thé mé ta chung nhu sau:

Trude hét, khoa tim kiém X dugc so sanh v6i khod & gbe cdy, va 4 tinh hudng co thé xay ra:

% Khong c6 gbc (cay rong): X khong co trén cdy, phép tim kiém thit bai

% X tring voi khoa & gbe: Phép tim kiém thanh cong

% X nho6 hon khoa & gbc, phép tim kiém duoc tiép tuc trong cdy con tri ciia gbc véi cach
lam tuong tu

% X 16n hon khod & gbc, phép tim kiém duogc tiép tuc trong cdy con phai cua gdc véi cach
lam tuong tu

Gia su cau tric mét nat cua cdy dugc mo ta dudi dang:

type
PNode = *TNode; {Con tro chita 1ién két t6i mot ndt)
TNode = record {Ciu trdc nit)

Info: TKey; {Trudng chia khod}
Left, Right: PNode; {con trd toi ndt con trdi va phdi, trd toi nil néu khéng cé nat con trai (phai)}
end;
Géc cta cay dugc lwu trong con trd Root. Cdy réng thi Root = nil

Thuat toan tim kiém trén cay nhi phan tim ki€m c6 thé viét nhu sau:

{Ham tim kiém trén BST, no tra vé nit chéia khod tim kiém X néu tim thiy, tra vé& nil néu khong tim thay}
function BSTSearch(X: TKey): PNode;
var
p: PNode;
begin
p := Root; {B&t ddu véi nft gbc)
while p # nil do
if X = p*.Info then Break;
else
if X < p*.Info then p := p*.Left
else p := p*.Right;
BSTSearch := p;
end;

Thuat toan dung cdy nhi phan tim kiém tir ddy khoa k[1..n] cling duoc lam gan gidng qua
trinh tim kiém. Ta chén 1an luot cac khoa vao cay, trudc khi cheén, ta tim xem khoa dé da co
trong cdy hay chua, néu d c6 roi thi bé qua, néu no chua co thi ta thém nit méi chira khoa
can chén va nbi nat d6 vao cdy nhi phan tim kiém tai méi lién két vira ré sang khién qué trinh
tim kiém that bai.
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{Thu tuc chén khod X vao BST}
procedure BSTInsert(X);
var
P, q: PNode;
begin
q :=nil; p := Root; {Bit ddu véi p = nit gbc; g 1 con tré chay dudi theo sau}
while p # nil do
begin
q:=p/
if X = p*.Info then Break;
else {X # p".Info thi cho p chay sang nat con, g" ludn git vai tro la cha cla p"}
if X < p*.Info then p := p*.Left
else p := p".Right;
end;
if p = nil then {Khod X chua c6 trong BST}
begin
New(p); {Tao nit moi}
p*.Info := X; {Dua gid tri X vao nit moi tao ra}
p*.Left := nil; p*.Right := nil; {Nut méi khi chen vao BST sé tré thanh nit 14}
if Root = nil then Root := NewNode (BST dang rdng, dit Root 12 nit méi tao)
else {Moc NewNode" vao nut cha q"}
if X < g*.Info then q*.Left := NewNode
else q*.Right := NewNode;
end;
end;

Phép loai bo trén cay nhj phan tim kiém khong don gian nhu phép bd sung hay phép tim kiém.
Mudn x04 mdt gia tri trong cdy nhi phan tim kiém (Tirc 1 dung lai cdy méi chira tat ca nhiing
gia tri con lai), trudc hét ta tim xem gia tri can xo04 nam & nat D nao, ¢6 ba kha nang xay ra:

% Nt D 1a niit 13, truong hop nay ta chi viéc dem mbi ndi cii tré téi nut D (tir nit cha cia D)

thay boi nil, va giai phong b nhé cap cho nat D (Hinh 39).

«» Nut D chi ¢c6 mdt nhanh con, khi d6 ta dem nat géc ctia nhanh con d6 thé vao chd nut D,

tirc 1a chinh lai mo6i ndi: Tu nat cha cua nut D khong noi téi nit D nira ma ndi téi nhanh

con duy nhét caa nat D. Cudi cing, ta giai phong bd nhé di cap cho nit D (Hinh 40)
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% Nt D ¢6 ca hai nhanh con trai va phai, khi d6 c6 hai cach lam déu hop 1y ca:
Hodc tim nat chtra khoa 16n nhét trong cay con trai, dwa gid tri chira trong d6 sang nt D,
r0i x04 nut nay. Do tinh chit ciia cdy BST, nit chita khoa 16n nhét trong cy con trai
chinh la nut cuc phai cua cay con trdi nén né khong thé ¢ hai con duogc, viéc x0a dua

vé hai truong hop trén (Hinh 41)

Hoic tim nit chtra khoa nho nhat trong ciy con phai, dwa gia tri chtra trong d6 sang nat D,

ro1 xoa nut nay. Do tinh chat ctia cdy BST, ntt chtra khoa nhd nhat trong cay con phai
chinh 1a nut cyc trai ciia cay con phai nén né khong thé c6 hai con duoc, viéc xoad dua

vé hai truong hop trén.
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{Thl tuc xod khod X khoi BST}
procedure BSTDelete(X: TKey);
var
P, q, Node, Child: PNode;
begin
p := Root; q := nil; (V& sau, khi p tro sang ndt khac, ta ludn gift cho g* ludn 1& cha cia p*}
while p # nil do {Tim xem trong cdy c6 khod X khong?}
begin
if p*.Info = X then Break; {Tim thiy)
q:=p
if X < p*.Info then p := p*.Left
else p := p*.Right;
end;
if p = nil then Exit; {X khong tdn tai trong BST nén khong xod dugc)
if (p*.Left # nil) and (p*.Right # nil) then {p” cé cad con trai va con phai}
begin
Node :=p; {Git lai nt chia khod X}
q :=p; p := p*.Left; {Chuyén sang nhanh con trai d& tim ndt cyc phai)
while p*.Right # nil do

begin
q :=p; p := p*.Right;
end;
Node*.Info := p*.Info; {Chuyén gi tri t¥ ndt cyc phai trong nhénh con trai 1én Node)
end;

(NGt bi xo0d gio day 13 ndt p*, né chi cé nhiéu nhit mdt con)

{Néu p” c6 mot nét con thi dem Child trd téi ndt con d6, néu khong co thi Child = nil}

if p*.Left # nil then Child := p*.Left

else Child := p*.Right;

if p = Root then Root := Child; (Nt p* bi xo& 13 gbc cay)

else {Nit bi xoa p* khong phai gboc cdy thi 14y méi nbi ti cha cla né 1a q* nbi thdng téi Child)
if g*.Left = p then q*.Left := Child
else g*.Right := Child;

Dispose(p) ;

end;

Trudng hop trung binh, thi cic thao tac tim kiém, chén, xo4 trén BST ¢6 d6 phirc tap 1a O(lgn).
Con trong trudng hop x4u nhit, cay nhi phan tim kiém bj suy bién thi cac thao tac d6 déu co
d6 phure tap 1a O(n), véi n 1a s6 nit trén cay BST.

Néu ta m& rong hon khai ni€ém cay nhi phan tim kiém nhu sau: Gia tri luu trong mot nut 16n
hon hoic bang céac gia tri luu trong cdy con trai va nho hon céac gia tri luu trong cdy con phai.
Thi chi can stra d6i thu tuc BSTInsert mot chit, khi chén 1an luot vao cay n gid tri, cdy BST s&

c6 n nut (c6 thé c6 hai nat chira cing mot gid tri). Khi d6 néu ta duyét cac nut cia cay theo
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kiéu trung tht tu (inorder traversal), ta s& liét ké dugc cac gia tri luu trong cdy theo thir tu
tang dan. Phuong phap sip xép nay ngudi ta goi 1a Tree Sort. PO phirc tap tinh toan trung
binh cua Tree Sort 1a O(nlgn).

Phép tim kiém trén cdy BST sé& kém hiéu qua néu nhur cay bi suy bién, ngudi ta ¢6 nhiéu cach
xoay x0 dé tranh trudng hop ndy. D6 1a phép quay cdy dé dung cay nhi phan cin di AVL,
hay k¥ thuat dung cdy nhi phan tim kiém t6i wu. Nhiing k¥ thuat ndy ta c6 thé tham khao

trong céc tai li¢u khac vé cau truc dir li¢u va giai thuat.

9.5. PHEP BAM (HASH)

Tu tudng cua phép bam la dua vao gia tri cac khod k[1..n], chia cac khoa dé ra thanh cac
nhom. Nhirng khoa thudc ciing mdt nhém cé mot dic diém chung va dic diém nay khong
c6 trong cac nhoém khac. Khi c6 mot khoa tim kiém X, trudc hét ta xac dinh xem néu X thudc
vao day khoa di cho thi n6 phai thuéc nhom nao va tién hanh tim kiém trén nhom do.

Mot vi du la trong cudn tir dién, cac ban sinh vién thuong dan vao 26 manh giéy nho vao cac
trang dé danh dau trang nao 1a trang khoi dau ciia mot doan chira cac tir ¢6 cing chit cai dau.

D¢ khi tra tir chi can tim trong céac trang chtra nhitng tir c6 cung chir cai dau voi tir can tim.

Mot vi du khéc 1a trén day cac khoa s6 tur nhién, ta c6 thé chia né 1a lam m nhém, mdi nhom

gdm cac khoa dong du theo mo-dun m.

C6 nhiéu cach cai dat phép bam:

% Céach thir nhét 1a chia day khod lam céc doan, mdi doan chira nhitng khod thudc cung mot
nhom va ghi nhan lai vi tri cac doan do. Dé khi c6 khoa tim kiém, c6 thé xac dinh duogc
ngay can phai tim khoa dé trong doan nao.

%+ Cach thtr hai la chia day khoa lam m nhom, M3di nhém 1a mot danh sach ndi don chira cac
gia tri khoa va ghi nhan lai chdt cia mdi danh sach ndi don. V&i mot khoa tim kiém, ta xac
dinh duoc phai tim khoa d6 trong danh sach ndi don nao va tién hanh tim kiém tudn ty trén
danh sach ndi don dé. Véi cach luu trix nay, viéc bd sung cling nhu loai bé mdt gia tri khoi
tap hop khoa dé dang hon rat nhiéu phuong phap trén.

% Cach thtr ba 13 néu chia day khoa lam m nhém, mdi nhéom duge luu trir dudi dang cay nhi
phan tim kiém va ghi nhén lai gbc ctia cac cdy nhi phan tim kiém dé, phwong phap nay co
thé noi 1a tot hon hai phuong phap trén, tuy nhién diy khoa phai c6 quan hé thtr tu toan
phan thi méi lam duoc.
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9.6. KHOA SO VOI BAI TOAN TiM KIEM

Moi dir liéu luu trir trong may tinh déu dugc sb hoa, tirc 1a déu duoc luu trix béng cac don vi
Bit, Byte, Word v.v... Diéu d6 c6 nghia 1a mot gia tri khoa bét ky, ta hoan toan c6 thé biét
duoc nd dugc mi hoa bang con s6 nhu thé ndo. Va mot diéu chic chan 1a hai khoa khac nhau
s& duoc luu trir bang hai s6 khac nhau.

Pbi v6i bai toan sap xép, ta khong thé dua viée sip xép mot diy khoa bat ky vé viéc sap xép
trén mdt day khoa s6 12 ma cua céac khoa. Bai quan h¢ thur tu trén cac con s6 d6 co thé khac
v6i thir ty can sip cta cac khoa.

Nhung dbi voi bai toan tim kiém thi khac, véi mot khoa tim kiém, cau tra 151 hodc 1a “Khong
tim thiy” hodc 1a “C6 tim thay va & chd ...” nén ta hoan toan c6 thé thay cac khod bang céac
mi s6 ctiia n6 ma khong bi sai 1am, chi lvu ¥ mot diéu 13: hai khod khac nhau phai ma hoa
thanh hai s6 khac nhau ma thoi.

Néi nhu vy c6 nghia 1a viéc nghién ctru nhitng thuat toan tim kiém trén cac day khoa s rat

quan trong, va dudi day ta s& trinh bay mot s6 phuong phap do.

9.7. CAY TIM KIEM SO HQC (DIGITAL SEARCH TREE - DST)
Xét day khoa k[1..n] 1a cac s6 tu nhién, mdi gia tri khod khi ddi ra hé nhi phan c6 z chir s6 nhi
phan (bit), cac bit nay dugc danh sb tir 0 (13 hang don vi) t&i z - 1 tir phai sang trai.

Vi du:

Cay tim kiém sd hoc chtra céc gia tri khoa nay c6 thé mé ta nhu sau: Trudc hét, n6 1a mot cay
nhi phan ma mdi nat chira mot gia tri khoa. Nut gc c6 tdi da hai cdy con, ngoai gia tri khoa
chira & nit gdc, tit ca nhitng gia tri khoa co bit cao nhét 1a 0 ndm trong cdy con trai, con tat ca
nhitng gia tri khoa ¢ bit cao nhat 1 1 ndm & cdy con phai. Pdi véi hai nat con ciia nut gbc,
van dé tuong tu doi véi bit z - 2 (bit dimg tht nhi tir trai sang).

So sanh cdy tim kiém s6 hoc véi cdy nhi phan tim kiém, chung chi khac nhau vé cach chia hai
cay con trai/phai. D6i v6i cdy nhi phan tim kiém, viéc chia nay duogc thuc hién bang cach so
sanh v6i khod ndm & nut gbc, con dbi véi cay tim kiém sd hoc, néu nut gbc c6 muc 1a d thi
viéc chia cay con dugc thyc hién theo bit thir d tinh tir trdi sang (bit z - d) cua mdi khoa.

Ta nhan thay rang nhitng khoa bat dau bang bit 0 chic chan nho hon nhitng khoa bat dau bang
bit 1, d6 1a diém tuong dong giira cdy nhi phan tim kiém va cdy tim kiém s6 hoc: V&i mdi nat
nhanh: Moi gié tri chtra trong cdy con trai déu nho hon gia tri chira trong cdy con phai (Hinh
44).
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///(:)\\ 6 = 0110

0 ! 5 = 0101

e 2 = 0010

7 = 0111

0 1 0 1 8 = 1000
10 = 1010

@ 12 = 1100

11 = 1011

0 1 4 = 0100

Hinh 44: Cy tim kiém s6 hoc

Gia su cau triic mét nat cua cdy dugc dac ta dudi dang:
type
PNode = *TNode; {Con tré chtia 1ién k&t té6i mot nit)
TNode = record {Cu tric nit)
Info: TKey; {Trudng chia khod}
Left, Right: PNode; {con trd toi ndt con trdi va phdi, trd toi nil néu khéng cé nat con trai (phai)}
end;
Gbc cia cdy dugc luu trong con tré Root. Ban ddu nit Root = nil (cay rdng)

Vi khoa tim kiém X, viéc tim kiém trén cay tim kiém s6 hoc ¢6 thé mé ta nhu sau: Ban dau

dung & nit gde, xét 1an lugt cac bit ciia X tir trai sang phai (tir bit z - 1 t6i bit 0), hé gap bit

bang 0 thi r& sang ndt con trai, néu gap bit bang 1 thi 1& sang nut con phai. Qu4 trinh cir tiép

tuc nhu vy cho téi khi gip mot trong hai tinh hudng sau:

+» Dbi té1 mot nat réng (do r€ theo mot lién két nil), qué trinh tim kiém that bai do khoa X
khong co trong cay.

% Di t6i mot nlit mang gia tri diing bang X, qu4 trinh tim kiém thanh cong

{Ham tim kiém trén cdy tim kiém s hoc, nd tra vé ndt chia khod tim kiém X néu tim thdy, trd vé nil néu khéng tim thiy. z
13 d6 dai day bit bidu dién mot khod}
function DSTSearch(X: TKey): PNode;
var
b: Integer;
p: PNode;
begin
b :=z; p := Root; {B4t ddu véi nft gbc)
while (p # nil) and (p*.Info # X) do {Chua gip phai mdt trong 2 tinh hudng trén}
begin
b :=b-1; {Xét bit b cla X}
if <Bit b cla X la 0> then p := p*.Left {Gdp 0 ré trai)
else p := p*.Right; {Gdp 1 ré phai}
end;
DSTSearch := p;
end;

Thuat toan dung cdy tim kiém s hoc tir ddy khoa k[1..n] ciing duoc 1am gan giéng qua trinh
tim kiém. Ta chén lan luot cac khod vao cdy, trudc khi chén, ta tim xem khod d6 da co trong
cdy hay chua, néu di c6 rdi thi bo qua, néu nd chua c6 thi ta thém nat méi chira khoa can
chén va ndi nit d6 vao cay tim kiém sb hoc tai méi ndi rong vira 1& sang khién qua trinh tim
kiém that bai
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{Thi tuc chén khod X vao cay tim kiém sé hoc)
procedure DSTInsert(X: TKey);

var
b: Integer;
P, q: PNode;
begin
b :=1z;
P := Root;
while (p # nil) and (p*.Info # X) do
begin
b :=b - 1; {Xét bit b cua X}
q :=p; {Khi p chay xubng nit con thi g" ludn gift vai trd 13 nit cha cia p*)
if <Bit b cda X la 0> then p := p*.Left {Gap 0 ré trai}
else p := p*.Right; {Gdp 1 ré phai}
end;
if p = nil then ({Gid tri X chua c6 trong cdy}
begin
New(p); {Tao ra mdét nit méi p”}
p*.Info := X; {Nut méi tao ra sé& chia khod X}
p*.Left := nil; p*.Right := nil; {Nut méi d6 sé& trd thanh mot 14 cla cdy)
if Root = nil then Root := p {Ciy dang 14 rbng thi nit méi thém tré thanh gbc)
else {Khong thi méc p* vdo mbi nbdi via ré sang ti q*)
if <Bit b cda X la 0> then g*.Left := p
else g*.Right :=p;
end;
end;

Mudn xo0a bo mdt gia tri khoi cdy tim kiém so hoc, trudc hét ta xac dinh nut chira gia tri can
x04 1a nut D nao, sau do6 tim trong nhanh cdy goc D ra mét nut 14 bat ky, chuyén gia tri chira

trong nut 1a d6 sang nt D rdi xo4 nut 1.

{Thi tuc xo04 khod X khoi cdy tim kiém sb hoc)
procedure DSTDelete(X: TKey);
var
b: Integer;
p, q, Node: PNode;
begin
{Truéc hét, tim kiém gid tri X xem né ndm & nit ndo)
b :=z;
p := Root;
while (p # nil) and (p*.Info # X) do
begin
b:=b-1;
q :=p; {MOi 14n p chuyén sang nit con, ta ludn dam bdo cho ¢* 13 nit cha cia p*)
if <Bit b cia X la 0> then p := p*.Left
else p := p*.Right;
end;
if p = nil then Exit; {X khong tdn tai trong cdy thi khéng xod dugc)
Node := p; {Git lai ndt chita khod cin xoé)
while (p*.Left # nil) or (p*.Right # nil) do {chung nao p”" chua phai la 14}
begin
q :=p; {q chay dubi theo p, con p chuyén xubng mét trong 2 nhénh con}
if p*.Left # nil then p := p*.Left
else p := p”.Right;
end;
Node*.Info := p*.Info; {Chuyén gi4 tri tu nit 14 p* sang nut Node’}
if Root = p then Root := nil {C4y chi gom mit nit gbc v& bdy gid xoa ca gbc)
else {C&t mbi nbi tu q* téi p*)
if q*.Left = p then q*.Left :=nil
else q*.Right := nil;
Dispose (p) ;
end;
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V& mit trung binh, cac thao tac tim kiém, chén, x04 trén cay tim kiém sb hoc déu co6 do phtc
tap 1a O(min(z, Ign)) con trong truong hop x4u nhat, do phic tap ciia cac thao tac d6 1a O(z),
boi cay tim kiém s6 hoc c6 chiéu cao khong qua z + 1.

9.8. CAY TIM KIEM CO SO (RADIX SEARCH TREE - RST)

Trong cdy tim kiém sb hoc, cling nhu cay nhi phan tim kiém, phép tim kiém tai mdi budc phai
so sanh gia tri khoa X véi gia tri luu trong mot nit cta cdy. Trong truong hop cac khoa ¢ cdu
trc 16n, viée so sanh nay c6 thé mat nhiéu thoi gian.

Cay tim kiém co s6 1a mot phuong phap khic phuc nhuoc diém d6, ndi dung ctia nd c6 thé
tom tat nhu sau:

Trong cdy tim kiém co s 1a mot cay nhi phan, chi c6 nit 14 chira gia tri khoa, con gia tri chira
trong cac nt nhanh 1a v6 nghia. Cac nut 14 cta cay tim kiém co s6 déu nim ¢ muc z + 1.

Dbi voi niit gbe cua cay tim kiém co s6, né co t6i da hai nhanh con, moi khoa chira trong nit
14 ctia nhanh con trai déu c6 bit cao nhat 13 0, moi khoa chira trong nut 14 ctia nhanh con phai
déu c6 bit cao nhat 1a 1.

Déi v6i hai nhanh con cta nut gdc, van dé twong ty v6i bit thir z - 2, vi du v6i nhanh con trai
ctia nat gde, no lai c6 tdi da hai nhanh con, moi khoa chira trong nut 14 ctia nhanh con trai déu
c6 bit thir z - 2 14 0 (chiing bat dau bang hai bit 00), moi khoa chtra trong nut 14 ciia nhanh con
phai déu co bit thir z - 2 1a 1 (chung bét dau bang hai bit 01). ..

Téng quat v6i nit & muc d, né c6 tdi da hai nhanh con, moi nut 14 ctia nhanh con trai chira
khod c6 bit z - d 1a 0, moi nut 14 ciia nhanh con phai chira khod c6 bit thir z - d 1a 1 (Hinh 45).

ol o
g P

P A a A g
§ do v ddo d

0010 0100 0101 0111 1000 1010 1011 1100
Hinh 45: Cy tim kiém co s

Khac v6i cdy nhi phan tim kiém hay cay tim kiém s hoc. Cay tim kiém co s6 dugc khoi tao
gdm c6 mot nut gdc, va nit goc ton tai trong sudt qua trinh sir dung: n6 khong bao gid bi
xo04 di ca.

Pé tim kiém mot gia tri X trong cdy tim kiém co s, ban dau ta ding ¢ niit gbc va duyét day

bit ctia X tir trai qua phai (tir bit z - 1 dén bit 0), gip bit bang 0 thi r& sang nut con trai con gip
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bit bang 1 thi r& sang nit con phai, cir tiép tuc nhu vay cho téi khi mot trong hai tinh hudng

sau xay ra:

% Hodc di téi mot nat réng (do & theo lién két nil) qua trinh tim kiém that bai do X khong c6
trong RST

% Hodc da duyét hét day bit ciia X va dang dimg & mot nat 14, qua trinh tim kiém thanh cong

vi chic chin nat 14 d6 chira gia tri diing bang X.

{Ham tim kiém trén cdy tim kiém co s6, tra vé nit 14 chia khod tim kiém X néu tim thdy, tra vé nil néu khéng tim thiy. z

13 d6 dai day bit biéu dién mét khod}
function RSTSearch(X: TKey): PNode;
var
b: Integer;
p: PNode;
begin
b :=z; p := Root; {Bit diu voi nit gbc, ddi véi RST thi gbe ludn cb sdn)
repeat
b :=b - 1; {Xét bit b cua X}
if <Bit b cla X la 0> then p := p*.Left {Gdp 0 ré& trai}
else p := p*.Right; {Gdp 1 ré phdi}
until (p = nil) or (b =10);
RSTSearch := p;
end;

Thao tac chén mot gia tri X vao RST dugc thyc hién nhu sau: Pau tién, ta dang ¢ géc va
duyét day bit cta X tir trai qua phai (tir bit z - 1 v& bit 0), ctr gdp 0 thi & trai, gap 1 thi r& phai.
Néu qua trinh r& theo mot lién két nil (di t6i nat réng) thi 14p tic tao ra mot nit méi, va ndi
vao theo lién két d6 dé c6 duodng di tiép. Sau khi duyét hét day bit ciia X, ta s& ding lai & mot
nut 14 cia RST, va cong viée cudi cung 1a dat gia trj X vao nat 14 do.

Vi du:
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{Thi tuc chén khod X vdo cdy tim kiém co sb)
procedure RSTInsert(X: TKey);
var
b: Integer;
p, q: PNode;
begin
b :=z; p := Root; {Bit diu tu nit gbc, dbi véi RST thi gbc ludn # nil}
repeat
b :=b - 1; {Xét bit b cua X}
q :=p; {Khi p chay xubng ndt con thi g* luén git vai tro 13 nit cha cia p*}
if <Bit b cla X la 0> then p := p*.Left {Gdp 0 ré trdi})
else p := p*.Right; {Gdp 1 ré phai}
if p = nil then {Khong di duoc thi dit thém nit dé di tiép)
begin
New(p); {Tao ra mdt nit méi va dem p trd tol nut do}
p*.Left := nil; p*.Right := nil;
if <Bit b cla X 13 0> then q*.Left := p {NOi p" vdo bén trai g*}
else g*.Right := p; {N6i p” vao bén phai q"}
end;
until b = 0;
p*.Info := X; {p" la nit 1a dé dit X vao)
end;

Véi cdy tim kiém co s, viéc xod mot gia tri khoa khong phai chi 1a xo4 riéng mot niit 14 ma
con phai xo4 toan bo nhanh doc dao di téi nut 6 dé tranh lang phi bd nhé (Hinh 47).

nﬁ P
§j§2 1 0
& & g & O

010 101 101 111 010 101 101

Hinh 47: RST chira cac khoa 2, 4, 5, 7 va RST sau khi loai bé gia trj 7

Ta ldp lai qua trinh tim kiém gia tri khoa X, qua trinh nay s& di tir gbc xudng 14, tai mdi budc
di, mdi khi gip mot nit ngd ba (nht c6 ca con trai va con phai - nit cap hai), ta ghi nhan lai
nga ba d6 va huéng ré. Két thuc qua trinh tim kiém ta giit lai dugc ngi ba di qua cudi cung, tir
nat d6 téi nut 14 chtra X 1a con duong doc dao (khong co chd ré), ta tién hanh d& bo tat ca cac
nut trén doan dudng doc dao khoi cay tim kiém co sb. Dé khong bi gap 18i khi cy suy bién

(khong co6 nat cip 2) ta coi gde ciing 1 nat nga ba
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{Thi tuc xo4 khod X khoi cay tim kiém co sb)
procedure RSTDelete(X: TKey);
var
b: Integer;
p, q, TurnNode, Child: PNode;
begin
{Trudc hét, tim kiém gi4 tri X xem né ndm & ndt nao)
b :=z; p := Root;
repeat
b:=b-1;
q :=p; {MOi 14n p chuyén sang ndt con, ta luén dam bao cho ¢* 1a nit cha cta p")
if <Bit b cia X la 0> then p := p*.Left
else p := p”.Right;
if (b=12z - 1) or (q*.Left # nil) and (q*.Right # nil) then {g" la nit ngé ba}
begin
TurnNode := q; Child := p; {Ghi nhdn lai g" va hudng ré}
end;
until (p = nil) or (b =0);
if p = nil then Exit; {X khong ton tai trong cay thi khong xo duoc)
{Truéc hét, cit nhanh doc dao ra khdi cay)
if TurnNode*.Left = Child then TurnNode*.Left := nil
else TurnNode*.Right := nil
p := Child; {Chuyén sang doan dudng doc dao, b&t diu xoé)
repeat
q := P; S % % %
{Luu ¥ rang p" chi c6 toi da mot nhanh con ma thoéi, cho p trd sang nhanh con duy nhat néu co}
if p*.Left # nil then p := p*.Lleft
else p := p*.Right;
Dispose(q); {Gidi phéng bd nhd cho nit g*}
until p = nil;
end;

Ta c6 mot nhan xét 1a: Hinh dang cua cay tim kiém co s6 khong phu thudc vao thur ty chén
cac khod vao ma chi phu thudc vao gia tri cua cac khoa chtra trong cay.

DPéi vai cay tim kiém co sb, do phuec tap tinh toan cho céc thao tac tim kiém, chén, xo04 trong
truong hop x4u nhét cling nhu trung binh déu 1a O(z). Do khong phai so sanh gia tri khoa doc
duong di, né nhanh hon cay tim kiém s6 hoc néu nhu gip cac khoa cau trac 16n. Toc do nhu
vay c6 thé noi 1a tot, nhung van dé b nhé khién ta phai xem xét: Gia tri chtra trong cac nut
nhanh cua cdy tim kiém co s6 1 vo nghia dan t6i su ling phi bd nh.

Mot giai phap cho van dé nay 1a: Duy tri hai dang nat trén cdy tim kiém co sb: Dang nut
nhanh chi chira cac lién két trai, phai va dang nit 14 chi chira gié tri khoa. Cai dat cay nay trén
mot s6 ngon ngir dinh kiéu qud manh ddi khi rat kho.

Giai phap thir hai 1a dic ta mot cAy twong ty nhu RST, nhung sira d6i mot chit: néu co nit 1a
chtra gia tri X dugc ndi véi cdy bang mot nhanh doc dao thi cit bo nhanh doc dao do, va thay
vao chd nhanh nay chi mét niit chira gia tri X. Nhu vay céc gia tri khoa van chi chira trong cac
nut 14 nhung cac nat 14 gio day khong chi nam trén mirc z + 1 ma con nam trén nhimg mtrc
khac nita. Phuong phap nay khong nhig tiét kiém bd nhé hon ma con lam cho qua trinh tim
kiém nhanh hon. Gi4 phai tra cho phwong phap nay 1a thao tac chén, xo4 kha phuc tap. Tén

cua cau truc dir liéu nay la Trie (Trie chit khong phai Tree) tim kiém co so.
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§o 4o

Hinh 48: Cay tim kiém co s6 a) va Trie tim kiém co s6 b)

Tuong ty nhu phuong phép sip xép bang co sd, phép tim kiém bang co s6 khong nhat thiét
phai chon hé co sb 2. Ta c6 thé chon hé co s6 16n hon dé ¢ toc d6 nhanh hon (kém theo sy
t6n kém bo nhé), chi luu ¥ 13 cdy tim kiém s6 hoc ciing nhu cdy tim kiém co sb trong truong
hop nay khong con 1a cdy nhi phan ma la cdy R_phan véi R 1a hé co s dugc chon.

Trong céc phuong phéap tim kiém bang co sb, thuc ra con mot phuong phép tinh tuy va thong
minh nhét, n6 ¢ cau tric gan gidng nhu cdy nhung khong c6 nut du thira, va qua trinh duyét
bit ctia khod tim kiém khong phai tir trai qua phai ma theo tht tu cta céc bit kiém soat luu tai
moi nat di qua. Phuong phap d6 co tén goi 1a Practical Algorithm To Retrieve Information
Coded In Alphanumeric (PATRICIA) do Morrison dé xuat. Tuy nhién, viéc cai dat phuong
phap nay khé phtrc tap (dic biét 1a thao tac xoa gia tri khod), ta c6 thé tham khao noi dung cua

no6 trong cac tai li¢u khéac.

9.9. NHUNG NHAN XET CUOI CUNG
Tim kiém thuong 1 cong viéc nhanh hon sap xép nhung lai dugc sir dung nhiéu hon. Trén
day, ta da trinh bay phép tim kiém trong mot tip hop dé tim ra ban ghi mang kho4 dung bang

khoa tim kiém. Tuy nhién, ngudi ta c6 thé yéu cau tim ban ghi mang khoa 16n hon hay nho
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hon khoa tim kiém, tim ban ghi mang khoa nhé nhat ma 16n hon khoa tim kiém, tim ban ghi
mang khod 16n nhat ma nhé hon khoa tim kiém v.v... Dé cai dat nhimg thuat toan néu trén
cho nhing trudng hop ndy can c6 mot sy mém déo nhét dinh.

Ciing twong tu nhu sap xép, ta khong nén danh gia giai thuat tim kiém nay t6t hon giai thuat
tim kiém khéc. Str dung thuét toan tim kiém phu hop véi timg yéu cau cu thé 1a k¥ ning cua
ngudi 1ap trinh, viée cai ddt cdy nhi phan tim kiém hay cay tim kiém co s6 chi dé tim kiém
trén vai chyc ban ghi chi khang dinh dugc mot didu ro rang: khong biét thé nao 1a giai thuat
va lap trinh.

Bai tap

Bai 1

Hay thir viét mot chuong trinh SearchDemo twong tu nhu chuong trinh SortDemo trong bai
trude. Pong thoi viét thém vao chuong trinh SortDemo ¢ bai trude thi tuc TreeSort va danh
gia toc d6 thyc ciia no.

Bai 2

Tim hiéu cac phuong phap tim kiém chudi, thut toan BRUTE-FORCE, thuat toan KNUTH-
MORRIS-PRATT, thuat toan BOYER-MOORE va thuat toan RABIN-KARP

Bai 3

Ty tim hiéu trong céc tai liéu khac vé tim kiém da huéng (multi-way searching), cdy nhi phan
AVL, cay (2, 3, 4), cay do den.

Tuy goi la chuyén d& vé “Céu truc dir liéu va giai thuat” nhung thyc ra, ta méi chi tim hiéu vé
mét sb cau tric dit lidu va giai thuat hay gap. Khong mdt tai liéu nao co thé dé cap té1 moi cAu
trac dir liéu va giai thuat boi chiing qua phong phu va lién tuc duge bd sung. Nhimg ciu tric
dir liéu va giai thuat khong “pho théng” 1am nhu 1y thuyét do thi, hinh hoc, v.v... s& duoc tach
ra va s& dugc noi ki hon trong mot chuyén dé khéc.

Viéc di sau nghién ctru nhitng cAu trac dir liéu va giai thuat, du chi 14 mot phan nho hep ciing
nay sinh rat nhiéu van dé hay va kho, nhu cac van dé Iy thuyét vé do phuc tap tinh toan, van
dé NP_day du v.v... P6 la cong viéc cua nhitng nha khoa hoc may tinh. Nhung trudc khi tro
thanh mot nha khoa hoc mdy tinh thi diéu kién can 13 phai biét 1ap trinh. Vay nén khi tim hiéu
bat cr cau trc dir liéu hay giai thudt ndo, nhat thiét ta phai ¢ ging cai dit bang dugc. Moi y

tuong hay s& chi 1a bo di néu nhu khong bién thanh hidu qua, thuc té 1 nhu vay.
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PHAN 3. QUY HOACH PONG

Céc thuat toan dé quy c6 uu diém d& cai dat, tuy nhién do ban chét cua
qua trinh dé quy, cac chuong trinh nay thuong kéo theo nhitng doi hoi
16n vé khong gian bo nhd va mot khdi luong tinh toan khong 10.

Quy hoach dong (Dynamic programming) 1a mot ki thuat nham don gian
hoa viéc tinh todn cac cong thic truy hdi bang cach luu trit toan bo hay
mot ph?m két qua tinh todn tai mdi budc voi muc dich s dung lai. Ban
chat ctia quy hoach dong 1a thay thé mo hinh tinh toan “tir trén xubng”
(Top-down) bang mé hinh tinh toan “tir dudi 1én” (Bottom-up).

Tu “programming” ¢ day khong lién quan gi téi viéc 1ap trinh cho may
tinh, d6 13 mot thudt nglr ma cic nha toan hoc hay dung dé chi ra céac
budc chung trong viée giai quyét mot dang bai toan hay mot 16p cac van
dé. Khong c6 mot thuat toan tong quat dé giai tat ca cac bai toan quy
hoach dong.

Muc dich ctia phan nay 1a cung cap mdt cach tiép can méi trong viée giai
quyét cac bai toan toi wu mang ban chat dé quy, dong thoi dua ra cac vi
du dé ngudi doc c6 thé 1am quen va hinh thanh cac k¥ ning trong viéc

tiép can cac bai toan quy hoach dong.
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§1. CONG THUC TRUY HOI

1.1. ViDU
Cho s6 tw nhién n < 100. Hay cho biét c6 bao nhiéu cich phan tich sé n thanh téng ciia
ddy cdc sé nguyén dwong, cdc cdch phén tich la hodn vi ciia nhau chi tinh la mét cdch.

Vidu: n =15 co 7 cach phén tich:

1.5=1+1+1+1+1
2.5=141+1+2
3.5=1+1+3
4.5=1+2+2
5.5=1+14
6.5=2+3

7.5=5

(Lwu y: n = 0 vin coi la ¢6 1 cdch phdn tich thanh tong cdc soé nguyén dwong (0 la tong

ciia diy rong))

Dé giai bai toan nay, trong chuyén muyc trudc ta di ding phuong phap liét ké tat ca cac cach

phan tich va dém sd céu hinh. By gio ta thir nghi xem, ¢6 cach nao tinh ngay ra sé lwong

cac cach phén tich ma khong cin phai liét ké hay khong ?. Boi vi khi s cach phan tich
tuong d6i 16n, phuong phap liét ké t6 ra kha cham. (n = 100 c6 190569292 cach phan tich).

Nhén xét:

Néu goi F[m, v] 12 s6 cach phan tich s6 v thanh tong cic s6 nguyén dwong < m. Khi do:

Céc cach phan tich sé v thanh téng cac sé nguyén duong < m c6 thé chia lam hai loai:

% Loai 1: Khong chira s6 m trong phép phén tich, khi d6 s6 cach phan tich loai nay chinh la
sd cach phan tich sé v thanh tong cic sd nguyén duong < m, tic 13 s6 cach phan tich sb v
thanh tong cac s6 nguyén duwong <m - 1 va bang F[m - 1, v].

% Loai 2: C6 chura it nhat mot sb m trong phép phan tich. Khi d6 néu trong cac cach phan tich
loai nay ta bo di s6 m dé thi ta s& dugc cac cach phan tich sé v - m thanh tong cac sb
nguyén dwong < m (Luu ¥: diéu nay chi dung khi khong tinh 13p lai cdc hoan vi ciia mot
cach). Co nghia 1a vé mit sd lugng, sb cac cach phan tich loai nay bang F[m, v - m]

Trong truong hgp m > v thi rd rang chi c6 cac cach phan tich loai 1, con trong truong hgp m <

v thi s€ c6 ca céac cach phan tich loai 1 va loai 2. Vi thé:

Fim-1,v]; ifm>v

F[m-1,v]+F[m,v-m]; if m < v

Flm,v]= {

Ta c6 cong thuc xay dung F[m, v] tor F[m - 1, v] va F[m, v - m]. Cong thirc nay c6 tén goi la
cong thire truy hoi dua viéc tinh F[m, v] vé viéc tinh cac F[m', v'] v&i dir liéu nho hon. Tat
nhién cudi ciing ta s& quan tdm dén F[n, n]: S cac cach phan tich n thanh tong cac s nguyén
duong <n.

Vidu véin =35, bang F s¢ la:
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LN A W NN = O
e e ey
—_ e = e e O |
N NN = O
W W W N = O |W

m

Nhin vao bang F, ta thdy rang F[m, v] dugc tinh bing tong cua:
Mot phan tir & hang trén: F[m - 1, v] va mot phan tir & cting hang, bén trai: F[m, v - m].
Vi du F[5, 5] s€ dugc tinh béng F[4, 5] + F[5, 0], hay F[3, 5] s€ dugc tinh béng F[2, 5] + F[3,
2]. Chinh vi vay dé tinh F[m, v] thi F[m - 1, v] va F[m, v - m] phai duoc tinh trudc. Suy ra thi
tu hop 1y dé tinh cac phan tir trong bang F s& phai 1a theo thir ty tir trén xudng va trén moi
hang thi tinh theo thur tu tir trdi qua phai.
Diéu d6 c6 nghia 14 ban dau ta phai tinh hang 0 ciia bang: F[0, v] = s ddy ¢ cac phan tir < 0
ma téng bang v, theo quy udc & dé bai thi F[0, 0] = 1 con F[0, v] v6i moi v > 0 déu 14 0.
Vay giai thuat dung rat don gian: Khéi tao dong 0 cta bang F: F[0, 0] = 1 con F[0, v] véi moi
v > 0 déu bang 0, sau d6 dung cong thirc truy hoi tinh ra tit ca cac phan tir cta bang F. Cubi
cung F[n, n] 14 sé cach phan tich can tim
P 301 1.PAS * Dém s6 cach phén tich sb n

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Analysis Counting 1; {Bai toan phan tich sb)
const

max = 100;
var

F: array[0..max, 0..max] of Integer;

n, m, v: Integer;
begin

Write('n = '); Readln(n);

FillChar (F[0], SizeOf(F[0]), 0); {Khdi tao dong 0 cta bang F toan sé 0)

F[0, 0] :=1; {Duy chi c6 F[0, 0] = 1}

for m := 1 to n do {Ding céng thic tinh cic dong theo thir tu tu trén xubng dudi)

for v := 0 to n do {Cic phin t@ trén mot dong thi tinh theo thtr ty tir tradi qua phai)
if v<m then F[m, v] :=F[m - 1, v]
else F[m, v] :=F[m-1, vl + F[m, v - m];

WriteLn(F[n, n], ' Analyses'); {Cubi cting F[n, n] 1& sb cach phan tich)
end.

1.2. CAI TIEN THU NHAT

Cach lam trén c6 thé tom tat lai nhu sau: Khoi tao dong 0 cua bang, sau d6 ding dong 0 tinh
dong 1, dung dong 1 tinh dong 2 v.v... t&i khi tinh duoc hét dong n. C6 thé nhan thay rang
khi da tinh xong dong th k thi viéc luu trit cac dong tir dong 0 t6i dong k - 1 1 khong can
thiét boi vi viéc tinh dong k + 1 chi phu thudc cac gia tri luu trit trén dong k. Vay ta co thé
ding hai mang mot chiéu: Mang Current luu dong hién thoi dang xét ctia bang va mang Next

luu dong ké tiép, dau tién mang Current duoc gan cac gia tri twong Gmg trén dong 0. Sau d6
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dung mang Current tinh mang Next, mang Next sau khi tinh s€ mang cac gia tri tuong ung
trén dong 1. Roi lai gan mang Current := Next va tiép tuc dung mang Current tinh mang Next,
mang Next s& gdm cac gia tri twong tng trén dong 2 v.v... Vay ta co cai dit cai tién sau:

P 3 01 2.PAS * Dém s cach phén tich sé n

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Analysis Counting 2;
const

max = 100;
var

Current, Next: array[0..max] of Integer;

n, m, v: Integer;
begin

Write('n = '); ReadLn(n);

FillChar (Current, SizeOf (Current), 0);

Current[0] :=1; {Khoi tao mang Current tuong Gng véi dong 0 cua bang F}

form :=1 ton do

begin {Dung dong hién thoi Current tinh dong ké tip Next ¢ Dung dong m - 1 tinh dong m cta bang F)
for v :=0 ton do
if v < m then Next[v] := Current[v]
else Next[v] := Current[v] + Next[v - m];
Current := Next; {Gan Current := Next téic 1d Current bdy gio lai luu cdc phdn ti trén dong m cla bang F}
end;

WriteLn(Current[n], ' Analyses');

end.

Cach lam trén da tiét kiém duoc khd nhiéu khong gian luu trit, nhung né hoi chdm hon
phuong phéap dau tién vi phép gan mang (Current := Next). C6 thé cai tién thém cach lam nay
nhu sau:

P 3 01 3.PAS * Dém s6 cach phdn tich sé n
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Analysis Counting 3;
const
max = 100;
var
B: array[l..2, 0..max] of Integer;{Bing B chi gdm 2 dong thay cho 2 dong lién tiép ciia bang phuong an}
n, m v, X, y: Integer;
begin
Write('n = '); ReadLn(n);
{Truéc hét, dong 1 cla bang B tuong ng véi dong 0 cla bang phuong &n F, dugc dién co s quy hoach dong)
FillChar(B[1], SizeOf(B[1]), 0);
B[1][0] := 1;
x := 1; {Dong B[x] dong vai tro la dong hién thoi trong bang phuong an}
y :=2; {Dong Bly] déng vai trd 13 dong ké tiép trong bang phuong &n}
form:=1 ton do
begin
{Ding dong x tinh dong v & Ding dong hién thoi trong bang phuong 4n dé tinh dong ké tiép)
for v := 0 ton do
if v < m then B[y][v] := B[x][v]
else B[y][v] := B[x][v] + B[y][v - m];
x:=3-%x;y:=3-y; {Pdo gid tri x va y, tinh xoay lai}
end;
Writeln(B[x][n], ' Analyses');
end.
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1.3. CAI TIEN THU HAI

Ta van con cach tot hon nita, tai mdi budc, ta chi can luu lai mot dong cua bang F b?mg mot
mang 1 chiéu, sau d6 dung mang d6 tinh lai chinh né dé sau khi tinh, mang mot chiéu sé& luu
cac gia trj ciia bang F trén dong ké tiép.

P 3 01 4.PAS * Dém s6 cach phén tich sb n

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%!..2%' - 1]%)
program Analysis Counting 4;
const

max = 100;
var

L: array[0..max] of Integer; {Chi cin luwu 1 dong}

n, m, v: Integer;
begin

Write('n = '); Readln(n);

FillChar (L, SizeOf(L), 0);

L[0] :=1; {Khoi tao mang 1 chibu L luu dong 0 cla bang)

form:=1tondo ({Ding L tinh lai chinh nd}

for v :=m to n do
Liv] := L[v] + L[v - m];

Writeln(L[n], ' Analyses');

end.

1.4. CAI PAT PE QUY

Xem lai cong thtc truy hoi tinh F[m, v] = F[m - 1, v] + F[m, v - m], ta nhan thay rang d¢ tinh
F[m, v] ta phai biét duoc chinh xac F[m - 1, v] va F[m, v - m]. Nhu vy viéc xac dinh thir tir
tinh cac phan tir trong bang F (phan tir ndo tinh trudc, phan tir ndo tinh sau) 1 quan trong. Tuy
nhién ta c6 thé tinh dva trén mot ham dé quy ma khéng can phai quan tim t6i thi tu tinh toan.
Viéc viét mot ham dé quy tinh cong thirc truy hoi kha don gian, nhu vi du nay ta co thé viét:

P 3 01 5.PAS * Dém s6 cach phan tich sé n ding dé quy
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Analysis Counting 5;
var
n: Integer;

function GetF(m, v: Integer): Integer;
begin
if m = 0 then {Phdn neo ctia him dé quy)
if v = 0 then GetF := 1
else GetF := 0
else {Phin dé quy)
if m > v then GetF := GetF(m - 1, v)
else GetF := GetF(m - 1, v) + GetF(m, v - m);

end;
begin
Write('n = '); Readln(n);
Writeln(GetF(n, n), ' Analyses');
end.

Phuong phép cai dit nay to ra kha cham vi phai goi nhiéu 1an mdi ham GetF(m, v) (bai sau s&
giai thich & hon diéu nay). Ta co thé cai tién bang cach két hop v6i mot mang hai chiéu F.
Ban dau cac ph'?ln ttr ctia F duoc coi 1a “chua biét” (bfmg cach gan mot gia tri dac bi¢t). Ham

GetF(m, v) khi duogc goi trudc hét s& tra ctru toi F[m, v], néu F[m, v] chua biét thi ham
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GetF(m, v) s& goi dé quy dé tinh gia tri cia F[m, v] rdi ding gia tri nay gan cho két qua ham,
con néu F[m, v] da biét thi ham nay chi viéc gan két qua ham 1a F[m, v] ma khong can goi dé
quy dé tinh toan nira.

P 3 01 6.PAS * Dém s cach phan tich sé n ding dé quy

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Analysis Counting 6;

const

max = 100;
var

n: Integer;

F: array[0..max, 0..max] of Integer;

function GetF(m, v: Integer): Integer;
begin
if F[m, v] = -1 then {Néu F[m, v] chua biét thi di tinh F[m, v]}
begin
if m= 0 then (Phin neo cta him dé quy)
if v=0 then F[m, v] :=1
else F[m, v] := 0
else {Phin dé quy)
if m > v then F[m, v] := GetF(m - 1, v)
else F[m, v] := GetF(m - 1, v) + GetF(m, v - m);
end;
GetF := F[m, v]; (G4n két qua ham bing F[m, v]}
end;

begin
Write('n = '); ReadLn(n);
FillChar(f, SizeOf(f), $FF); {Khoi tao ming F bang gid tri -1}
Writeln(GetF(n, n), ' Analyses');
end.
Viéc sir dung phuong phap dé quy dé giai cong thic truy hoi 1a mot k¥ thuat dang luu ¥, vi
khi gidp mot cong thirc truy hdi phirc tap, kho xac dinh thir ty tinh toan thi phuong phap nay t6

ra rat hiéu qua, hon thé nita né 1am rd hon ban chat dé quy cta cong thirc truy hoi.
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§2. PHUONG PHAP QUY HOACH PONG

2.1. BAI TOAN QUY HOACH

Bai toan quy hoach 13 bai toan t6i wu: gdm c6 mot ham f goi 1a ham muyc tiéu hay ham danh
gi4; cac ham gy, g, ..., g, cho gia tri logic goi 13 ham rang budc. Yéu ciu cua bai toan 1a tim
mot cau hinh x thoa man tit ca cac rang budc g1, g2, ...gq: gi(x) = TRUE (Vi: 1 <i<n)vaxla
t6t nhét, theo nghia khong ton tai mot ciu hinh y nao khac thoa man cic ham rang budc ma
f(y) t6t hon f(x).

Vi du:

Tim (x, y) dé

Ham muyc ti€éu: x +y — max

Ham rang budc : x> +y* < 1.

Xét trong mit phing toa do, nhiing cip (x, y) thoa man x* + y*> < 1 1a toa do cua nhimg diém
nam trong hinh tron c6 tam O la géc toa dg, ban kinh 1. Vay nghiém cua bai toan bét budc
nam trong hinh tron do.

Nhitng duong thiang c6 phuong trinh: x + y = C (C 13 mot hang s6) 12 dudng thing vudng goc
v6i duong phan giadc goc phan tu thir nhat. Ta phai tim s6 C 16n nhat ma duong thiang x +y =

C van c6 diém chung voi dudng tron (O, 1). Pudng thang d6 1a mét tiép tuyén cua duong tron:

X+y= V2. Tiép diém (%/5 , %/5) tuong tng v4i nghiém tdi wu cua bai toan da cho.

N

xX+y=+72

Cac dang bai toan quy hoach rat phong phu va da dang, tmg dung nhiéu trong thuc té, nhung
cling can biét rang, da sd cac bai toan quy hoach 1a khong giai duoc, hodc chua giai dugc.
Cho dén nay, ngudi ta méi chi ¢6 thuat toan don hinh giai bai toan quy hoach tuyén tinh 10i,

va mot vai thudt toan khac ap dung cho cac 16p bai toan cu thé.

2.2. PHUONG PHAP QUY HOACH bONG

Phuong phap quy hoach dong dung dé giai bai toan tdi uru c6 ban chéat dé quy, tirc 1a viée tim
phuong an t6i wu cho bai toan d6 c6 thé dua vé tim phuong an t6i wu ctia mot s6 hiru han céac
bai toan con. Pdi v6i nhiéu thuat toan dé quy chung ta di tim hiéu, nguyén 1y chia dé tri

(divide and conquer) thudng déng vai tro chii dao trong viée thiét ké thuat toan. Dé giai quyét
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mot bai toan 16n, ta chia n6 1am nhiéu bai toan con cung dang véi no dé co thé giai quyét doc

1ap. Trong phuong phap quy hoach dong, nguyén 1y niy cang duoc thé hién rd: Khi khong

biét can phai giai quyét nhitng bai toan con nao, ta s& di giai quyét tit ca cac bai toan con va

luu trit nhitng 101 giai hay dap sb cua chung véi myc dich sir dung lai theo mot sy phdi hop

nao d6 dé giai quyét nhitng bai toan tong quat hon. D6 chinh 1 diém khac nhau giita Quy

hoach dong va phép phan giadi d¢ quy va cling 1a ndi dung phuong phap quy hoach dong:

% Phép phan giai dé quy bt dau tir bai toan 16n phan ra thanh nhiu bai toan con va di giai
timg bai toan con d6. Viéc giai timg bai toan con lai dua vé phép phan 1 tiép thanh nhicu

% Quy hoach dong bat dau tir viéc giai tat ca cic bai toan nho nhét ( bai toan co s) dé tir d6
ting budc giai quyét nhimg bai toan 16n hon, cho téi khi giai duoc bai toan 16n nhit (bai
toan ban dau).

Ta xét mot vi du don gian:

Diy Fibonacci 1a ddy vo han cac s6 nguyén dwong F[1], F[2], ... dugc dinh nghia nhur sau:

e [Liris2
W= E i) Fi-2), i i3

Hay tinh F[6]
Xét hai cach cai dat chuong trinh:
Cach 1 Cach 2
program Fibol; program Fibo2;
var
function F(i: Integer): Integer; F: array[l..6] of Integer;
begin i: Integer;
ifi<3thenF:=1
else F :=F(i -1) +F(i-2); begin
end; F[1] :=1; F[2] := 1;
for i :=3 to 6 do
begin F[i] :=F[i - 1] + F[i - 2];
WriteLn(F(6)); WriteLn(F[6]);
end. end.

Céch 1 c¢6 ham dé quy F(i) dé tinh s6 Fibonacci thr i. Chuong trinh chinh goi F(6), n6 s& goi
tiép F(5) va F(4) dé tinh ... Qu4 trinh tinh toan c6 thé v& nhu cdy dudi ddy. Ta nhan thiy dé
tinh F(6) né phai tinh 1 1an F(5), hai 1an F(4), ba 1an F(3), nim lan F(2), ba lan F(1).
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F(6)
I
'
F(5) F(4)
I
v v ¥ !
F(4) F(3) F(3) F(2)
F(3) F(2) F(2) F(1) F(2) F(1)

—

F(2) F(1)

Hinh 49: Ham dé quy tinh s6 Fibonacci

Céch 2 thi khong nhu vay. Trude hét n6 tinh san F[1] va F[2], tir d6 tinh tiép F[3], lai tinh tiép

dugc F[4], F[5], F[6]. Pam bao rang mdi gia tri Fibonacci chi phai tinh 1 lan.

(Céch 2 con co thé cai tién thém nita, chi can dung 3 gia tri tinh lai 1an nhau)

Trudc khi 4p dung phuong phap quy hoach dong ta phai xét xem phuong phdp d6 co6 thoa

man nhitng yéu cau dudi day hay khong:

% Bai toan 16n phai phan rd dugc thanh nhiéu bai toan con, ma su phdi hop 101 giai cua cac
bai toan con d6 cho ta 101 gidi cua bai toan 16n.

% Vi quy hoach dong 1a di giai tit ca cac bai toan con, nén néu khong du khong gian vat ly
luu trit 101 giai (bo nho, dia...) dé phdi hop chiing thi phuong phép quy hoach dong ciing
khong thé thyc hién dugc.

% Qua trinh tir bai toan co s6 tim ra 101 giai bai toan ban dau phai qua hitu han budc.

Cac khai niém:

+¢ Bai toan giai theo phuong phap quy hoach dong goi la bai toan quy hoach dong

% Cong thirc phbi hgp nghiém clia cic bai toan con dé c6 nghiém ciia bai toan 16n goi la
cong thikc truy hdi (hay phuong trinh truy toan) ciia quy hoach dong

% Tap cac bai toan nho nht co ngay 10 giai dé tir d6 giai quyét cac bai toan 1on hon goi 1a co
s& quy hoach dfng

< Khong gian luu trir 101 gidi cac bai toan con dé tim cach phdi hop chung goi 1a bang
phuong 4n ciia quy hoach dong

Cac buéce cai dat mot chwong trinh sir dung quy hoach djng:

% Giai tit ca cac bai toan co so (thong thuong rat dé), luu cac 16i giai vao bang phuong an.

< Dung cong thuc truy hdi phéi hop nhitng 16i giai ctia nhitng bai toan nho da luu trong bang
phuong an dé tim 10i giai cua nhimng bai toan 16n hon va luu ching vao bang phuong an.
Cho t6i khi bai toan ban dau tim duoc 16i giai.

+ Dua vao bang phuong an, truy vét tim ra nghiém toi uu.
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Cho dén nay, van chua c6 mot dinh 1y nao cho biét mot cach chinh xéac nhiing bai todn nao cé
thé giai quyét hiéu qua bang quy hoach dong. Tuy nhién dé biét duoc bai toan c6 thé giai bang
quy hoach dong hay khéng, ta c6 thé ty dat cdu hoi: “Mot nghiém tdi wu ciia bai toan 16n cé
phii 1a sy phdi hop cac nghi¢m t6i wu ciia cac bai todn con hay khong ?” va “Liéu c6 thé
nao lwu trir dwge nghiém cac bai toan con dwéi mdt hinh thirc nao dé dé phoi hop tim

dwgc nghiém bai toan lon"
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§3. MOT SO BAI TOAN QUY HOACH PONG

3.1. DAY CON PON PIEU TANG DAI NHAT

Cho ddy s6 nguyén A = a[l..n]. (n < 10%, -10° < a[i] < 10°). Mot day con cua A 1a mdt cach
chon ra trong A mdt s6 phan tir gitt nguyén thir tu. Nhu vay A ¢ 2" day con.

Yéu cau: Tim diy con don diéu ting cta A c6 d6 dai 1on nhat.

Vidu: A=(1,2,3,4,9, 10, 5, 6, 7). Ddy con don diéu ting dai nhat 13: (1, 2, 3, 4, 5, 6, 7).
Input: file van ban INCSEQ.INP

< Dong 1: Chira s6 n

< Dong 2: Chira n s6 a[1], a[2], ..., a[n] cach nhau it nhat mot ddu cach

Output: file van ban INCSEQ.OUT

¢ Dong 1: Ghi d6 dai day con tim duoc

% Céc dong tiép: ghi ddy con tim duoc va chi sé nhitng phan tir dugce chon vao diy con do.

INCSEQ. INP INCSEQ.OUT

11 8

1238945620910 a[l]l=1
af2] =2
a[3] =3
a[6] =4
a[7] =5
a[8] = 6
a[l0] = 9
a[ll] =10

Cach giai:

B6 sung vao A hai phan ti: a[0] = -o0 va a[n+1] = +oo. Khi dé6 déy con don di¢u ting dai nhit
chéc chdn sé bdt dau tir af0] va két thiic ¢ afn+1].

V6iVi:0<i<n+1.Tasétinh L[i] = d6 dai diy con don diéu ting dai nhit bit dau tai ai].
3.1.1. Co s& quy hoach dong (bai toan nhé nhét):

L[n+1] = D6 dai diy con don diéu ting dai nhat bt dau tai a[n+1] = +oo. Day con nay chi
g6m mdi mot phan tir (+o0) nén L[n+1]=1.

3.1.2. Cong thitrc truy hdi:

Gia st voi i chay tir n vé 0, ta can tinh L[i]: d6 dai ddy con ting dai nhat bt dau tai a[i]. L[i]
dugc tinh trong diéu kién L[i+1..n+1] da biét:

Diy con don diéu ting dai nhat bit dau tir a[i] s& dugc thanh 1ap bang cach 13y a[i] ghép vao
dau mot trong sd nhitg diy con don diéu ting dai nhat bat du tai vi tri a[j] ding sau a[i]. Ta
s& chon ddy nao dé ghép a[i] vao dau? Tét nhién 1a chi duoc ghép a[i] vao dau nhimg diy con
bat dau tai a[j] nao d6 16n hon a[i] (dé dam bao tinh ting) va di nhién ta s& chon dy dai nhat
de ghép a[i] vao dau (dé dam bao tinh dai nhat). Vay L[i] dugc tinh nhu sau: Xét tat ca cac
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chi s6 j trong khoang tiri + 1 dén n + 1 ma a[j] > a[i], chon ra chi s6 jmax c6 L[jmax] 16n

nhat. Pit L[i] := L[jmax] + 1:

L[i] = max L[j]+1

i<j<n-1
afi]<alj]

3.1.3. Truy vét

Tai budc xay dung diy L, mdi khi gan L[i] := L[jmax] + 1, ta dat T[i] = jmax. Dé luu lai rang:

Diy con dai nhét bt dau tai a[i] s& c6 phan tir thir hai ké tiép 13 a[jmax].

Sau khi tinh xong hay day L va T, ta bat dau tir T[0].

T[0] chinh 13 phan tir dau tién duoc chon,
T[T[0]] 14 phn tir thir hai dugc chon,
T[T[T[0]]] 1 phan tir thir ba duoc chon ...

Qué trinh truy vét c6 thé dién ta nhu sau:

i :=T[0];
while i <> n + 1 do {Ching ndo chua duyét dén sb a[n+l]=tw & cubi}
begin
<Théng bao chon a[i]>
i:=T[i];
end;

Vidu: véi A=(5,2,3,4,9,10,5, 6,7, 8). Hai day L va T sau khi tinh s& la:

i 0 1 2 3 4 5 6 9 10 11
afi] —o0 & 2 3 4 9 10 7 8 +00
L[] 9 5 8 7 6 3 2 3 2 1

10 11

T[] 2 8 3 4 7 6 11

Hinh 50: Tinh to4n va truy vét

P 3 03 1.PAS * Tim ddy con don diéu ting dai nhit

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)

program Finding The Longest Sub Sequence;
const
InputFile = 'INCSEQ.INP';
OutputFile = 'INCSEQ.OUT';
max = 1000000;
var
a, L, T: array[0..max + 1] of Integer;
n: Integer;

procedure Enter;
var
i: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
ReadLn(f, n);

Giai CT truy héi

Truy vét
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for i := 1 to n do Read(f, a[i]);
Close(f);
end;

procedure Optimize; {Quy hoach dong}
var
i, j, jmax: Integer;
begin
a[0] := Low(Integer); a[n + 1] := High(Integer); {Thém hai phin t& canh hai ddu day a)
Lln + 1] := 1; {Pién co s& quy hoach dong vao bang phuong 4n}
for i := n downto 0 do {Tinh bang phuong an}
begin
{Chon trong cic chi s6 j ding sau i thod min a[j] > a[i] ra chi sb jmax c6 L[jmax] lén nhit)
jmax :=n + 1;
for j:=i+1lton+1do
if (a[j] > a[i]) and (L[j] > L[jmax]) then jmax := j;
L[i] := L[jmax] + 1; (Luu dd dai ddy con tdng dai nhat bit diu tai a[i])
T[i] := jmax; {Lwu vét: phdn ti ding 1ién sau a[i] trong day con ting dai nhit d6 13 a[jmax])
end;
end;

procedure Result;
var
f: Text;
i: Integer;
begin
Assign(f, OutputFile); Rewrite(f);
Writeln(f, L[0] - 2); (Chiéu dai d&y con ting dai nhit)
i := T[0]; (B&t ddu truy vt tim nghiém)
while i <> n+1do
begin
WriteLn(f, 'a[', i, '] = ', a[i]);
i = T[i];
end;
Close(f);
end;

begin
Enter;
Optimize;
Result;
end.

Nhan xét:

Nhic lai cong thirc truy hoi tinh cac L[] 1a:

L[n+1]=0
L[i] = ig_lg)fl L[_]] +1; (Vi=0,n)

afi]<a[j]
va dé tinh hét cac L[.], ta phai mat mot doan chwong trinh v6i d6 phuc tap tinh toan 1a O(n?).
Ta c6 thé cai tién cach cai dat dé duoc mot doan chuong trinh véi do phuc tap tinh todn la
O(nlogn) bang k¥ thuat sau:
V6i mbi s6 k, ta goi StartOf[k] 13 chi sb x ctia phan tir a[x] thoa mén: ddy don diéu tang dai
nhat bat dau tir a[x] c6 d6 dai k. Néu c6 nhiéu phan tir a[.] ciing thoa man diéu kién nay thi ta
chon phan tir a[x] 14 phan tir 16n nhét trong sé nhimg phan tir d6. Viéc tinh cac gi tri StartOf].]
dugc thyuc hién dong thoi véi viée tinh cac gia tri L[.] bang phuong phap sau:
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Lin+1] :=1;
StartOf[1] :=n + 1;
m:=1; {m 13 d§ dai day con don diéu tdng dai nhAt cia diy a[i..n+1] (& bubc khdi tao ndy i =n + 1)}
for i := n downto 0 do
begin
(Tinh L[i]; dit k := L[i]);
if k > m then {Néu diy con ting dai nhit b&t ddu tai a[i] c6 do dai > m)
begin
m := k; {Cdp nhdt lai m}
StartOf[k] :=i; {Gan gi& tri cho StartOf[m]}
end
else
if a[i] > a[StartOf[k]] then (Néu cé nhilu day don diéu tdng dai nhdt do dai k thi)
StartOf[k] := i; {chi ghi nhan lai day cé phin ti bt ddu 1én nhit)
end;

3.1.4. Cai tién
Khi bat dau vao mot lan ldp véi mot gia tri i, ta da biét duogc:

< m: Do dai diy con don diéu tang dai nhit cua ddy a[i+1..n+1]

% StartOf[k] (1 <k < m): Phén tir a[StartOf[k]] 13 phan ttr 16n nhét trong s6 cac phan tir trong
doan a[i+1..n+1] thoa mén: Diy con don diéu ting dai nhat bit dau tir a[StartOf[k]] c6 do
dai k. Do thtr ty tinh toan dugc ap dat nhu trong so do trén, ta dé dang nhan thy ring:

a[StartOf]k]] < a[StartOf[k - 1]] <...<a[StartOf] 1]].
Diéu kién dé c6 ddy con don diéu ting do dai p+1 bat dau tai a[i] chinh 1a a[StartOf[p]] > a[i]
(vi theo thir ty tinh toan thi khi bt ddu mot 1an lap voi gid trj i, a[StartOf[p]] ludn ding sau
a[i]). Mit khac néu dem a[i] ghép vao dau diy con don diéu ting dai nhat bit dau tai
a[StartOf[p]] ma thu duoc ddy ting thi dem a[i] ghép vao dau diy con don diéu ting dai nhat
bét dau tai a[StartOf[p - 1]] ta ciing thu dwoc diy ting. Vay dé tinh L[i], ta c6 thé tim sb p 16n
nhit thoa man a[StartOf[p]] > a[i] bang thudt toan tim Kiém nhi phan roi dat L[i] :=p + 1
(va sau d6 T[i] := StartOf[p], tit nhién)

P 3 03 2.PAS * Cai tién thut toan tim ddy con don diéu ting dai nhit

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Finding The Longest Sub Sequence;

const
InputFile = '"INCSEQ.INP';
OutputFile = 'INCSEQ.OUT';
const
max = 1000000;
var

a, L, T, StartOf: array[0..max + 1] of Integer;
n, m: Integer;

procedure Enter;

var
i: Integer;
f: Text;

begin
Assign(f, InputFile); Reset(f);
ReadLn(f, n);
for i := 1 to n do Read(f, a[i]);
Close(f);

end;

procedure Init;
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begin
a[0] := Low(Integer);
a[n + 1] := High(Integer);
m:=1;
Lin+1] :=1;
StartOf[1] :=n + 1;
end;

{Ham Find, tim vi tri j ma néu dem ai ghép vao dau ddy con don didu ting dai nhat bat dau ti a; sé& dugc day don
didu ting dai nhat bdt ddu tai a;)
function Find(i: Integer): Integer;
var
inf, sup, median, j: Integer;
begin
inf :=1; sup :=m + 1;
repeat {Thudt todn tim kiém nhi phan}
median := (inf + sup) div 2;
j := StartOf [median];
if a[j] > a[i] then inf := median {Ludn @& aStartOf[inf] > ai > aStartOf[sup]}
else sup := median;
until inf + 1 = sup;
Find := StartOf[inf];
end;

procedure Optimize;

var
i, j, k: Integer;
begin
for i := n downto 0 do
begin
j := Find(i);
k :=L[j] +1;
if k > m then
begin
m:=k;
StartOf[k] := i;
end
else
if a[StartOf[k]] < a[i] then
StartOf[k] := i;
L[i] :=k;
T[i] := 3;
end;
end;

procedure Result;
var
f: Text;
i: Integer;
begin
Assign(f, OutputFile); Rewrite(f);
Writeln(f, m - 2);
i = T[0];
whilei <> n+1do
begin
WriteLn(f, 'a[', i, '] = ', a[i]);
i = T[i];
end;
Close(f);
end;

begin
Enter;
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Init;

Optimize;

Result;
end.

D@ thay chi phi thoi gian thuc hién giai thuat nay cip O(nlogn), ddy 1a mot vi du dién hinh
cho thay rang mét cong thirc truy hoi c6 thé co nhicu phuong phéap tinh.

3.2. BAI TOAN CAI TUI

Trong si€u thi c6 n gbi hang (n < 100), goi hang thir 1 c6 trong lugng 1a W[i] < 100 va tri gia

V[i] £ 100. Mdt tén trdm dot nhap vao si€u thi, t€n trdm mang theo mdt cai tui cod thé mang

duoc t6i da trong lugng M ( M < 100). Hoi tén trom sé 1y di nhitng goi hang nao dé duogc

tong gid tri 16n nhat.

Input: file van ban BAG.INP

% Dong 1: Chira hai s6 n, M cach nhau it nhat mot dau cach

% n dong tiép theo, dong thir i chira hai s6 nguyén duong W[i], V[i] cach nhau it nhat mot
dau cach

Output: file van ban BAG.OUT

% Dong 1: Ghi gié tri 16n nhat tén trom co thé 1dy

% Dong 2: Ghi chi sb nhiing géi bi lay

BAG.INP | BAG.OUT
1 11
521

= O U1 B W Ut
[ T~ N S I

Cach giai:

Néu goi F[i, j] & gid tri 16n nhat c6 thé c6 bang cach chon trong cac goi {1, 2, ..., i} voi gidi

han trong lugng j. Thi gia tri 16n nhat khi dugc chon trong sé n goi voi gidi han trong luong

M chinh 1a F[n, M].

3.2.1. Cong thirc truy hdi tinh F[i, j].

Véi gi6i han trong lugng j, viéc chon ti uu trong sé cac goi {1, 2, ..., i- 1,1} dé co gia tri 1on

nhit s& c6 hai kha ning:

% Néu khong chon goi thtr i thi F[i, j] 1a gia tri 16n nhét c6 thé bang cach chon trong sé céc
goi {1, 2, ...,1- 1} vdi gidt han trong lugng 1a j. Tuc 1a

F[i, j]=F[i-1,]]

% Néu c6 chon gbi thir i (tit nhién chi xét toi truong hop nay khi ma W[i] < j) thi F[i, j] bang
gid tri goi thir i 1a V[i] cong véi gia tri 1on nhit co thé c6 duge bang cach chon trong s6 cac
goi {1, 2, ...,1- 1} v6i giot han trong lugng j - W[i]. Tac la vé mat gia tri thu dugc:

F[i,j]= VL] + F[i- 1, j - W[i]]
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Vi theo cach xay dung F[i, j] 1a gia tri 16n nhat c6 thé, nén F[i, j] s& 1a max trong 2 gia tri thu
duoc o trén.

3.2.2. Co s& quy hoach dong:

D@ thay F[0, j] = gia tri 16n nhit c6 thé bang cach chon trong s6 0 goi = 0.

3.2.3. Tinh bang phwong an:

Bang phuong an F gdm n + 1 dong, M + 1 ¢6t, trude tién duge dién co s& quy hoach dong:
Dong 0 gém toan s6 0. St dung cong thire truy hdi, ding dong 0 tinh dong 1, dung dong 1
tinh dong 2, v.v... dén khi tinh hét dong n.

Flo | 1 [ 2].. M

o o] o] o [.0.]0

1

2

n \J

3.2.4. Truy vét:

Tinh xong bang phuong an thi ta quan tdm dén F[n, M] d6 chinh 14 gia tri 16n nhét thu duoc
khi chon trong ca n goi véi gi6i han trong lwong M. Néu F[n, M] = F[n - 1, M] thi tic 1a
khong chon goi thi n, ta truy tiép F[n - 1, M]. Con néu F[n, M] # F[n - 1, M] thi ta thong béo
rang phép chon t6i wu c6 chon géi thir n va truy tiép F[n - 1, M - W[n]]. Ct tiép tuc cho toi
khi truy 1€n té1 hang 0 ciia bang phuong an.

P 3 03 3.PAS * Bai toan cai tai

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%!..2%' - 1]¥)
program Bag Optimization;
const

InputFile = 'BAG.INP';

OutputFile = "BAG.OUT';

max = 100;
var

W, V: Array[l..max] of Integer;

F: array[0..max, 0..max] of Integer;

n, M: Integer;

procedure Enter;

var
i: Integer;
fi: Text;

begin
Assign(fi, InputFile); Reset(fi);
Readln(fi, n, M);
for i := 1 to n do ReadLn(fi, W[i], V[i]);
Close(fi);

end;

procedure Optimize; {Tinh bang phuong 4n béng cong thic truy hdi}
var

i, j: Integer;
begin

Lé Minh Hoang



< 160 e Chuyén dé

FillChar (F[0], SizeOf(F[0]), 0); {Pién co s& quy hoach dong}
fori:=1tondo
for j :=0 to M do
begin {Tinh F[i, j]}
F[i, j] = F[i - 1, j]; {Gi& su khdng chon géi tht i thi F[i, j] = F[i - 1, ]}
{Sau d6 danh gia: néu chon qgoéi thir i sé& dugc loi hon thi dit lai F[i, 31}
if (j >=W[i]) and (F[i, j] < F[i - 1, j - W[i]] + V[i]) then
PIi, 3] := F[i - 1, j - WIi]] + V[i];
end;
end;

procedure Trace; {Truy vét tim nghiém téi wu)
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
WriteLn(fo, F[n, M]); {In ra gié tri 16n nhAt c6 thé kiém duogc)
while n <> 0 do {Truy vt trén bang phuong 4n tit hang n 1én hang 0)
begin
if F[n, M] <> F[n - 1, M] then {Néu c6 chon gdi thtr n}
begin
Write(fo, n, ' ');
M :=M - W[n]; {P4 chon géi thtt n rdi thi chi c6 thé mang thém duoc trong luong M - W[n] nita théi}
end;
Dec(n);
end;
Close(fo);
end;

begin
Enter;
Optimize;
Trace;
end.

3.3. BIEN POI XAU
Cho xau ky tu X, xét 3 phép bién doi:

a) Insert(i, C): i 1a s, C 1a ky tu: Phép Insert chén ky ty C vao sau vi tri i ciia xau X.

b) Replace(i, C): i 1a s, C 1a ky tu: Phép Replace thay ky tur tai vi tri i cua xau X boi ky tu C.

¢) Delete(i): i 1a s6, Phép Delete xo4 ky tu tai vi tri i ctia xau X.

Yéu cau: Cho trude xau Y, hiy tim mot sb it nhat cac phép bién doi trén dé bién xau X thanh

xau'Y.

Input: file van ban STR.INP

¢ Dong 1: Chira xau X (d6 dai < 100)
% Dong 2: Chira xau Y (d6 dai < 100)

Output: file vin ban STR.OUT ghi cac phép bién ddi can thyc hién va x4u X tai mdi phép

bién doi.
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STR.INP STR.OUT

PBBCEFATZ | 7

QABCDABEFA | PBBCEFATZ -> Delete(9) -> PBBCEFAT
PBBCEFAT -> Delete(8) -> PBBCEFA

PBBCEFA -> Insert(4, B) -> PBBCBEFA
PBBCBEFA -> Insert(4, A) -> PBBCABEFA
PBBCABEFA -> Insert(4, D) -> PBBCDABEFA
PBBCDABEFA -> Replace (2, A) -> PABCDABEFA
PABCDABEFA -> Replace(1, Q) -> QABCDAREFA

Cach giai:

Déi vé6i xau ky tu thi viée xo4, chén s& 1am cho cc phan tir phia sau vi tri bién d6i bi danh chi
s6 lai, gay kho khin cho viéc quan 1y vi tri. Dé khac phuc diéu ndy, ta s& tim mot thtr tu bién
d6i thoa man: Phép bién doi tai vi tri i bat budc phai thyc hién sau cac phép bién doi tai vi tri i
+1,i+2, ...

Vidu: X ="ABCD';

Insert(0, E) sau d6 Delete(4) cho ra X ="EABD'. Cach nay khong tuan thu nguyén tac
Delete(3) sau do Insert(0, E) cho ra X ='EABD'. Cach nay tuan thu nguyén tic dé ra.

Noi tom lai ta s€ tim mot day bién ddi co vi tri thuc hién giam dan.

3.3.1. Cong thirc truy hdi

Gia str m 14 d6 dai xdu X va n 1a d6 dai xau Y. Goi F[i, j] 1a s6 phép bién dbi téi thiéu dé bién
xau gom i ky tu dau cta xau X: X[1..i] thanh xau gom j ky tu ddu cua xau Y: Y[1.j].

Quan sat hai day X va 'Y

Y1 Yo || e Yn-1 Yn

Ta nhan thay:
% Néu X[m] = Y[n] thi ta chi cin bién doan X[1..m-1] thanh Y[1..n-1]. Ttc 14 trong trudng
hop nay: Flm, n]=F[m-1,n- 1]

X X, NI Honr Xn=Yn

y 1 y2 ......... yn.1 yn=Xm

% Néu X[m] # Y[n] thi tai vi tri X[m] ta c6 thé sir dung mot trong 3 phép bién dbi:

- Hodc chén vao sau vi tri m cta X, mot ky tu dang bang Yn:

X, x ) Xom <] Y,

Y1 Yo || e e Yn-1 Yn

Thi khi d6 F[m, n] s& bang 1 phép chén vira rdi cong v6i sé phép bién doi bién day
X[Il..m] thanh day Y[1..n-1]: Flm, n] =1 + F[m, n - 1]
- Hodc thay vi tri m ctia X bang mot ky tu dung bang Y[n]:
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X X, NI 3 Xni=Yn

2 Y, S ... ... Yn-1 Yn

Thi khi d6 F[m, n] s& bang 1 phép thay vira r6i cong voi s phép bién d6i bién diy
X[1..m-1] thanh day Y[1..n-1]: F[m, n] = 1 + F[m-1, n-1]

- Hodc x04 vi tri thir m cua X:

X4 X, M- X1 <

Y1 D72 | EERTE TRy Yn-1 Yn

Thi khi d6 F[m, n] s& bang 1 phép xo4 vira rdi cong véi sé phép bién doi bién day
X[1..m-1] thanh day Y[1..n]: F[m, n] =1 + F[m-1, n]
Vi F[m, n] phai 1 nho nhét c6 thé, nén trong trudng hop X[m] # Y[n] thi
F[m, n] =min(Ffm, n- 1], Ffm-1,n- 1], Fffm-1,n]) + 1.
Ta xay dung xong cong thirc truy hoi:
F[m-1,n-1], if X =Y,
F[m, =9 )
min(F[m,n—1],F[m-Ln-1],F[m-1Ln])+1, if X, #Y,

3.3.2. Co s& quy hoach dong

< F[0, j] 1a s6 phép bién d6i bién xau rong thanh xau gém j ky tu ddu cta F. N6 can ti thiéu
j phép chen: F[0, j] =)

% Fi, 0] 1a s6 phép bién d6i bién xau gom i ky tu ddu cta S thanh xau rdng, n6 can tdi thiéu i
phép xoa: F[i, 0] =1

Vay dau tién bang phuong an F (¢3[0..m, 0..n]) dugc khai tao hang 0 va cot 0 14 co so quy

hoach dong. Tur d6 dung cong thurc truy hoi tinh ra tat ca cac phan tir bang B.

Sau khi tinh xong thi F[m, n] cho ta biét s6 phép bién doi téi thiéu.

Truy vét:

Néu X[m] = Y[n] thi chi viéc xét tiép F[m - 1, n - 1].

Néu khong, xét 3 truong hop:

% Néu F[m, n] = F[m, n - 1] + 1 thi phép bién d6i dau tién dugc str dung 1a: Insert(m, Y[n])

¢ Néu F[m, n] =F[m - 1, n - 1]+ 1 thi phép bién d6i dau tién duogc sir dung la: Replace(m,
Y[n])

% Néu F[m, n] = F[m - 1, n] + 1 thi phép bién ddi dau tién duogc st dung 1a: Delete(m)

Pua vé bai toan v6i m, n nho hon truy vét tiép cho t6i khi vé F[0, 0]

Vidu: X="ABCD'; Y ='EABD' bang phuong an la:
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Hinh 51: Truy vét

Luu y: khi truy vét, dé tranh truy nhap ra ngoai bang, nén tao vién cho bang.

P 3 03 4.PAS * Bién doi xdu
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]*)
program String Transformation;

const
InputFile = 'STR.INP';
OutputFile = 'STR.OUT';
max = 100;

var

X, Y: String[2 * max];
F: array[-1..max, -1..max] of Integer;
m, n: Integer;

procedure Enter;

var
fi: Text;

begin
Assign(fi, InputFile); Reset(fi);
ReadLn(fi, X); Readln(fi, Y);

Close(fi);
m := Length(X); n := Length(Y);
end;

function Min3(x, y, z: Integer): Integer; {Cho gi& tri nho nhit trong 3 gid tri x, vy, z}
var
t: Integer;
begin
if x <y thent:
if z<tthent:
Min3 := t;
end;

xelse t :=y;
Z;

procedure Optimize;
var
i, j: Integer;
begin
{Khoi tao vién cho bang phuong an)
fori ;=0 tomdo F[i, -1] (= max + 1;
for j :=0 tondo F[-1, j] :=max + 1;
{Luu co s& quy hoach ddng}
for j :=0 to n do F[0, j] := 3,
fori:=1tomdo F[i, 0] :=i;
{Diing céng thiic truy hdi tinh todn bang phuong &n}
fori:=1tomdo
for j :=1 tondo
if X[i] = Y[j] then F[i, j] :=F[i -1, j - 1]
else F[i, j] := Min3(F[i, j - 1], F[i -1, 3 -1], F[i-1,3]) +1;
end;
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procedure Trace; {Truy vét)
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
WriteIn(fo, F[m, n]); (F[m, n] chinh 14 s& it nhdt cac phép bién d6i cin thuc hién)
while (m <> 0) or (n <> 0) do {Vong 13p két thic khi m = n = 0}
if X[m] = Y[n] then {Hai ky tu cubi cla 2 xdu gibng nhau}

begin
Dec(m); Dec(n); {Chi viéc truy chéo lén trén bang phuong an}
end
else (Tai diy can mdt phép bién ddi)
begin

Write(fo, X, ' -> '); {In ra xau X truéc khi bién dbi}
if F[m, n] = F[m, n - 1] + 1 then (Néu diy 14 phép chén}
begin
Write(fo, 'Insert(', m, ', ', Y[n], ")'");
Insert(Y[n], X, m + 1);
Dec(n); {Truy sang phai}

end
else
if Flm, n] = F[m - 1, n - 1] + 1 then (Néu diy 12 phép thay}
begin
Write(fo, 'Replace(', m, ', ', Y[n], ')');
X[m] := ¥Y[n];
Dec(m); Dec(n); {Truy chéo lén trén}
end
else {Néu day 1a phép xod}
begin

Write(fo, 'Delete(', m, ')');

Delete(X, m, 1);

Dec(m); {Truy lén trén}

end;
WriteIn(fo, ' -> ', X); {In ra xdu X sau phép bién dbi)
end;
Close(fo);
end;

begin
Enter;
Optimize;
Trace;
end.

Hay tu giai thich tai sao khi gidi han d¢ dai dir liéu 1a 100, lai phai khai bao X va Y la
String[200] chir khong phai 1a String[100] ?.

3.4. DAY CON CO TONG CHIA HET CHO K

Cho mot day A gdm n (1 < n < 1000) s6 nguyén duong a[l..n] va s6 nguyén duong k (k <
1000). Hay tim ddy con gdm nhiéu phan tir nhét cia diy da cho sao cho téng cac phan tir caa
day con nay chia hét cho k.

Input: file van ban SUBSEQ.INP

< Dong 1: Chtra s6 n

¢ Dong 2: Chiran sb a[1], a[2], ..., a[n] cach nhau it nhat mot ddu cach
Output: file van ban SUBSEQ.OUT

% Dong 1: Ghi d¢ dai day con tim dugc
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% Cac dong tiép: Ghi cac phan tir duge chon vao diy con

¢+ Dong cuoi: Ghi tong cac phan tur ctia day con do.

SUBSEQ. INP SUBSEQ. OUT

105 8

1611510152024 9| a[l0] =9
af9] =4
a[7] = 20
a[6] =15
a[5] =10
af4] =5
af3] =11
af2] = 6
Sum = 80

3.4.1. Cach giai 1

Khoéng anh huong dén két qua cudi cung, ta co thé dat: a[i] := a[i] mod k véi Vi: 1 <i <n. Goi

S 1a tong cac phan tir trong diy A, thay ddi cach tiép can bai toan: thay vi tim xem phai chon

ra mdt sO to1 da nhiing phan tir d€ c6 tong chia hét cho k, ta s€ chon ra mot so toi thiéu cac

phan tir co tong dong du voi S theo modul k. Khi d6 chi can loai bé nhitng phan tir nay thi

nhirng phan ttr con lai s& 1a két qua. Cach tiép can nay cho phép tiét kiém duoc khong gian

Iuu trit boi s6 phan tir tdi thiéu can loai bo bao gid cling nhé hon k.

Cong thire truy hdi: Néu ta goi f[i, t] 1a s6 phan tir t6i thiéu phai chon trong day a[1..i] dé c6

téng chia k du t. Néu khong c6 phuong an chon ta coi f[i, t] = +eo. Khi d6 f[i, t] dugc tinh qua

cong thuce truy hoi sau:

% Néu trong diy trén khong phai chon a[i] thi f[i, t] = f]i - 1, t];

< Néu trong ddy trén phai chon a[i] thi f[i, t] = 1 + f[i - 1, t—A[i]] (t—A[i] & day hiéu la

phép trir trén cac 16p ddng du mod k. Vi du khi k = 7 thi 1-3=5)

Tirtrén suy ra £[i,t] = min (£[i~1, .1+ £ i -1 1= Afi] ]

Co sé quy hoach dong: {[0, 0] = 0; f[0, i] = + 0o (Vi Vi: 1 <1<Kk).

P 3 03 5.PAS * Day con c6 tong chia hét cho k

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)

program Finding The Sub Sequence;
const
InputFile = 'SUBSEQ.INP';
OutputFile = 'SUBSEQ.OUT';

maxN = 1000;
maxK = 1000;
var

a: array[l..maxN] of Integer;
f: array[0..maxN, 0..maxK - 1] of Integer;
n, k: Integer;

procedure Enter;
var
fi: Text;
i: Integer;
begin
Assign(fi, InputFile); Reset(fi);
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Readln(fi, n, k);
for i := 1 to n do Read(fi, a[i]);
Close(fi);

end;

function Sub(x, y: Integer): Integer; {Tinh x - y (theo mod k)}
var
tmp: Integer;
begin
tmp := (x - y) mod k;
if tmp >= 0 then Sub := tmp
else Sub := tmp + k;
end;

procedure Optimize;
var
i, t: Integer;
begin
{Khoi tao}
£[0, 0] :=0;
for t :=1 tok-1do £[0, t] := maxK;
{6idi cong thic truy hdi)
fori :=1tondo
fort :=0tok-1do {Tinh f[i, t] :=min (£[1 -1, t], £[1 - 1, Sub(t, al[i])] + 1}
if £[1i -1, t] < f[i -1, Sub(t, a[i])] + 1 then
fli, t] = £[i - 1, t]
else
f[i, t] := £[i - 1, Sub(t, a[i])] + 1;
end;

procedure Result;
var
fo: Text;
i, t: Integer;
SumAll, Sum: Integer;
begin
SumAll := 0;
for i := 1 to n do SumAll := SumAll + a[i];
Assign(fo, OutputFile); Rewrite(fo);
WriteLn(fo, n - £[n, SumAll mod k]); {n - s6 phin ti bd di = s6 phan ti git lai)
i:=n; t := SumAll mod k;
Sum := 0;
for i := n downto 1 do
if f[i, t] = £[i - 1, t] then {Néu phuong &n t6i uu khong bd ai, téc 1& cb chon ai)
begin
Writeln(fo, 'a[', i, '] ="', a[i]);
Sum := Sum + a[i];
end
else
t := Sub(t, a[i]);
Writeln(fo, 'Sum = ', Sum);
Close(fo);
end;

begin
Enter;
Optimize;
Result;
end.
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3.4.2. Cach giai 2

Phén céc phan tir trong diy A theo cac 16p dong du modul k. Lép i gdm cac phan tir chia k du
i. Goi Count[i] 1a s6 luong cac phan tir thudc 16p i.

Véi 0 <1i, t <k; Goi fi, t] 1a s6 phan tir nhiéu nhét ¢ thé chon duoc trong cac 16p 0, 1,2, ..., i
dé dugc tong chia k du t. Trong truong hop cb cach chon, goi Tracel[i, t] 12 s6 phan tir dugc
chon trong 16p i theo phuong an nay, trong truong hop khong céd cach chon, Trace[i, t] duoc
coi la-1.

Ta dé thay rang [0, 0] = Count[0], Trace[0, 0] = Count[0], con Trace[0, i] vdi i#0 bang -1.
Véii>1; 0 <t <k, Gia sir phwong 4n chon ra nhidu phan tir nhét trong cac 16p tir 0 t6i i dé
dugc tong chia k du t ¢6 14y j phan tir ciia 16p 1 (0 < j < Count[i]), khi d6 néu bo j phan tir nay
di, s& phai thu dugc phuong an chon ra nhiéu phan tir nhat trong cac 16p tir 0 t6i i - 1 dé duogc

tong chia k du t—i* j. Tir d6 suy ra cong thic truy hoi:

fli.t]=,  max (f[i—l,t— i)+ j)
Trace] i-1,t=j.i [#-1

Trace[i,t]= argmax (f[i—l,t—j.i]+j)

0<j<Count][i]

Trace[i—l,t—jj]#—l

P 3 03 6.PAS * Day con co tong chia hét cho k
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Finding The Sub Sequence;

const
InputFile = 'SUBSEQ.INP';
OutputFile = 'SUBSEQ.OUT';
maxN = 1000;
maxK = 1000;

var

a: array[l..maxN] of Integer;

Count: array[0..maxK - 1] of Integer;

f, Trace: array[0..maxK - 1, 0..maxK - 1] of Integer;
n, k: Integer;

procedure Enter;

var
fi: Text;
i: Integer;

begin
Assign(fi, InputFile); Reset(fi);
Readln(fi, n, k);
FillChar (Count, SizeOf(Count), 0);
for i :=1tondo

begin
Read(fi, a[i]);
Inc(Count[a[i] mod k]); {Nhap dit 1iéu ddng thdi voi viée tinh cac Count[.])
end;
Close(fi);

end;

function Sub(x, y: Integer): Integer;
var

tmp: Integer;
begin

Lé Minh Hoang



< 168 we Chuyén dé

tmp := (x - y) mod k;
if tmp >= 0 then Sub := tmp
else Sub := tmp + k;

end;

procedure Optimize;
var
i, j, t: Integer;
begin
FillChar(f, SizeOf(f), 0);
£[0, 0] := Count[0];
FillChar (Trace, SizeOf (Trace), $FF); {Khoi tao cac phan tit mang Trace=-1}
Trace[0, 0] := Count[0]; {Ngoai tru Trace[0, 0] = Count[0]}
fori:=1tok-1do
fort :=0tok-14do
for j := 0 to Count[i] do
if (Trace[i - 1, Sub(t, j * i)] <> -1) and
(E£[1, t] < £[1 - 1, Sub(t, j * i)] + j) then
begin
fli, t] = £f[i -1, Sub(t, j * i)] + 3;
Trace[i, t] := j;
end;
end;

procedure Result;
var
fo: Text;
i, t, j: Integer;
Sum: Integer;
begin
t:=0;
{Tinh lai cc Count[i] := $6 phdn ti phuong &n tbi wu s& chon trong lop i}
for i := k - 1 downto 0 do
begin
j := Trace[i, t];
t :=Sub(t, j*i);
Count[i] := j;
end;
Assign(fo, OutputFile); Rewrite(fo);
Writeln(fo, f[k - 1, 0]);
Sum := 0;
fori ;=1 tondo
begin
t := a[i] mod k;
if Count[t] > 0 then
begin
Writeln(fo, 'a[', i, '] ="', a[i]);
Dec(Count[t]);
Sum := Sum + a[i];
end;
end;
Writeln(fo, 'Sum = ', Sum);
Close (fo) ;
end;

begin
Enter;
Optimize;
Result;
end.

Céch giai thtr hai t6t hon cach giai thir nhat vi né c6 thé thyuc hién véi n 16n. Vi du nay cho

thdy mot bai toan quy hoach dong co thé c6 nhiéu cach dit cong thire truy hdi dé giai.
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3.5. PHEP NHAN TO HOP DAY MA TRAN
Véi ma tran A={a[1, j]} kich thudc pxq va ma tran B={b[i, j]} kich thudc qxr. Nguoi ta céd
phép nhan hai ma tran d6 dé duoc ma tran C={c[i, j]} kich thudc pxr. Mdi phan tir ctia ma
tran C dugc tinh theo cong thic:

cli.j]=>.. a[ij]b[k,j]. A<i<p;l<j<r)
Vi du:

A 1a ma tran kich thudc 3x4, B 1a ma tran kich thudc 4x5 thi C s€ 1a ma tran kich thudc 3x5

1 0 21410

I 2 3 4 14 6 9 |36 | 9
01 0[5]|1

5 6 7 8 |x =34 14 25 |100| 21
3 0 11611

9 10 11 12 54 22 41 |164 | 33
I 1 1]1]|1

Pé thuc hién phép nhan hai ma trin A(pxq) va B(gxr) ta c6 thé lam nhu doan chwong trinh
sau:

for i :=1 topdo
for j :=1tordo

begin

cli, j] :=0;

for k :=1 to qdo c[i, j] :=c[i, j] + a[i, k] * b[k, jI;
end;

Phi ton dé thyuc hién phép nhan ma tran c6 thé danh gia qua s6 1an thyuc hién phép nhan sb hoc,

v6i giai thuat nhan hai ma tran ké trén, dé nhan ma trdn A cdp pxq v6i ma tran B cap gxr ta

can thuc hién p.q.r phép nhan sb hoc.

Phép nhan ma tran khong c6 tinh chét giao hodn nhung c6 tinh chat két hop
(A.B).C=A.(B.O)

Viay néu A 13 ma tran cép 3x4, B la ma tran cép 4x10 va C la ma tran cép 10x15 thi:

% Dé tinh (A.B).C, phép tinh (A.B) cho ma tran kich thudc 3x10 sau 3.4.10=120 phép nhan
s0, sau d6 nhan tiép voi C duge ma tran két qua kich thudc 3x15 sau 3.10.15=450 phép
nhan sb. Vay tong s6 phép nhan sé hoc phai thuc hién sé& 1a 570.

% Dé tinh A.(B.C), phép tinh (B.C) cho ma tran kich thudc 4x15 sau 4.10.15=600 phép nhan
s6, 1ay A nhan v6i ma tran nay duoc ma tran két qua kich thude 3x15 sau 3.4.15=180 phép
nhan sd. Vay tong s6 phép nhan sé hoc phai thyc hién sé& 1a 780.

Vay thi trinh tu thuc hién ¢6 anh huong 16n téi chi phi. VAan dé dat ra 1a tinh s6 phi ton it nhat

i=1
Vi :
m[1] 1a ma tran kich thudc a[1] x a[2]

m[2] 1a ma tran kich thudc a[2] x a[3]
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m[n] 1a ma tran kich thudc a[n] x a[n+1]

Input: file vin ban MULTMAT.INP

% Dong 1: Chira s nguyén duong n < 100

< Dong 2: Chtra n + 1 s6 nguyén duong a[1], a[2], ..., a[n+1] (Vi: 1 < a[i] < 100) cach nhau
it nhat mot dau cach

Output: file van ban MULTMAT.OUT

% Dong 1: Ghi s6 phép nhan s hoc t6i thiéu can thyc hién

% Dong 2: Ghi biéu thirc két hop tdi wu ctia phép nhan day ma tran

MULTMAT . INP MULTMAT . OUT

6 Number of numerical multiplications: 31
3231223 ((m[1].(m[2].m[3])).((m[4].m[5]).m[6]))

Trudc hét, néu diy chi c6 mot ma tran thi chi phi bang 0, tiép theo ta nhan thay chi phi dé
nhan mot cip ma tran cé thé tinh duoc ngay. Vay co thé ghi nhan dugc chi phi cho phép nhan
hai ma tran lién tiép bat ky trong ddy. Str dung nhiing thong tin da ghi nhan dé tdi uu hoa phi
t6n nhan nhitng bd ba ma tran lién tiép ... Ct tip tuc nhu vay cho t6i khi ta tinh dugc phi tén
nhan n ma tran lién tiép.

3.5.1. Cong thirc truy hoi:

Goi {1, j] 1a ) phép nhan s6 hoc t6i thiéu can thuc hién dé nhan doan ma tran lién tiép:

.j 9 \ I4
beé tinh [ [m[t], c6 the co nhieu cach két hop:

t=i

[T ([T TTmlo] s i< s

t=i u=i v=k+1

V&i mot cach két hop (phu thude vao cach chon vi tri k), chi phi tbi thiéu phai thyc hién bang:

k J
fli, k] (1a chi phi toi thiéu tinh | [m[u]) cong véi flk+1, j] (1a chi phi t6i thiéu tinh [ [ m[v])

u=i v=k+1

k
cong voi afjl.a[k+1].a[j+1] (1a chi phi thyc hién phép nhan cudi cung gitta ma tran [ [m[u]

u=i

J
va ma tran H m[v]). Tt d6 suy ra: do cé nhi€u cach két hop, ma ta can chon cach két hop

v=k+l1

dé c6 chi phi it nhat nén ta s& cuc tiéu hoa f[i, j] theo cong thirc:

£[i,j]=min(f[i,k]+f[k+1j]+a[i]a[k+1]a[j+1])

1<k<]
3.5.2. Tinh bang phwong an
Bang phuong an F 1 bang hai chiéu, nhin vao céng thirc truy hi, ta thay f[i, j] chi duoc tinh
khi ma f[i, k] ciing nhu flk + 1, j] déu da biét (vk: i <k <j). Ttc 1 ban diu ta dién co s& quy

DHSPHN 1999-2006



Quy hoach dong < 171 o

hoach dong vao duong chéo chinh cta bang(Vi: f]i, 1] := 0), tir do tinh cac gia tri thudc duong
chéo nam phia trén (tinh céc f]i, 1 + 1]), 1o lai tinh cac gia tri thudc duong chéo nam phia trén
ntta (cac f[i, 1+ 2]) ... Bén khi tinh dugc ] 1, n] thi dung lai
3.5.3. Tim cach két hop tdi wu
Tai mdi bude tinh fTi, j], ta ghi nhan lai Tr[i, j] 1a diém k ma céch tinh:
J k i
l:l[m[t] = (Hm[u]}(vlglm[vﬂ

can sb phép nhédn s6 hoc it nht trén tit ca cic cach chon k. Sau d6, mudn in ra phép két hop

Ti[i,j]

i
toi uu dé nhan Hm[t] , ta s€ in ra cach két hop to61 uu dé nhan H m[q] va cach két hop to1
t=i q=i

J
T3 2 I

vu dénhan ] m[r] (c6 kém theo dau dong mé ngodc) dong thoi viét thém dau “.” vao
r=Tr[i,j]+1
giira hai biéu thirc do.

P 3 03 7.PAS * Nhin t6i wu ddy ma trén
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Matrix Multiplications;

const
InputFile = 'MULTMAT.INP';
OutputFile = 'MULTMAT.OUT';
max = 100;

var

a: array[l..max + 1] of Integer;

f: array[l..max, 1..max] of Integer;
tr: array[l..max, 1..max] of Integer;
n: Integer;

fo: Text;

procedure Enter; {Nhdp di liéu}

var
i: Integer;
fi: Text;

begin
Assign(fi, InputFile); Reset(fi);
ReadLn(fi, n);
for i :=1ton+1doRead(fi, a[i]);
Close(fi);

end;

procedure Optimize; {Quy hoach ddng}
var
i, j, k, len: Integer;
X, p, q, r: Integer;
begin
{Pién co s& quy hoach ddng vao bang phuong 4n)
for i :=1 tondo
for j :=1 tondo
if i = j then £[i, j] := 0
else f[i, j] := High(Integer);
{6141 céng thic truy hoi)
for len := 2 to n do {Thu véi cac d¢ dai doan tu 2 téi n}
fori:=1ton-1len+1do (Tinh cac f[i, i + len - 1]}
begin
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ji:=1i+len-1;
for k :=1i to j-1do ({Tht céc vi tri phén hoach k}
begin
p :=al[i]; q :=alk +1]; r := a[j + 1];
x :=f[i, k] + f[k+1, j]+p*q*r;
if x < £[i, j] then {T6i wu hod f[i, ]}

begin
fli, j] = x;
tr[i, j] = k;
end;
end;
end;

end;

procedure Trace(i, j: Integer); {Truy vét bang dé quy, thd tuc ndy in ra cdch k&t hop t6i wu tinh m[i].m[]]}
var
k: Integer;
begin
if 1 = j then Write(fo, 'm[', i, ']")
else
begin
Write(fo, '(');
k := teld, 3l
Trace (i, k);
Write(fo, '.');
Trace(k + 1, j);
Write(fo, ")');
end;
end;

begin
Enter;
Optimize;
Assign(fo, OutputFile); Rewrite(fo);
Writeln(fo, 'Number of numerical multiplications: ', f[1, n]);
Trace(l, n);
Close(fo);
end.

3.6. BAI TAP LUYEN TAP

3.6.1. Bai tip c6 huwéng din 1oi giai

Bai 1

Nhap vao hai s6 nguyén duong n va k (n, k < 100). Hay cho biét

a) C6 bao nhiéu sé nguyén duong ¢ < n chit sé ma tong cac chir sé dung bang k. Néu c6 hon
1 ti s6 thi chi can théng bao c6 nhiéu hon 1 ti.

b) Nhap vao mét s6 p < 1 ti. Cho biét néu dem cac s6 tim duge xép theo thi tu ting dan thi s6
thir p 14 s6 nao ?

Hudng dan:

Cau a: Ta s& dém s cac s6 co dung n chit s ma tong cac chir s6 (TCCS) bang k, chi c¢6 diéu
céc s6 cua ta cho phép c6 thé bit dau bang 0. Vi du: ta coi 0045 1a s6 c6 4 chir s6 ma TCCS 1a
9. Goi F[n, k] 1a s cac sb co n chit s6 ma TCCS bang k. Cac sb d6 co thé biéu dién bing
mang x[1..n] gdbm céac chir s6 0...9 va x[1] + x[2] + ... + x[n] = k. Néu c6 dinh x[1] =t thi ta

nhan thay x[2..n] l1ap thanh mot s6 co n - 1 chir s6 ma TCCS bang k - t. Suy ra do x[1] c¢6 thé
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nhan cac gia tri tir 0 toi 9 nén vé mit sé luong: F[n,k]= Zf:OF[n —1,k—t]. Déy la cong thirc
truy hoi tinh F[n, k], thuc ra chi xét nhiing gia tri t tir 0 t6i 9 va t < k ma thoi (dé tranh truong
hop k -t <0). Chu y réng néu tai mot budc nao do tinh ra mot phﬁn ttr caa F > 10° thi ta dat lai
phén tr 6 1a 10° + 1 @€ tranh bj tran sé do cong hai s6 quéa 16n. Két thuc qua trinh tinh toan,
néu F[n, k] = 10° + 1 thi ta chi cAn théng bao chung chung 14 c¢6 > 1 ti sb.

Co so quy hoach dong thi c6 thé dit 1a:

F[1, k] = sb cac s6 c6 1 chir s6 ma TCCS bang k, nhu vay:

F[l,k]:{

Cau b: Dya vao bang phuong an F[0..n, 0..k] dé do ra s6 mang thi tu da cho.
Bai2

I, 1if0<k<9

0, otherwise

Cho n go6i keo (n < 200), mdi gbi chira khong qua 200 vién keo, va mot s6 M < 40000. Hay
chi ra mot cach léy ra mot sd céc 2061 keo dé duoc téng s6 keo 12 M, hodc thong bao rﬁng
khong thé thyc hién duoc viée do.

Huéng dan:

Gia sir s6 keo chira trong goi thir i 1a A[i]

Goi b[V] 12 s6 nguyén duong bé nhat thoa man: C6 thé chon trong s6 cac goi keo tir goi 1 dén
261 b[V] ra mot sb goi dé duogc tong s6 keo 1a V. Néu khong c6 phuong an chon, ta coi b[V] =
+o0. Trudc tién, khoi tao b[0] := 0 va cac b[V] :=+o00 védi moi V > 0.

V&i mot gia tri V, goi k 13 gi4 tri can tim dé gan cho b[V], vi k can bé nhét co thé, nén néu co
cach chon trong s cac goi keo tir goi 1 dén goi k dé duoc sé keo V thi chic chin phai chon
g61 k. Khi da chon goi k 1oi thi trong sb cac g61 keo tur 1 dénk- 1, phai chon ra dugc mot sb
g6i dé duoc s keo 1a V - A[k]. Tie 1ab[V - A[k]] <k- 1 <k.

Suy ra b[V] s& duoc tinh bang cach:

Xét tat ca cac goi keo k co A[k] < V va thoa man b[V - A[k]] <k, chon ra chi sb k bé nhét gan
cho b[V]. Pay chinh 1a cong thirc truy hdi tinh bang phuong an.

b[V]=min{K|(A[K]< V) A(b[V - A[K]] <K)|

Sau khi di tinh hét day b[1..M]. Néu b[M] van bang +co thi c6 nghia 1a khong c6 phuong an
chon. Néu khong thi s€ chon géi p[1] = b[M], ti€p theo s€ chon goi p[2] = b[M - A[p[1]]], roi
lai chon g6i p[3] =b[M - A[p[1]] - A[p[2]]]... Pén khi truy vét vé t&i b[0] thi thoi.

Bai 3

Cho n géi keo (n < 200), mdi géi chira khong qua 200 vién keo, hay chia cac goi keo ra 1am
hai nhom sao cho s0 keo gitra hai nhdm chénh 1éch nhau it nhat

Huéng dan:

Goi S 1a téng s6 keo va M 14 nira tong s6 keo, ap dung cach giai nhu bai 2. Sau d6
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Tim s6 nguyén duong T thoa méan:

o T<M

% Ton tai mot cach chon ra mot sb goi keo dé duge tong s6 keo 1a T (b[T] # +)

< T 16n nhét c6 thé

Sau d6 chon ra mot sb 261 keo dé duoc T vién keo, cac 261 keo d6 dugc dua vao mot nhom,
s con lai vao nhom thtr hai.

Bai 4

Cho mdt ludi A kich thudc m x n, trén mdi nut ludi ghi mot s6 nguyén. Mot ngudi xuat phat
tai mot nat ludi nao dé cua cot 1, can sang cOt n (tai 6 nao cling dugc). Quy tac: Tur nut A[i, il
chi duwoc quyén sang mot trong 3 nut A[i, j + 1]; A[i- 1,j+ 1]; A[i + 1, j + 1]. Hay tim vj tri

nat xuat phat va hanh trinh di tir cot 1 sang cot n sao cho téng cac sd ghi trén duong di 1a 16n

OPOOO
{0000
o)cJofo¥o
@00 00

Goi BI[i, j] 1a s6 diém 16n nhat c6 thé co duoc khi toi nat A[i, j]. RS rang ddi voi nhimg 6 ¢
cot 1 thi B[i, 1]1= A[i, 1]:

OPEOO® 0006
OO0 Qedee
ojcJoNo¥o éﬁa@@
PO CO00eE

Vi nhiing nat (i, j) & cac cot khac, vi chi nhiing nat (1, j - 1), (i-1,j-1),G+1,j-1)lacod
thé sang duoc nut (i, j), va khi sang nut (i, j) thi s6 diém duoc cong thém A[i, j] nita. Ching ta
can BI[i, j] 1a s6 diém 16n nhat c6 thé nén BI[i, j] = max(B[i,j - 1], B[i- 1,j- 1], B[i+ 1,j- 1])
+ A[i, j]. Ta dung cong thirc truy hoi nay tinh tat ca cac B[i, j]. Cudi cing chon ra BJi, n] 1a
phan ttr 16n nhat trén cot n cua bang B va tir d6 truy vét tim ra dudng di nhiéu diém nhat.
3.6.2. Bai tap tu lam

Bai 1

Lap trinh giai bai toan cai tai voi kich thudce dir li€u: n < 10000; M < 10000 va gidi han bd
nhd 10MB.
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Bai 2

Xau ky tu S goi 1a xau con ciia xau ky tu T néu c6 thé xod bét mot sd ky tu trong xau T dé
duge xau S. Lap chuong trinh nhap vao hai xau ky tu X, Y. Tim x4u Z c6 d6 dai 16n nhét 1a
xau con cua cd X va Y. Vi du: X ="abcdefghil23'; Y = 'abcldef2ghi3' thi Z 14 'abedefghi3'.
Bai 3

Mot xau ky tw X goi 1a chira xdu Ky tw Y néu nhu c6 thé xoa bot mot sb ky tu trong xau X
dé duoc xau Y: Vi du: Xau '1a2b3c45d' chira xau '12345'. Mot x4u ky tu goi 1a ddi ximg néu
n6 khong thay do6i khi ta viét cac ky tu trong xdu theo th ty ngugc lai: Vi du:
'abcABADABAcba','MADAM!' 1a cac xdu ddi xtmg.

Nhap mot xau ky tur S ¢6 do dai khong qua 128, hiy tim xau ky tu T thoa mén ca 3 diéu kién:
< Dbi xtig

¢+ Chtra xau S

% C6 it ky tu nhit (c6 d6 dai ngan nhit)

Néu ¢6 nhiéu xau T thoa mén dé)ng thoi 3 diéu kién trén thi chi can cho biét mét. Chfmg han
v6iS="'a 101 b'thi chon T="ab 101 ba' hay T ='ba 101 ab' déu ding.

Vi du:

S T

MADAM MADAM

Edbabced edcbabcede

00 11 22 33 222 1 000 000 11 222 33 222 11 000
abcdefg hh gfe 1 d 2 ¢ 3 bajab 3 c 2 d 1 efg hh gfe 1 d2c 3 ba

Bai 4

C6 n loai tién gidy: To gidy bac loai i c6 ménh gia 1a V[i] ( n < 20, 1 < V[i] < 10000). Hoi
mudn mua mot mén hang gia 1a M thi c6 bao nhiéu cach tra sb tién d6 bang nhitng loai gidy
bac da cho (Trudng hop c6 > 1 ti cach thi chi cin thong bao c6 nhiéu hon 1 ti). Néu ton tai
cach tra, cho biét cach tra phai ding it to tién nhét.

Bai 5

Cho n quan d6-mi-nd xép dung ding theo hang ngang va dugc danh sé tir 1 dén n. Quan do-

mi-no thir i c6 so ghi ¢ 6 trén 1a a[i] va so ghi ¢ 6 dudi 1a b[i]. Xem hinh vé&:

Biét rang 1 <n < 100 va 0 < a[i], b[i] < 6 v6i Vi: 1 <i<n. Cho phép lat nguoc cic quan do-
mi-nd. Khi mot quin d6-mi-nd thtr i bi 14t, n6 s& c6 sb ghi & 6 trén 13 b[i] va s ghi ¢ 6 dudi la

afi].
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Vin dé ddt ra la hiy tim cdch lit cdc quan dé-mi-né sao cho chénh léch giita tong cdc sé
ghi ¢ hang trén va tong cdc so ghi & hang dwdi la toi thiéu. Néu cé nhiéu phwong dn Gt tot
nhw nhau, thi chi ra phwong dn phii lit it quén nhit.

Nhu vi du trén thi s€ 1at hai quan P6-mi-nd tha 5 va tha 6. Khi do:

Téng cac sb Ghangtrén=1+1+4+4+6+1=17

Téng cac s6 G hang duéi=6+3+1+1+0+6=17

Bai 6

Xét bang H kich thudce 4x4, cac hang va cac cdt dugc danh chi s6 A, B, C, D. Trén 16 6 cua
bang, mdi 6 ghi 1 ky tu A hodc B hoic C hoic D.

A B C D
AlA A B B
B|C D A B
C/|B C B A
D/B D D D

Cho xau S gém n ky tu chi gdm céc chit A, B, C, D.

Xét phép co R(i): thay ky tu S[i] va S[i+1] béi ky tw H[S[i], S[i+1]].

Vi du: S = ABCD:; ap dung lién tiép 3 1an R(1) s& duoc

ABCD - ACD - BD — B.

Yéu cu: Cho trude mot ky tu Xe{A, B, C, D}, hdy chi ra thtr tu thuc hién n - 1 phép co dé
ky tu con lai cudi cung trong S 1a X.

Bai 7

Cho N sb tu nhién a[1], a[2], ..., a[n]. Ban dau céac sé duoc dit lién tiép theo dung thir tu cach
nhau boi dau “?": a[1] 2 a[2] ? ... ? a[n]. Yéu cau: Cho trude sé nguyén K, hay tim cach thay
cac dau “?” bang diu cong hay dau trir dé duoc mot biéu thie sb hoc cho gia tri 1a K. Biét
rang 1 <n <200 va 0 < a[i] < 100.
Vidu:Bandau1?2?3?24vaK=0s8chokétqual-2-3+4.

Bai 8

Day Catalan 1a mot day s6 tu nhién bat dau 1a 0, két thac 1a 0, hai phén tor lién tiép hon kém
nhau 1 don vi. Hay 1ap chuong trinh nhap vao s6 nguyén duong n 1é va mot sé nguyén duong
p. Cho biét rang néu nhu ta dem tat ca cac diy Catalan do dai n xép theo thtr ty tir dién thi ddy
tha p 1a day nao.

Mot bai toan quy hoach dong co thé c6 nhiéu cach tiép can khac nhau, chon cach nao 1a tuy
theo yéu cau bai toan sao cho thuan tién. Piéu can thiét nhat 1a phai nhin nhan ra bai toan quy
hoach d6ng va tim cong thirc truy hoi dé giai, cong viéc nay doi hoi sy nhanh nhay, khon
khéo, ma chi tur sy rén luyén méi cé thé c6 duoc. Hay doc lai §1 dé tim hiéu ky cac phuong
phap thong dung khi cai dat mot chuong trinh giai cong thirc truy hoi.
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PHAN 4. CAC THUAT TOAN TREN
PO THI

Trén thuc té c6 nhiéu bai toan lién quan téi mot tap cac
d6i tuong va nhimg mdi lién hé gitra ching, doi hoi toan
hoc phai dat ra mdt mo hinh biéu dién mot cach chat chd
va tong quat bang ngdn ngir ky hiéu, d6 1a d thi. Nhimg y
L eonhard Euler tudng co ban cua nd dugce dua ra tir thé ky thir XVIII boi
1707-1783 nha toan hoc Thuy Si Leonhard Euler, 6ng da dung mo
hinh db thi dé giai bai toan vé nhiing cy cau Konigsberg ndi tiéng.
Mic du Ly thuyét dd thi da duge khoa hoc phat trién tir rat lau nhung lai
¢ nhiéu ung dung hién dai. Pac biét trong khoang vai muoi ndm tr¢ lai
day, cung voi sy ra doi cia may tinh dién tir va sy phat trién nhanh chong
ctia Tin hoc, Ly thuyét d6 thi cang duoc quan tdm dén nhiéu hon. Pic
biét 1a cac thuat toan trén do thi dd c6 nhidu Gmg dung trong nhiéu linh
vuc khac nhau nhu: Mang mdy tinh, Ly thuyét ma, Téi wu hoa, Kinh té
hoc v.v... Hién nay, mon hoc nay 1a mot trong nhiing kién thirc co s& cua
bd mon khoa hoc may tinh.
Trong pham vi mdt chuyén dé, khong thé néi k¥ va noéi hét nhitng van dé
cta 1y thuyét do thi. Tap bai giang ndy s& xem xét 1y thuyét do thi dudi
goc do nguoi 1ap trinh, tic 14 khao sat nhiing thuit toan co ban nhit co
thé dé& dang cai dit trén may tinh mot sé ing dung cta nd.. Cong viée
ctia ngudi 1ap trinh 1a doc hiéu dugc ¥ tudng co ban cia thudt toan va cai
dat duoc chuong trinh trong bai toan tong quat ciing nhu trong trudng
hop cu thé.
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§1. CAC KHAI NIEM CO BAN

1.1. PINH NGHIA PO THI (GRAPH)

La mot cAu trac roi rac gém cac dinh va céc canh ndi cac dinh d6. Pugc md ta hinh thuc:
G=(V,E)

V goi 1a tap cac dinh (Vertices) va E goi 1a tap cac canh (Edges). C6 thé coi E 1a tap céc cip

(u, v) véiu va v la hai dinh cia V.

Mot sb hinh anh cta db thj:

So db giao théng Mang may tinh CAu tric phan t&

Hinh 52: Vi du v& mé hinh dé thi

Co thé phan loai dd thi theo dic tinh va sb lugng cua tap céc canh E:

Cho @6 thi G = (V, E). Pinh nghia mot cach hinh thirc

G duoc goi 1a don dd thi néu giira hai dinh u, v cia V ¢6 nhiéu nhat 1a 1 canh trong E ndi tir u
toi v.

G duoc goi 1a da dd thi néu gita hai dinh u, v cia V ¢6 thé c6 nhiéu hon 1 canh trong E ndi
tir u t6i v (Hién nhién don db thi ciing 1a da do thi).

G dugc goi 13 dd thi vé hwéng (undirected graph) néu cac canh trong E 1a khong dinh hudng,
ttrc 1a canh ndi hai dinh u, v bat ky cling 1a canh ndi hai dinh v, u. Hay néi cach khac, tap E
gdm céac cip (u, v) khong tinh tht tu. (u, v)=(v, u)

G dugc goi 1a db thi ¢é6 hwéng (directed graph) néu cac canh trong E 1a ¢6 dinh hudng, ¢ thé
c¢6 canh nbi tir dinh u t6i dinh v nhung chwa chic di c6 canh ndi tir dinh v t6i dinh u. Hay noi
cach khac, tap E gém cac cap (u, v) c6 tinh tha tu: (u, v) # (v, u). Trong dd thi ¢o hudng, cac
canh dugc goi 13 cic cung. D thi vo hudng cling c6 thé coi 1a db thi c6 hudéng néu nhu ta coi
canh ndi hai dinh u, v bt ky twong dwong véi hai cung (u, v) va (v, u).

Vi du:
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@

Vo huéng Co huéng V6 hwéng C6 huwéng

— N
VT VT

Don db thi Pa do thi

Hinh 53: Phan loai db thi

1.2. CAC KHAI NIEM

Nhu trén dinh nghia dé thi G = (V, E) 1a mét cAu tric roi rac, tirc 13 cic tap V va E hodc 1a
tap hiru han, hodc la tap dém duoc, c6 nghia 1a ta c6 thé danh s6 thu tu 1, 2, 3... cho cac phén
tir cua tap V va E. Hon ntra, ding trén phuong dién nguoi 1ap trinh cho may tinh thi ta chi
quan tdm dén cac d6 thi hitu han (V va E 1a tap hiru han) ma thoi, chinh vi vay tir ddy vé sau,
néu khong chu thich gi thém thi khi n6i téi d6 thi, ta hiéu ring d6 1a d6 thi hitu han.

1.2.1. Canh lién thudc, dinh ké, bac

Dbi v6i d6 thi vo hudng G = (V, E). Xét mot canh e € E, néu e = (u, v) thi ta néi hai dinh u va
v 12 ké nhau (adjacent) va canh e nay lién thudc (incident) voi dinh u va dinh v.

Véi mét dinh v trong db thi, ta dinh nghia bac (degree) cua v, ky hiéu deg(v) 1a s6 canh lién
thudc véi v. D thay rang trén don d6 thi thi s6 canh lién thudc véi v cling 1a s dinh ké véi v.
Dinh Iy: Gia st G = (V, E) 1a d6 thi vo6 hudng v6i m canh, khi d6 tong tit ca cac bac dinh
trong V s& bang 2m:

> deg(v)=2m

veV
Chirng minh: Khi lay tong tit ca cac bac dinh tirc 1a mdi canh e = (u, v) bét ky s& dugc tinh
mot 1an trong deg(u) va mét 1an trong deg(v). Tir d6 suy ra két qua.

H¢ qua: Trong d6 thi vo hudng, sb dinh bac 1¢ 1a sé chin

Dbi vi @6 thi co hudng G = (V, E). Xét mot cung e € E, néu e = (u, v) thi ta ndi u ndi téi v
va v ndi tir u, cung ¢ la di ra khéi dinh u va di vao dinh v. Dinh u khi d6 dugc goi 1a dinh
déu, dinh v dugc goi la dinh cudi cua cung e.

V&i mdi dinh v trong dd thi ¢6 hudng, ta dinh nghia: Ban béc ra (out-degree) cua v ky hiéu
deg’(v) 1a s6 cung di ra khoi n6; ban bac vao (in-degree) ky hiéu deg’(v) 1a s6 cung di vao
dinh do

Dinh Iy: Gia sit G = (V, E) 1a d6 thi c6 huéng voi m cung, khi d6 tong tat ca cac ban bac ra

cua cac dinh bang tong tat ca cac ban bac vao va bang m:
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D deg”(v)=) deg (v)=m

veV veV
Chitng minh: Khi lay tong tit ca cic ban bic ra hay ban bac vao, mdi cung (u, v) bat ky s&
dugc tinh ding 1 1an trong deg’(u) va ciing dugc tinh ding 1 lan trong deg’(v). Tir d6 suy ra
két qua
1.2.2. Puong di va chu trinh

Mot duong di v6i do dai p 1a mot day P=(vo, vi, ..., vp) ctia cac dinh sao cho (vi.i, vi) € E, (Vi:
1 <i<p). Tanodi dudng di P bao gdm céc dinh vo, vy, ..., Vp va cac canh (vo, v1), (Vi, V2), ...,

(Vp-1, Vp). Néu c6 mot duong di nhu trén thi ta noi Vp dén dwoc (reachable) tir vo qua P. Mot
duong di goi 1a don gian (simple) néu tit ca cac dinh trén duong di 13 hoan toan phan biét,
mot dwong di con (subpath) P' cua P 1a mdt doan lién tuc cia cac day cac dinh doc theo P.
Puong di P tré thanh chu trinh (circuit) néu vg=v,. Chu trinh P goi 1a dom gian (simple) néu
Vi, V2, ..., Vp 1a hoan toan phan biét

1.2.3. Mt s6 khai niém khac

Hai d6 thi G = (V, E) va G'=(V', E') duoc goi la dang cAu (isomorphic) néu ton tai mot song
anh f:V—V' sao cho (u, v) € E néu va chi néu (f(u), f(v)) € E".

Do thi G'=(V', E') 1 dd thi con (subgraph) cua db thi G = (V, E) néu V' < V va E'  E. Khi
d6 G' duoc goi 1a dd thi con cam vng (induced) tir G boi V’ néu E'={(u, v) € E|u, v € V'}
Cho mét do thi v huéng G = (V, E), ta goi phién ban c6 hwéng (directed version) cia G 1a
mot d thi ¢ hudng G'= (V, E') sao cho (u, v) € E' néu va chi néu (u, v) € E. Noi cach khac
G' duoc tao thanh tir G bang cach thay mdi canh bang hai cung c6 hudng nguoc chiéu nhau.
Cho mdt dd thi c6 huéng G = (V, E), ta goi phién ban vé6 huwéng (undirected version) cia G
12 mot dd thi v hudéng G' = (V, E') sao cho (u, v) € E' néu va chi néu (u, v) € E hoidc (v, u) €
E.

Mot dd thi vo hudng goi 1a lién théng (connected) néu v6i moi cip dinh (u, v) ta c6 u dén
dugc v. Mot d6 thi co hudng goi 1a lién thong manh (strongly connected) néu v6i mdi cip
dinh (u, v), ta c6 u dén duoc v va v d&én dugc u. Mot d6 thi c6 hudng goi 1a lién théng yéu
(weakly connected) néu phién ban v6 hudng ciia né 1a do thi lién thong.

Mét dd thi vo hudng dugce goi la d?ly di (complete) néu moi cap dinh déu 13 k& nhau. Mot dd
thi v6 huéng goi 14 hai phia (bipartite) néu tap dinh ctia n6 c6 thé chia 1am hai tap roi nhau
X, Y sao cho khong tdn tai canh ndi hai dinh € X cling nhu khong tdn tai canh ndi hai dinh
Y.

Ngudi ta con mé rong khai niém d6 thi thanh siéu dd thi (hypergraph), mot siéu do thi
twong tu nhu do thi vo hudng, nhitng mdi siéu canh (hyperedge) khong nhimng chi c6 thé nbi

hai dinh ma con c6 thé n6i mot tap cac dinh véi nhau.
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§2. BIEU DIEN PO THI TREN MAY TINH

2.1. MA TRAN KE (ADJACENCY MATRIX)

Gia st G = (V, E) 1a mot don dd thi c6 sb dinh (ky hiéu | V) 1a n, Khong mét tinh tdng quat
c6 thé coi cac dinh dugc danh sé 1, 2, ..., n. Khi d6 ta c6 thé biéu dién dd thi bang mot ma
tran vudéng A = [a[i, j]] cap n. Trong dé:

% afi,jl=1néu(i,j) € E

% afi,j]=0néu(i,j) ¢ E

Véi Vi, gia tri cta a[i, 1] c6 thé dit tuy theo muc dich, théng thuong nén dit bang 0;

Dbi v6i da dd thi thi viéc biéu dién ciing tuong tu trén, chi c6 diéu néu nhu (i, j) 14 canh thi
khong phai ta ghi s 1 vao vi tri a[i, j] ma la ghi s6 canh ndi1 gitra dinh 1 va dinh j.

Vi du:

ﬂ 001 10 ﬂ 001 00
000 1 1 0001 0
A:IOOOI A=00001
" 1 100 0 " 1000 0
(+) © 01100 0100 0

Cic tinh chit ciia ma trin ké:
Déi véi do thi vo hudéng G, thi ma tran ké tuong ung la ma trén ddi xung (a[1, j] = a[j, 1]), diéu
nay khéng ding v&i d6 thi co hudng.
Néu G 1a d6 thi vo huéng va A 1a ma tran ké tuong (mg thi trén ma tran A:
Téng cac s6 trén hang i = Tong céc sb trén cot i = Bac cua dinh i = deg(i)
Néu G 1a do thi c6 hudéng va A 1a ma tran ké twong tng thi trén ma tran A:
Tong céc s trén hang i = Ban bac ra cta dinh i = deg’ (i)
Téng cac s6 trén cot i = Ban bac vao caa dinh i = deg (i)
Trong trudng hop G 1a don d6 thi, ta ¢6 thé biéu dién ma tran k& A tuong tng 1a cac phan tir
logic. a[i, j]= TRUE néu (i, j) € Evaa[i, j] = FALSE néu (i, j) ¢ E
Uu diém cta ma tran ké:
< Pon gian, truc quan, dé cai dit trén may tinh
% Pé kiém tra xem hai dinh (u, v) ctia d0 thi c6 ké nhau hay khong, ta chi viéc kiém tra bang
mot phép so sanh: afu, v] # 0.

Nhuoc diém ctuia ma tran ké:
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% Bét ké sb canh cta dd thi 1a nhiéu hay it, ma tran k& luén luén doi hoi n® 6 nhd dé luu cac
phan tir ma tran, diéu d6 gay lang phi bd nhd dan tdi viée khong thé biéu dién duge dd thi
v6i s6 dinh 16n.

% Véi mot dinh u bat ky ciia dd thi, nhidu khi ta phai xét tit ca cac dinh v khac ké voi no,
hodc xét tt ca cac canh lién thudc véi nd. Trén ma tran ké viéc d6 duogc thuc hién bé‘mg
cach xét tt ca cac dinh v va kiém tra diéu kién a[u, v] # 0. Nhu vay, ngay ca khi dinh u la
dinh ¢6 1ap (khong ké voi dinh nao) hodc dinh treo (chi ké véi 1 dinh) ta ciing budc phai

xét tat ca cac dinh va kiém tra diéu kién trén dan t6i lang phi thoi gian

2.2. DANH SACH CANH (EDGE LIST)

Trong trudng hop d6 thi c¢6 n dinh, m canh, ta c6 thé biéu dién d6 thi duéi dang danh sach
canh béng cach liét ké tt ca cac canh cua do thi trong mot danh sach, moi phén tir cia danh
sach 1a mot cap (u, v) tuong (mg v6i mot canh cia do thi. (Trong truong hop do thi c6 hudng
thi mdi cip (u, v) trong Gmg v4i mot cung, u 1a dinh dau va v 1a dinh cubi cta cung). Danh
sach duoc luu trong bo nhé dudi dang mang hodc danh sach moc ndi. Vi du voi do thi & Hinh
54:

Hinh 54

Cai dat trén mang:

(1,2) [} (1,3) | (1,5) || (2,3) || (3,4) || (4,5)

Cai dat trén danh sach moc noi:

(g)/' (gi/' (5)/' (gf/' (g)f' (4, 5)

Uu diém cua danh sach canh:

% Trong trudng hop d6 thi thua (c6 s6 canh twong d6i nho: chang han m < 6n), cach biéu
dién béng danh sach canh s tiét kiém duoc khong gian luu trit, bdi n6 chi can 2m 6 nhé dé
lvu danh sach canh.

% Trong mot s6 truong hop, ta phai xét tit ca cac canh cua d thi thi cai dat trén danh sach
canh lam cho viéc duyét cac canh dé dang hon. (Thuét toan Kruskal chéng han)

Nhuoc diém cta danh sach canh:

% Nhuoc diém co ban cua danh sach canh 1a khi ta cAn duyét tit ca cac dinh ké v6i dinh v

nao dé cua do thi, thi chéng c6 cach nao khac la phai duyét tat ca cac canh, loc ra nhiing
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canh c6 chira dinh v va xét dinh con lai. Didu d6 kha tén thoi gian trong truong hop do thi
day (nhiéu canh).

2.3. DANH SACH KE (ADJACENCY LIST)

Pé khic phuc nhugce diém cta cac phuong phap ma tran ké va danh sach canh, nguoi ta dé
xuat phuong phép biéu dién do thi bang danh sach ké. Trong cach bi€u dién nay, véi moi dinh
v cta do thi, ta cho tuong tmg v4i nd mot danh sach cac dinh ké véi v.

Véi @6 thi G = (V, E). V gébm n dinh va E gdm m canh. C6 hai cach cai dit danh sach ké pho

bién:

Cach 1: Dung mot mang cac dinh, mang d6 chia 1am n doan, doan thtr i trong mang luu danh
sach cac dinh ké voi dinh i: Vi d6 thi & Hinh 55, danh sach ké s& 1a mot mang Adj gém 12
phan tur:

1 2 3 4 5 6 7 8 9 10 11 12
2 || 3| 5 1 3 1 2 |l 4| 3| 5 1 4

~
1

N <

Y Y Y
3 4 5

Dé biét mot doan nam tir chi sd ndo dén chi sd nao, ta c6 mot mang Head luu vi tri riéng.
Head[i] s& bang chi s6 dung lién trudc doan thir i. Quy udc Head[n + 1] bang m. Véi do thi &
Hinh 55 thi mang Head[1..6] s€ 1a: (0, 3, 5, 8, 10, 12)

Céc phan tir Adj[Head[i] + 1..Head[i + 1]] s& chita cac dinh ké véi dinh i. Luu ¥ rang véi do
thi ¢6 huéng gom m cung thi cdu triic ndy can phai dii chira m phan tir, voi dd thi vo huéng m
canh thi cau tric ndy can phai di chira 2m phan tir

Cach 2: Dung céc danh sach moc ndi: Vi mdi dinh i caa dd thi, ta cho tuong ung voi né mot
danh sach méc néi cac dinh k& véi i, c6 nghia 1a twong ing v6i mot dinh i, ta phai luu lai
List[i] 14 chdt ctia mot danh sach moc nbi. Vi du véi do thi & Hinh 55, cac danh sach méc nbi
s€ la:
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B = =
B =
B = =
B =
R =die

Uu diém cta danh sach ké:

< D6i voi danh sach ké, viéc duyét tat ca cac dinh ké v6i mot dinh v cho trudce 1a hét stic dé
dang, cai tén “danh sach k&” da cho thiy rd diéu nay. Viéc duyét tit ca cac canh cling don
gian vi mot canh thyc ra la ndi mot dinh v6i mot dinh khac ké no.

Nhuoc diém cua danh sach ké

% Danh sach ké yéu hon ma tran ké ¢ viéc kiém tra (u, v) c6 phai la canh hay khong, boi
trong cach biéu dién nay ta s& phai viéc phai duyét toan b danh sach ké cua u hay danh
sach ké cua v.

Dbi voi nhitng thuit toan ma ta s& khao sat, danh sach ké tot hon han so v6i hai phuong phap

biéu dién trudc. Chi c6 didu, trong truong hop cu thé ma ma tran ké hay danh sach canh

khéng thé hién nhwoc diém thi ta nén dung ma tran ké (hay danh sach canh) bai cai dit danh

sach ké c6 phan dai dong hon.

2.4. NHAN XET

Trén day la néu cac cach biéu dién d6 thi trong by nhd ciia may tinh, con nhap dir liéu cho dd
thi thi c6 nhiéu cach khac nhau, dung cach nao thi tuy. Chang han néu biéu dién bang ma tran
ké ma cho nhap dir liéu ca ma tran cap n x n (n 1a s6 dinh) thi khi nhap tir ban phim s& rat mat
thoi gian, ta cho nhap kiéu danh sach canh cho nhanh. Chéng han mang A (nxn) 1a ma trén ké
ctia mot dd thi vo hudng thi ta co thé khoi tao ban dau mang A g@)m toan s6 0, sau d6 cho
ngudi st dung nhap cac canh bang cach nhép cac cdp (i, j); chuong trinh s& ting A[i, j] va A[j,
i] 1én 1. Viéc nhap c6 thé cho két thuc khi ngudi stir dung nhap gia tri i = 0. Vi du:

program GraphInput;

var
A: array[1..100, 1..100] of Integer; {Ma tran ké ciia dd thi}
n, i, j: Integer;

begin
Write ('Number of vertices'); Readln(n);
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FillChar (A, SizeOf(A), 0);
repeat
Write('Enter edge (i, j) (i = 0 to exit) ');
ReadLn(i, j); {Nhdp mdt cdp (i, j) tudng nhu la nhdp danh sach canh}
if i <> 0 then
begin {nhung luu tri trong bo nhé lai theo kidu ma trén ké)
Inc(A[i, j1);
Inc(A[], i]);
end;
until i = 0; {Néu ngudi st dung nhip gid tri i = 0 thi dimg qué trinh nhap, néu khong thi tiép tuc}
end.
Trong nhiéu trudng hop da khong gian luu trit, viéc chuyén doi tir cach biéu dién nao d6 sang
cach biéu dién khac khong co gi kho khian. Nhung ddi véi thuat toan nay thi lam trén ma tran
ké ngan gon hon, dbi voi thuat toan kia c6 thé lam trén danh sach canh dé dang hon v.v... Do
d6, v6i muc dich dé& hiéu, cac chuong trinh sau nay s& lya chon phwong phap biéu dién sao
cho viéc cai dat don gian nhat nham néu bat duge ban chét thuat toan. Con trong truong hop
cu thé bat budc phai dung mét cach biéu dién nao d6 khac, thi viéc stra d6i chuong trinh ciing

khong tén qua nhiéu thoi gian.
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§3. CAC THUAT TOAN TIiM KIEM TREN PO THI

3.1. BAI TOAN

Cho d6 thi G = (V, E). u va v 14 hai dinh ciia G. Mot dwong di (path) do dai p tir dinh s dén
dinh f1a day x[0..p] thoa man x[0] = s, x[p] = f va (x[i], x[i+1]) € E voi Vi: 0 <i<p.

Puong di néi trén con c6 thé biéu dién boi diy cac canh: (s = x[0], x[1]), (x[1], X[2]), ...,
(x[p-1], x[p] = 1)

Pinh u dugc goi 1a dinh dau, dinh v duoc goi 1a dinh cudi cia dudong di. Puong di c¢6 dinh dau
tring v6i dinh cudi goi 1a chu trinh (Circuit), dudng di khong c¢6 canh nao di qua hon 1 lan
goi la dwong di don, tuong ty ta c6 khai niém chu trinh don.

Vi du: Xét mot d6 thi vé hudng va mot do thi c6 huéng trong Hinh 56:

Trén c4 hai do thi, (1, 2, 3, 4) 1a duong di don do dai 3 tir dinh 1 té1 dinh 4. (1, 6, 5, 4) khong
phai duong di vi khéng c6 canh (cung) ndi tir dinh 6 t&i dinh 5.

Mot bai toan quan trong trong 1y thuyét do thi 1a bai toan duyét tit ca cac dinh c6 thé dén

duoc tir mot dinh xudt phat nao d6. Van dé nay dwa vé mot bai toan liét ké ma yéu ciu cua nd

1a khong duoc bé sot hay lap lai bat ky dinh nao. Chinh vi vay ma ta phai xay dung nhiing

thuat todn cho phép duyét mot cach hé théng cac dinh, nhiing thuat toan nhu vay goi 1a nhimng

thuat toan tim kiém trén dd thi va ¢ diy ta quan tdm dén hai thuat toan co ban nhét: thuat

toan tim Kiém theo chiéu siu va thuit toan tim kiém theo chiéu rong cung voi mot s tmg

dung cua chung.

Nhiing cai dit dudi ddy 1a cho don d6 thi vo hudng, mudn 1am vé6i dd thi c6 hudng hay da dd

thi ciing khong phai stra d6i gi nhiéu.

Input: file van ban PATH.INP. Trong do:

< Dong 1 chira sé dinh n (< 100), s6 canh m cta d6 thi, dinh xuat phat s, dinh két thuc f cach
nhau mot déu cach.

< m dong tiép theo, mdi dong c6 dang hai s6 nguyén duong u, v cach nhau mot dau cach, thé
hién c6 canh ndi dinh u va dinh v trong d6 thi.

Output: file van ban PATH.OUT:

% Danh sach cac dinh c6 thé dén duoc tur s

% Duong di tur s toi f
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PATH.INP | PATH.OUT

From 1 you can visit:
1,2,3 4,5, 6,
The path from 1 to 5:
5¢-3<-%-1

3.2. THUAT TOAN TiM KIEM THEO CHIEU SAU (DEPTH FIRST SEARCH)

Tu tudng cla thuat toan c6 thé trinh bay nhu sau: Trudc hét, moi dinh x ké véi S tat nhién s&
dén duogc tir S. Vi mdi dinh x k& v6i S d6 thi tit nhién nhimg dinh y ké véi x ciing dén duoc
tr S... Piéu do go1 y cho ta viét mét thu tuc dé quy DFS(u) mo ta viéc duyét tir dinh u b?mg
cach tham dinh u va tiép tuc qua trinh duyét DFS(v) v6i v 1a mot dinh chwa thim ké véi u.

Pé khong mot dinh nao bi liét ké toi hai 1an, ta sir dung k¥ thuat danh ddu, mdi 1an thim mot
dinh, ta danh dau dinh do6 lai dé cac budc duyét dé quy ké tiép khong duyét lai dinh d6 nira

Dé luu lai duong di tir dinh xuat phat s, trong thi tuc DFS(u), trude khi goi dé quy DFS(v)
v6i v 12 mot dinh ké véi u ma chwa danh déu, ta luu lai vét duong di tir u toi v bang cach dat
Trace[v] := u, tic 1 Trace[v] luu lai dinh lién truéc v trong dudng di tir s téi v. Khi qué trinh
tim kiém theo chiéu sau két thiic, dudng di tir s toi £ s& 1a:

f < p[1] = Trace[F] < p[2] = Trace[p[1]] «... «s.

procedure DFS(ueV);

begin
Free[u] := False; {Free[u] = False © u da thdm}
for (Vv € V: Free[v] and ((u, v)eE) ) do {Duyét moi dinh v chua thim k& véi u)
begin

Trace[v] := u; {Luu vét dudng di, dinh 1ién truéc v trén dudng di tir s téi v 14 u}
DFS(v); {Goi dé quy duyét tuong tu déi voi v}
end;
end;

begin {Chuong trinh chinh}

(Nhép dit liéu: do thi, dinh xudt phat S, dinh dich F);

for (Vv € V) do Free[v] := True; {Panh diu moi dinh déu chua thim)

DFS(S) ;

(Théng bao tit s co thé thim duoc nhimg dinh v ma Free[v] = False);

if Free[f] then (s di toi dugc f}

(Truy theo vét tit £ dé tim duong di tit s téi f);

end.
Trong cai dit cu thé, ta khong can mang danh ddu Free[1..n] ma dung luén mang Trace[l..n]
dé danh dau, khoi tao cac phan tir Trace[s] := -1 va Trace[v] := 0 v6i Vv=s. Diéu kién dé mot
dinh v chua thiam 1a Trace[v] = 0, mdi khi tir dinh u tham dinh v, phép gan Trace[v] := u s&
kiém ludn cong viéc danh ddu v da tham.

P 4 03 1.PAS * Thuit todn tim kiém theo chiéu sdu
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Depth First Search;
const
InputFile = 'PATH.INP';
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OutputFile = 'PATH.OUT';
max = 100;
var
a: array[l..max, 1..max] of Boolean;
Trace: array[l..max] of Integer;
n, s, f: Integer;

procedure Enter; {Nhép dit 1iéu}

var
i, u, v, m: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
FillChar(a, SizeOf(a), False);
Readln(fi, n, m, s, f);
for i :=1 tomdo
begin
Readln(fi, u, v);
afu, v] := True;
a[v, u] := True; {Pd thi vd huéng nén canh (u, v) ciing 13 canh (v, u)}
end;
Close (fi);
end;

procedure DFS(u: Integer); (Thudt toén tim kiém theo chilu sdu bét diu tir u}
var
v: Integer;
begin
forv:=1tondo
if a[u, v] and (Trace[v] = 0) then {Duyét Vv chua thim ké véi u)
begin
Trace[v] := u; {Luu vét dudng di cling 1& danh déu v d& thim)
DFS(v); {Tim kiém theo chifu siu bit dau ti v}
end;
end;

procedure Result; {In k&t qua)
var
fo: Text;
v: Integer;
begin
Assign(fo, OutputFile); Rewrite(fo);
Writeln(fo, 'From ', s, ' you can visit: ');
for v:=1tondo
if Trace[v] <> 0 then Write(fo, v, ', '); {In ra nhing dinh dén dugc tu s}
WriteLn(fo);
Writeln(fo, 'The path from ', s, 'to ', £, ': ');
if Trace[f] = 0 then {Néu Trace[f] = 0 thi s khong thé téi duoc f}
WriteLn(fo, 'not found')
else {s toi dugc f}

begin
while f <> s do {Truy vét duong di)
begin
Write(fo, £, '<-');
f .= Trace[f];
end;
Writeln(fo, s);
end;
Close(fo) ;
end;
begin
Enter;
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FillChar (Trace, SizeOf (Trace), 0); {Moi dinh déu chua thim}
Trace[s] := -1; {Ngoai tri s d& thdm}
DFS(s);
Result;
end.

Nhén xét:
% Vi c6 k¥ thudt danh ddu, nén thi tuc DFS s& duoc goi < n lan (n 1a sb dinh)
% C6 thé c6 nhiéu duong di tir s t6i f, nhung thudt toan DFS ludn tra vé mot duong di c6 thi

tw tir dién nho nhét.

% Qua trinh tim kiém theo chiéu sau cho ta mot cdy DFS gdc s. Quan hé cha-con trén ciy
duogc dinh nghia 13: néu tir dinh u téi tham dinh v (DFS(u) goi DFS(v)) thi u 1a nat cha cia
nat v. Hinh 57 1 d6 thi va cay DFS tuong tmg v6i dinh xudt phat s = 1.

3.3. THUAT TOAN TiM KIEM THEO CHIEU RONG (BREADTH FIRST
SEARCH)

Co s¢ cua phuong phap cai dat nay 1a “lap lich” duyé¢t cac dinh. Viéc tham mot dinh s€ 1én
lich duyét cac dinh ké no sao cho thu tu duyét 1a uu tién chiéu rong (dinh nao gﬁn S hon s€
dugc duyét trude). Vi du: Bit dau ta tham dinh S. Viéc tham dinh S s& phat sinh thr tu duyét
nhitng dinh (x[1], x[2], ..., X[p]) ké v6i S (nhiing dinh gan S nhat). Khi tham dinh x[1] s& lai
phat sinh yéu cau duyét nhitng dinh (u[1], u[2] ..., u[q]) k& véi x[1]. Nhung rd rang cac dinh
u nay “xa” S hon nhitng dinh x nén ching chi duoc duyét khi tit ca nhitng dinh x da duyét
xong. Tuc 1a thi tuy duyét dinh sau khi da tham x[1] s€ 1a: (x[2], x[3]..., x[p], u[l], u[2], ...,
ufq)).

Gia su ta c6 mot danh sach chira nhitng dinh dang “cho” tham. Tai mdi budc, ta tham mot

dinh dau danh sach va cho nhiing dinh chua “xép hang” ké v4i n6 x€ép hang thém vao cudi
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danh sach. Chinh vi nguyén tic d6 nén danh sach chira nhitng dinh dang cho s& dugc td chic
dudi dang hang doi (Queue)

Néu ta c6 Queue 1a mot hang doi voi thu tuc Push(v) dé ddy mot dinh v vao hang doi va ham
Pop tra vé mot dinh 13y ra tir hang doi thi mo hinh cua giai thuat c6 thé viét nhu sau:

for (Vv € V) do Free[v] := True;
Free[s] := False; ({Khoi tao ban ddu chi c6 dinh S bi dénh diu)
Queue := @; Push(s); (Khoi tao hang doi ban ddu chi gom mdt dinh s}
repeat {Lip téi khi hang doi réng}
u := Pop; {Ldy t¥ hang doi ra mot dinh u)
for (Vv € V: Free[v] and ((u, v) € E)) do {Xét nhing dinh v ké u chua bi dua vao hang doi}
begin
Trace[v] := u; {Luu vét dudng di)
Free[v] := False; {P4anh diu v}
Push(v); (Pdy v vao hang doi}
end;
until Queue = @;
(Thong bao tit s co thé thim duoc nhimg dinh v ma Free[v] = False);
if Free[f] then (s di toi dugc f}
(Truy theo vét tit f dé tim duong di tit s toéi £);

Tuong tu nhu thuat toan tim kiém theo chiéu su, ta c6 thé ding mang Trace[1..n] kiém ludn
chtrc nang danh diu.
P 4 03 2.PAS * Thuit toan tim kiém theo chiéu réng

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Breadth First Search;

const
InputFile = 'PATH.INP';
OutputFile = 'PATH.OUT';
max = 100;

var

a: array[l..max, 1..max] of Boolean;
Trace: array[l..max] of Integer;
n, s, f: Integer;

procedure Enter; {Nhdp dit l1iéu}

var
i, u, v, m: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
FillChar(a, SizeOf(a), False);
Readln(fi, n, m, s, £);
fori ;=1 tomdo
begin
Readln(fi, u, v);
afu, v] := True;
afv, u] := True;
end;
Close (fi);
end;

procedure BFS; {Thuit toan tim kiém theo chiéu rong)
var
Queue: array[l..max] of Integer;
Front, Rear, u, v: Integer;
begin
Front := 1; Rear := 1; {front: chi sb du hang dgi, rear: chi sb cubi hang doi)
Queue[l] :=s; {Khdi tao hang doi ban ddu chi gbm mdt dinh s)
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FillChar(Trace, SizeOf (Trace), 0); {C4c dinh déu chua danh dau}
Trace([s] := -1; {Ngoai tri dinh s}
repeat {Lip téi khi hang doi rong)
u := Queue[Front]; Inc(Front); {Ldy tu hing doi ra mdt dinh u}
for v:=1tondo
if a[u, v] and (Trace[v] = 0) then (Xét nhing dinh v chua thim k& voéi u)
begin
Inc(Rear); Queue[Rear] := v; {Pdy v vio hang doi)
Trace[v] := u; {Luu vét dudng di, cfing 1d dénh diu ludn}
end;
until Front > Rear;
end;

procedure Result; {In k&t qua)
var
fo: Text;
v: Integer;
begin
Assign(fo, OutputFile); Rewrite(fo);
Writeln(fo, 'From ', s, ' you can visit: ');
for v:=1tondo
if Trace[v] <> 0 then Write(fo, v, ', ');
WriteLn(fo);
Writeln(fo, 'The path from ', s, "to ', £, ": ');
if Trace[f] = 0 then
Writeln(fo, 'not found')
else
begin
while f <> s do
begin
Write(fo, £, '<-');
f := Trace[f];
end;
WriteLn(fo, s);
end;
Close(fo);
end;

begin
Enter;
BFS;
Result;
end.

Nhan xét:

% C6 thé c6 nhiéu duong di tir s téi f nhung thuat toan BFS ludn tra vé mot duong di ngin
nhat (theo nghia di qua it canh nhat).

% Qua4 trinh tim kiém theo chiéu rong cho ta mot cdy BES gdc s. Quan hé cha - con trén cdy
dugc dinh nghia 1a: néu tir dinh u téi thim dinh v thi u 14 nat cha cta nat v. Hinh 59 13 vi
du vé ciy BFS.
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3.4. PO PHUC TAP TINH TOAN CUA BFS VA DFS

Qua trinh tim kiém trén do thi bat ddu tir mot dinh c6 thé tham tit ca cac dinh con lai, khi d6

cach biéu dién d6 thi c6 anh hudng 16n t6i chi phi vé thoi gian thuc hién gidi thut:

% Trong truong hop ta biéu dién do thi bang danh sach ké, ca hai thuat toan BFS va DFS déu
¢ d6 phirc tap tinh toan 13 O(n + m) = O(max(n, m)). Pay la cach cai dat tot nhat.

% Néu ta biéu dién dd thi béng ma tran ké nhu & trén thi do phuec tap tinh todn trong truong
hop nay 12 O(n + n?) = O(n?).

% Néu ta biéu dién dd thi bang danh sach canh, thao tac duyét nhitng dinh ké véi dinh u s&
dan t&i viéc phai duyét qua toan by danh sach canh, diy la cai dat tdi nhat, né c6 do phuc
tap tinh toan la O(n.m).

Bai tap

Bai 1

Mé cung hinh chir nhat kich thuéc m x n gdm cac 6 vudng don vi. Trén mdi 6 ghi mot trong

ba ky tu:

% O: Néu 6 d6 an toan

% X: Néu 6 d6 c6 cam by

% E: Néu 12 6 c6 mot nha tham hiém dang dung.

Duy nhét chi ¢6 1 6 ghi chit E. Nha tham hiém c6 thé tir mot 6 di sang mot trong sd cac 6

chung canh v6i1 6 dang dirng. Mot cach di thoat khdi mé cung 1a mot hanh trinh di qua cac 6

an toan ra mot 6 bién. Hay chi gitip cho nha tham hiém mot hanh trinh thoat ra khoi mé cung.

Bai 2

C6 nhiéu cach dung cay gdc s chira tat ca cac dinh dén duogc tir s thoa man: néu u 13 nit cha

cua nut v trén cdy thi (u, v) phai 1a canh ciia G. Cay BFS va cdy DFS chi la hai truong hop

didc biét. Ta da biét cdy BFS 1a cay thip nhit, vdy phai ching cdy DFS 1a cdy cao nhit trong
s6 cac cdy nay?
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§4. TINH LIEN THONG CUA PO THI

4.1. PINH NGHIA

4.1.1. P6i voi do thi vo huwéng G = (V, E)

G goi 12 lién thong (connected) néu ludn ton tai dudng di gitta moi cip dinh phan biét cua dd
thi. Néu G khéng lién thong thi chic chin no6 s& 1a hop cua hai hay nhidu dd thi con” lién
thong, cac do thi con ndy d6i mot khong cé dinh chung. Cac do thi con lién thong rdi nhau

nhu vy duogc goi 1a cac thanh phan lién thong ciia do thi dang xét (Xem vi du).

Do6i khi, viéc xoa di mot dinh va tat ca cac canh lién thudc vdi nod s€ tao ra mot do thi con médi

¢6 nhiéu thanh phan lién thong hon d6 thi ban dau, cac dinh nhu thé goi 1a dinh cit hay diém
khép. Hoan toan tuong ty, nhitng canh ma khi ta bo n6 di s€ tao ra mdt dd thi c6 nhiéu thanh

phén lién thong hon so véi dd thi ban dau dugc go1 1a mot canh cit hay mdt cau.

Hinh 61: Khép va ciu

4.1.2. P6i v6i d6 thi c6 huong G = (V, E)

C6 hai khai niém vé tinh lién thong cua d6 thi c6 huéng tuy theo chiing ta c6 quan tim toi
hudng cua cac cung khong.

G goi 12 lién théng manh (Strongly connected) néu luén ton tai duong di (theo cac cung dinh
huéng) gitra hai dinh bat ky ctia d6 thi, G goi la lién théng yéu (weakly connected) néu phién

ban v6 hudng ciia né 1a d thi lién thong.

" D6 thi G = (V, E) 14 con ciia dd thi G' = (V', E') néu G 1a dd thi c6 VeV'vaE c E'
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Weakly connected

Strongly connected

Hinh 62: Lién thong manh va lién théng yéu

4.2. TINH LIEN THONG TRONG PO THI VO HUONG

Mot bai toan quan trong trong 1y thuyét do thi 13 bai toan kiém tra tinh lién thong cua do thi
v6 hudng hay tong quat hon: Bai toan 1iét ké cac thanh phan lién thong ctia do thi vo hudng.
Gia st dd thi vo huéng G = (V, E) condinh danh s6 1,2, ..., n.

Dé liét ké cac thanh phan lién thong ciia G phuong phap co ban nhat la:

Danh dau dinh 1 va nhitng dinh c6 thé dén tir 1, thong bao nhimng dinh d6 thudc thanh phan
lién thong thur nhat.

Néu tat ca cac dinh déu da bi danh diu thi G 1a d9 thi lién thong, néu khong thi s& ton tai mot
dinh v nao do6 chua bi danh dau, ta s€ danh dau v va cac dinh c6 thé dén dugc tur v, thong bao
nhitng dinh d6 thudc thanh phan lién thong thur hai.

Vacu tiép tuc nhu vay cho t61 khi tat ca cac dinh déu da bi danh dau

procedure Scan(u)
begin

(Dting BFS hodc DFS liét ké va danh diu nhimg dinh c6 thé dén duoc tit u);
end;

begin
for V v e V do (khéi tao v chua danh déu);
Count := 0;
foru :=1tondo
if <u chua danh diu> then
begin
Count := Count + 1;
WriteLn('Thanh phn lién théng tht ', Count, ' gom cac dinh : ');
Scan(u) ;
end;
end.

V6i thuat toan liét ké cac thanh phan lién thong nhu thé nay, thi d6 phirc tap tinh toan ciia nd
dung bang do phtc tap tinh toan cta thuat toan tim kiém trén do thi trong thii tuc Scan.
4.3. PO THI PAY PU VA THUAT TOAN WARSHALL

4.3.1. Dinh nghia:
D6 thi ddy du véi n dinh, ky hiéu K, 1a mot don do thi vo hudng ma giira hai dinh bat ky cua

no6 déu co6 canh noi.

X X n n(n-1 N
bo thi day du K, c6 ding: (2J = % canh va bac cua moi dinh déu bang n - 1.
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Hinh 63: Db thi ddy di

4.3.2. Bao dong do thi:
Véi d6 thi G = (V, E), ngudi ta xay dung do thi G' = (V, E') cling gdm nhiing dinh ctia G con
cac canh xay dung nhu sau: (¢ day quy udc gitra u va u luén c6 duong di)
Giita dinh u va v cia G' ¢6 canh ndi < Giita dinh u va v ctia G c6 duong di
o thi G' xay dung nhu vay dugc goi la bao dong cua dd thi G.
Tir dinh nghia ciia d0 thi day di, ta dé dang suy ra mot do thi day du bao gio ciing lién thong
va tir dinh nghia do thi lién thong, ta cling dé dang suy ra duoc:
% Mot don db thi vo hudng 1 lién thong néu va chi néu bao dong ciia né 1a d thi day du
% Mot don d6 thi vo hudng c6 k thanh phan lién thong néu va chi néu bao dong ctia né ¢ k
thanh phan day du.

Hinh 64: Pon do thi vé hwéng va bao dong ciia n6

Boi viée kiém tra mot don d6 thi co phai dd thi day du hay khong c6 thé thuc hién kha dé
dang (dém s canh ching han) nén ngudi ta nay ra ¥ tudng co6 thé kiém tra tinh lién thong ciia
dd thi théng qua viéc kiém tra tinh ddy du cua bao déng. Van dé dat ra 1a phai c6 thuat toan
xay dung bao dong ctia mot do thi cho trude va mot trong nhitng thuat toan doé la:

4.3.3. Thuat toan Warshall

Thuat todn Warshall - goi theo tén cua Stephen Warshall, ngudi da mo6 ta thuat toan nay vao
nam 1960, doi khi con dugc goi 1a thudt todn Roy-Warshall vi Roy cling da mo6 ta thuat toan
nay vao nam 1959. Thuit toan d6 c6 thé mo ta rat gon:

Véi don d6 thi vo hudng G, véi moi dinh k xét theo thir tu tir 1 t61 n, ta xét tat ca cac cap dinh

(u, v): néu c6 canh ndi (u, k) va canh ndi (k, v) thi ta tu ndi thém canh (u, v) néu n6 chua co.
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Tu tuong nay dua trén mot quan sat don gian nhu sau: Néu tir u c6 duong di t6i k va tir k lai
c6 dudng di t6i v thi tit nhién tir u s& c6 dudng di téi v.

Véi n 13 s6 dinh cua d6 thi va A = {a[i, j]} 12 ma tran ké biéu dién d0 thi, ta c6 thé viét thuat
toan Warshall nhu sau:

for k :=1tondo
foru:=1tondo
forv:=1tondo
afu, v] := afu, v] or afu, k] and a[k, v];

Viéc chimg minh tinh dung dén cta thuat toan doi hoi phai 1at lai cac 1y thuyét vé bao dong

bic cau va quan hé lién thong, ta s& khong trinh bay ¢ day. Co nhan xét rang tuy thuét toan

Warshall rat d& cai dat nhung d6 phuc tap tinh toan cta thuét toan nay kha 16n (O(n’)).

Dudi day, ta s€ thir cai dat thudt todn Warshall tim bao déng ctia don dd thi vo hudng sau do

dém s6 thanh phan lién théng ctia db thi:

Viéc cai dat thuat toan s€ qua nhirng buwéc sau:

«% Nhap ma tran ké A ctia do thi (Luu y & ddy A[v, v] ludn dugc coi 13 True véi Vv)

% Dung thuat todan Warshall tim bao déng, khi d6 A 13 ma trn ké ctia bao dong d6 thi

% Duya vao ma tran ké A, dinh 1 va nhitng dinh ké véi no s& thude thanh phﬁn lién thong thir
nhat; voi dinh u nao d6 khong k& véi dinh 1, thi u cing véi nhimg dinh ké né s& thudc
thanh phan lién thong thir hai; véi dinh v nao d6 khong ké véi ca dinh 1 va dinh u, thi v
cung voi nhimg dinh ké né s& thudc thanh phén lién thong thir ba v.v...

Input: file van ban CONNECT.INP

% Dong 1: Chira s6 dinh n (< 100) va s6 canh m ciia d0 thi cach nhau it nhat mot dau cach

< m dong tiép theo, mdi dong chira mot cip sd u va v cach nhau it nhat mot ddu cach tugng
trung cho mot canh (u, v)

Output: file vin ban CONNECT.OUT, liét ké cac thanh phan lién thong

CONNECT . INP | CONNECT.OUT

G 12 9 Connected Component 1:
13 1, 2,3, 4,5,
e e Q 14 Connected Component 2:
e 15 6,7, 8,
e 24 Connected Component 3:
o e ° 67 9, 10, 11, 12,
68
® Wl
911
11 12

P 4 04 1.PAS * Thuat toan Warshall liét ké cdc thanh phén lién théng
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%" - 1]%)
program Connectivity;
const
InputFile = 'CONNECT.INP';
OutputFile = 'CONNECT.OUT';
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max = 100;
var
a: array[l..max, 1..max] of Boolean; {Ma tran k& ciia dd thi)
Free: array[l..max] of Boolean; {Free[v] = True & v chua dugc 1iét k& vao thanh phan 1ién théng nao)
k, u, v, n: Integer;
Count: Integer;
fo: Text;

procedure Enter; {Nhip do thi)

var
i, u, v, m: Integer;
fi: Text;

begin

FillChar(a, SizeOf(a), False);
Assign(fi, InputFile); Reset(fi);
Readln(fi, n, m);
for v := 1 ton do a[v, v] := True; (Di nhién tu v c6 dudng di dén chinh v}
fori :=1tomdo
begin
Readln(fi, u, v);
afu, v] := True;
a[v, u] := True;
end;
Close(fi);
end;

begin
Enter;
{Thuat toéan Warshall)
for k :=1 tondo
foru:=1tondo
for v :=1tondo
afu, v] := afu, v] or afu, k] and a[k, v];
Assign(fo, OutputFile); Rewrite(fo);
Count := 0;
FillChar (Free, n, True); {Moi dinh déu chuva dugc 1iét ké vdo thanh phan 1ién théng nio)
foru:=1tondo
if Free[u] then {Voi mdt dinh u chua dugc 1iét ké vao thanh phin lién théng ndo)
begin
Inc(Count);
Writeln(fo, 'Connected Component ', Count, ': ');
for v:=1 tondo
if a[u, v] then {Xét nhiing dinh k& u (trén bao déng))
begin
Write(fo, v, ', '); (Liét ké dinh d6 vio thanh phin lién théng chia u)
Free[v] := False; {Liét k& dinh ndo danh diu dinh do}
end;
WriteLn(fo);
end;
Close(fo);
end.

4.4. CAC THANH PHAN LIEN THONG MANH

Déi voi d6 thi c6 hudng, ngudi ta quan tAm dén bai toan kiém tra tinh lién thong manh, hay
téng quat hon: Bai toan liét ké cac thanh phan lién thong manh ciia d6 thi c6 hudng. Ddi véi
bai toan d6 ta c6 mot phuong phap kha hiru higu duwa trén thuat toan tim kiém theo chiéu sau
Depth First Search.
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4.4.1. Phan tich

Thém vao d6 thi mot dinh x va ndi x voi tat ca cac dinh con lai cia d6 thi bang cac cung dinh
huéng. Khi d6 qua trinh tim kiém theo chiéu sau bat dau tir x c6 thé coi nhu mot qua trinh xay
dung cdy tim kiém theo chiéu sau (cdy DFS) gbc x.

procedure Visit(ueV);
begin

(Thém u vao cdy tim kiém DFS);

for (Vv: (v ¢ cdy DFS) and ((u, v) € E)) do Visit(v);
end;

begin
(Thém vao do thi dinh x va cac cung dinh huéng (x, v) voi moi v);
(Khoi tao cay tim kiém DFS := @);
Visit(x);

end.

Dé y thu tuc tham dinh dé quy Visit(u). Thu tuc ndy xét tat ca nhimg dinh v ndi tir u, néu v
chua dugc tham thi di theo cung d6 tham v, tirc 1a b6 sung cung (u, v) vao cdy tim kiém DFS.
Néu v da thiam thi c6 ba kha ning xay ra ddi voi vi tri cia u va v trong cdy tim kiém DFS:

% v 14 tién bdi (ancestor - t6 tién) cua u, tirc 1a v duge tham trudc u va tha tuc Visit(u) do day
chuyén dé quy tir thu tuc Visit(v) goi t6i. Cung (u, v) khi d6 duoc goi 13 cung ngwoc (Back
edge)

¢ v 1a hau dué (descendant - con chau) cua u, tirc 1a u dugc tham trudc v, nhung thu tuc
Visit(u) sau khi tién dé quy theo mot hudng khac da goi Visit(v) roi. Nén khi day chuyén
dé quy Iui lai vé thu tyc Visit(u) s& thdy v 12 da tham nén khong tham lai nita. Cung (u, v)
khi do goi 1a cung xudi (Forward edge).

% v thugc mot nhanh cua cay DFS da duyét trude do, tirc 1a s€ c6 mot dinh w dugc tham
trudc cd u va v. Thu tuc Visit(w) goi trudce s€ ré€ theo mot nhadnh nao dé tham v trudce, roi
khi Tui lai, r€ sang mdt nhanh khac tham u. Cung (u, v) khi d6 goi la cung chéo (Cross
edge)

(Rét tiéc 1a tir dién thuat ngit tin hoc Anh-Viét qua nghéo nan nén khéng thé tim ra nhimg tir

tuong duong vai cac thuat ngir ¢ trén. Ta c6 thé hiéu qua cac vi du).

TH 1: v 1a tién bdi ctia u TH 2: v 1a hau dué cta u TH 3: v ndm & nhanh DFS duyét trwéc u
(u, v) la cung nguoc (u, v) la cung xudi (u, v) la cung chéo

Hinh 65: Ba dang cung ngoai ciy DFS
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Ta nhan théy mot dic diém cua thuat toan tim kiém theo chiéu sau, thuét toan khong chi duyét
qua cac dinh, n6 con duyét qua tit ca nhiing cung nita. Ngoai nhitng cung nam trén cdy tim
kiém, nhirng cung con lai c6 thé chia 1am ba loai: cung nguoc, cung xudi, cung chéo.
4.4.2. Cay tim kiém DFS va cac thanh phan lién thong manh
Dinh Iy 1: Néu a, b 13 hai dinh thudc thanh phan lién thong manh C thi véi moi dudng di tir a
t61 b cling nhu tir b t6i a. Tat ca dinh trung gian trén dudng di 6 déu phai thude C.
Chirng minh
Néu a va b 1 hai dinh thudc C thi tic 12 ¢6 mot duong di tur a té1 b va mot duong di khac tu b
t6i a. Suy ra véi mot dinh v nam trén dudng di tir a téi b thi a t6i duoc v, v tdi duge b, ma b
c6 dudng t6i a nén v ciing téi dugc a. Vay v nam trong thanh phéan lién thong manh chira a tirc
13 veC. Tuong tur v6i mot dinh nam trén dudng di tir b t6i a.
Dinh ly 2: V61 mot thanh phﬁn lién thong manh C bat ky, s& tdn tai mot dinh r €C sao cho
moi dinh ctia C déu thudc nhanh DFS géc .
Chirng minh: Trude hét, nhic lai mot thanh phén lién thong manh 1a mdt dd thi con lién
thong manh cta dd thi ban dau thoa man tinh chat “tdi dai” ttrc 1a viéc thém vao thanh phan
d6 mot tap hop dinh khac s& 1am mat di tinh lién thong manh.
Trong sb cac dinh cia C, chon r 13 dinh duoc thim dau tién theo thut toan tim kiém theo
chiéu sau. Ta s& ching minh C nam trong nhanh DFS gbc r. That vay: voi mot dinh v bat ky
cua C, do C lién thong manh nén phai ton tai mot duong di tu r téi v:

(r=x[0], x[1], ..., x[k] = V)
Tir dinh 1y 1, tit ca cac dinh x[1], x[2], ..., x[k] déu thudc C nén chung s& phai thim sau dinh
r. Khi thu tuc Visit(r) dugc goi thi tat ca cac dinh x[1], x[2]..., x[k]=v déu chua tham; vi tha
tuc Visit(r) s& liét ké tat ca nhitng dinh chua tham dén dugc tir r bang cach xay dung nhanh
gbc r cua cay DFS, nén cac dinh x[1], x[2], ..., x[k] = v s& thudc nhanh gbc r cta cdy DFS.
Boi chon v 14 dinh bat ky trong C nén ta c¢6 diéu phai chimg minh.
Pinh r trong ching minh dinh 1y - dinh tham trudc tat ca cac dinh khac trong C - goi 1 chdt
ctia thanh phan C. M&i thanh phén lién thong manh c6 duy nhat mot chdt. Xét vé vi tri trong
cay tim kiém DFS, chdt ciia mot thanh phan lién thong 14 dinh ndm cao nhat so v6i cac dinh
khac thudc thanh phan d6, hay noi cach khac: 13 tién bdi cua tat ca cac dinh thudc thanh phan
do.
Dinh Iy 3: Ludn tim duoc dinh chdt a thoa mén: Qua trinh tim kiém theo chidu siu bat dau tir
a khong tham duoc bat ky mot chdt nao khac (Ttre 1a nhanh DFS gbc a khong chira mot chét
nao ngoai a). Chang han ta chon a 1a chdt duoc tham sau cing trong mot day chuyén dé quy
hodc chon a 1a chdt tham sau tat ca cac chdt khac. Vé&i chdt a nhu vay thi cac dinh thudc
nhanh DFS gbc a chinh 1a thanh phan lién thong manh chta a.
Chitng minh: V6i moi dinh v nam trong nhanh DFS géc a, xét b 1a chét cta thanh phan lién

thong manh chtra v. Ta s& chimg minh a = b. That vay, theo dinh 1y 2, v phai nam trong nhanh
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DFS gbc b. Vay v nam trong ca nhanh DFS gdc a va nhanh DFS gbc b. Gia sir phan ching

rang a=b thi s& c6 hai kha ning xay ra:

% Kha ning 1: Nhanh DFS gbc a chita nhanh DFS gdc b, ¢6 nghia 1a thu tuc Visit(b) s& do
thi tuc Visit(a) goi toi, diéu nay mau thudn véi gia thiét rang a 1a chét ma qué trinh im
kiém theo chiéu siu bat dau tir a khéng tham mot chdt nao khac.

% Kha nang 2: Nhanh DFS gdc a nam trong nhanh DFS gdc b, c6 nghia 14 a ndm trén mot
duong di tir b t6i v. Do b va v thudc ciing mot thanh phan lién théng manh nén theo dinh 1y
1, a cling phai thudc thanh phan lién thong manh d6. Vay thi thanh phan lién thong manh
nay c6 hai chdt a va b. Biéu nay vo Iy.

Theo dinh 1y 2, ta d4 c6 thanh phan lién thong manh chira a nam trong nhanh DFS géc a, theo

chimg minh trén ta lai c6: Moi dinh trong nhanh DFS gdc a nam trong thanh phan lién thong

manh chira a. Két hop lai dugc: Nhanh DFS gbc a chinh 1a thanh phan lién théng manh chira a.

4.4.3. Thuat toan Tarjan (R.E.Tarjan - 1972)

Chon u 1a chdt ma tir 6 qua trinh tim kiém theo chiéu sau khong thim thém bat ky mot chét
nao khac, chon lay thanh phan lién thong manh thir nhat 13 nhanh DFS gbc u. Sau d6 loai bo
nhanh DFS gdc u ra khoi cdy DFS, lai tim thiy mot dinh chét v khac ma nhanh DFS gbc v
khong chira chét nao khéc, lai chon 1ay thanh phéan lién thong manh thir hai 1a nhanh DFS gdc
v. Tuong ty nhu vay cho thanh phan lién thong manh thi ba, tht tu, v.v... C6 thé hinh dung
thuat todn Tarjan “bé” cay DFS tai vi tri cac chdt dé dugc cac nhanh roi rac, moi nhanh 1a mot

thanh phan lién thong manh.

Trinh bay dai dong nhu vy, nhung bay gi chiing ta méi thao ludn téi van dé quan trong nhat:

Lam thé nao kiém tra mét dinh v nao d6 c6 phai la chét hay khong ?

Hay dé y nhanh DFS gdc ¢ dinh r nao d6.

Nhdén xét 1: Néu nhu tir cac dinh thuéc nhanh gbe r ndy khong c6 cung nguoc hay cung chéo
nao di ra khoi nhanh d6 thi r 1a chét. Diéu nay dé hiéu boi nhu vay c6 nghia 1a tir r, di theo cac

cung ctia do thi thi chi dén duoc nhitng dinh thudc nhanh d6 ma thoi. Vay:
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Thanh phan lién thong manh chtta r ¢ Tap cac dinh c¢6 thé dén tir r = Nhanh DFS gbc r
nén r 1a chét.

Nhdn xét 2: Néu tir mot dinh v ndo d6 ctia nhanh DFS gbc r c6 mot cung nguoc t6i mot dinh

w 14 tién bdi cua r, thi r khong 1a chdt. That vay: do c6 chu trinh (W—r—>v—-w) nén w, 1, v

thudc cung mdt thanh phén lién thong manh. Ma w dugc tham trudce r, diéu nay mau thuan

v6i cach xéac dinh chét (Xem lai dinh 1y 2)

Nhdn xét 3: Van d¢ phuc tap gap phai ¢ dy 1a néu tir mot dinh v ctia nhanh DFS géc t, ¢6

mot cung chéo di toi mot nhanh khac. Ta sé& thiét 1ap giai thuat liét ké thanh phan lién théng

manh ngay trong thu tuc Visit(u), khi ma dinh u da duyét xong, tirc 1a khi cac dinh khac cua
nhanh DFS gbc u déu di thim va qua trinh tham dé quy Iui lai vé Visit(u). Néu nhu u 1a chét,
ta thong bao nhanh DFS gbc u 1a thanh phan lién thong manh chira u va loai ngay cac dinh
thudc thanh phan d6 khoi do thi cling nhu khoi cay DFS. C6 thé chimg minh duoc tinh dung
dan cua phuong phap ndy, boi néu nhanh DFS gbc u chira mot chét u' khac thi u' phai duyét
xong trudc u va ca nhanh DFS géc u' d3 bi loai bo roi. Hon nita con c6 thé ching minh dugc

rang, khi thuat toan tién hanh nhu trén thi néu nhu tir mgt dinh v ctia mot nhanh DFS goc r

¢6 mot cung chéo di téi mot nhanh khac thi r khong la chét.

Dé chimg té diéu nay, ta dwa vao tinh chat ciia cdy DFS: cung chéo s& ni tir mot nhanh t&i

nhanh tham trudc do, chtr khong bao gid cé cung chéo di té1 nhanh tham sau. Gia st c6 cung

chéo (v, v') di tir v € nhanh DFS gbc r téi v' ¢ nhanh DFS gbc r, goi r' 1a chdt ctia thanh phan

lién thong chira v'. Theo tinh chét trén, v' phai tham trude r, suy ra r' ciing phai thim truée r.

C6 hai kha nang xay ra:

% Néu r' thudc nhanh DFS di duyét trudce r thi r' s€ dugc duyét xong trudc khi tham r, tic 1a
khi thim r va ca sau nay khi tham v thi nhanh DFS gdc r' da bi huy, cung chéo (v, V') s&
khong dugc tinh dén nira.

% Néu r' 1a tién bdi cua r thi ta ¢6 ' dén duoc r, v ndm trong nhanh DFS géc r nén r dén duoc
v, v dén duogc v' vi (v, v') 1a cung, v' lai dén dugc r' boi ' 1a chét cta thanh phan lién thong
manh chira v'. Ta thiét 1ap dugc chu trinh (r'->r—>v—v'—>r1'), suy ra r' va r thugc cung mdt
thanh phan lién thong manh, r' da 1a ch6t nén r khong thé 1a chdt nira.

Tur ba nhan xét va cach cai dat chuong trinh nhu trong nhan xét 3, Ta c6: Pinh r 1a chdt néu

va chi néu khong ton tai cung nguoc hodc cung chéo ndi mot dinh thudc nhanh DFS gbc r vé6i

mot dinh ngoai nhanh d6, hay noi cach khac: r 1a chét néu va chi néu khong ton tai cung

ndi tir mot dinh thudc nhanh DFS goc r t6i mot dinh thim trude r.

Duéi day 1a mot cai dit hét sirc thong minh, chi can stra d6i mot chut thi tuc Visit ¢ trén 13 ta

c6 ngay phuong phap nay. Noi dung ctia n6 1a dénh sb tht ty cac dinh tir dinh dugc tham dau

tién dén dinh tham sau cung. Dinh nghia Number[u] 13 s thi tu cta dinh u theo cach danh sb
d6. Ta tinh thém Low[u] 1a gia tri Number[.] nho nhét trong cac dinh c¢6 thé dén dugc tir mot
dinh v ndo d6 cua nhanh DFS gdc u bang mot cung (v6i gia thiét rang u c6 mot cung gia ndi

v&i chinh u).
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Cu thé cach cuc tiéu hoa Low[u] nhu sau:
Trong thu tuc Visit(u), trudc hét ta danh sb tha tu tham cho dinh u va khoi gan Low[u] :=
Number[u] (mic dinh u c6 cung t6i chinh u). Sau d6 véi mdi dinh v ndi tir u, ¢6 hai kha ning:
% Néu v da tham thi ta cuc tiéu hoa Low[u] theo cong thirc:

Low[u]mei := min(Low[u].s, Number[v]).
% Néu v chua tham thi ta goi dé quy di thdm v, sau d6 cyc tiéu hoa Low[u] theo cong thirc:

Low[u]mei := min(Low[u].s, Low[Vv])

Dé dang ching minh dugc tinh ding dén ciia cong thirc tinh.
Khi duyét xong mot dinh u (chuan bi thoat khoi thu tuc Visit(u)), ta so sanh Low[u] va
Number[u]. Néu nhu Low[u] = Number[u] thi u 1 chét, boi khong c6 cung ndi tir mot dinh
thudéc nhanh DFS géc u to1 mot dinh tham trude u. Khi d6 chi viéc 1iét ké cac dinh thudc
thanh phén lién thong manh chira u 1a nhanh DFS gdc u.
bPé cong viéc dé dang hon nira, ta dinh nghia mdt danh sach Stack duoc td chire dudi dang
ngan xép va ding ngan xép nay dé lay ra cac dinh thuoc mot nhanh nao d6. Khi thim t6i mot
dinh u, ta ddy ngay dinh u d6 vao ngan xép, thi khi duyét xong dinh u, moi dinh thudc nhanh
DFS gbc u sé duoc day vao ngin xép Stack ngay sau u. Néu u 1a chét, ta chi viéc 1dy cac dinh
ra khoi ngin xép Stack cho t&i khi 1dy t6i dinh u 14 s& dugce nhanh DFS géc u ciing chinh 1a
thanh phan lién thong manh chia u.
Thuat toan Tarjan:

procedure Visit(ueV);
begin
Count := Count + 1; Number[u] := Count; {Trudc hét danh so u}
Low[u] := Number[u];
Push(u); {PAy u vio ngdn xép)
(panh diu u di tham);
for (Vv: (u, v)€E) do
if (v da tham) then
Low[u] := min(Low[u], Number[v])

else
begin
Visit(v);
Low[u] := min(Low[u], Low[v]);
end;
if Number[u] = Low[u] then {Néu u la chot}
begin
(Théng bao thanh phan lién théng manh véi chét u gom co cac dinh:);
repeat
v := Pop; {Liy tu ngin xép ra mot dinh v}
(Output v);
(Xoa dinh v khoi do thi);
until v = u;
end;
end;
begin
(Thém vao do thi mét dinh x va céc cung (x, v) v6i moi v);
Count := 0;

L := @; {Khoi tao mot ngdn xép rong)
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Visit(x)
end.

Béi thuat toan Tarjan chi 1a stra ddi mot chat thuat toan DFS, céac thao tic vao/ra ngan xép

dugc thuc hién khong qué n lan. Vay nén néu d6 thi c6 n dinh va m cung thi d¢ phtrc tap tinh

toan cua thuat toan Tarjan van 1a O(n + m) trong trudng hop biéu dién d6 thi bang danh sach

ké, 1a O(n®) trong truong hop biéu dién bang ma tran ké va 1a O(n.m) trong trudng hop biéu

dién bang danh sach canh.

Moi thir da sin sang, dudi day l1a toan bo chuong trinh. Trong chuong trinh nay, ta st dung:

*» Ma tran ké A d€ bicu dién do thi.

< Mang Free kiéu Boolean, Free[u] = True néu u chua bj liét ké vao thanh phan lién thong
ndo, tirc 1a u chua bi loai khoi db thi.

% Mang Number va Low v&i cong dung nhu trén, quy uéc Number[u] = 0 néu dinh u chua
duoc tham.

% Mang Stack, thii tuc Push, ham Pop dé mo ta cdu triic ngin xép.

Input: file van boan SCONNECT.INP:

< Dong dau: Ghi sé dinh n (< 100) va sé cung m cta d6 thi cach nhau mot dau cach

% m dong tiép theo, mdi dong ghi hai s6 nguyén u, v cach nhau mot dau cach thé hién c6
cung (u, v) trong dd thi

Output: file vin ban SCONNECT.OUT, liét ké cac thanh phan lién théng manh

0 SCONNECT.INP | SCONNECT.OUT
1115 Component 1:
12 7, 6,5,
e 18 Component 2:
° 23 4,3, 2,
34 Component 3:
(3) 12 11, 10, 9, 8,
45 Component 4:
a 56 1,
O—O—@ [
DI
® :
94
910
e 10 8
10 11
a 11 8

P 4 04 2.PAS * Thudt toan Tarjan liét ké céc thanh phin lién théng manh
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Strong_connectivity;

const
InputFile = 'SCONNECT.INP';
OutputFile = 'SCONNECT.OUT';
max = 100;

var

a: array[l..max, 1..max] of Boolean;

Free: array[l..max] of Boolean;

Number, Low, Stack: array[l..max] of Integer;
n, Count, ComponentCount, Top: Integer;
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fo: Text;

procedure Enter;

var
i, u, v, m: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
FillChar(a, SizeOf(a), False);
Readln(fi, n, m);
fori:=1tomdo
begin
ReadIn(fi, u, v);
afu, v] := True;
end;
Close (fi);
end;

procedure Init; {Khdéi tao}
begin
FillChar (Number, SizeOf (Number), 0); {Moi dinh du chua thim)
FillChar (Free, SizeOf (Free), True); {Chua dinh nao bi loai}
Top := 0; {Ngin xép rdng}
Count := 0; {Bién danh s thd tu thim}
ComponentCount := 0; (Bién dénh s6 cic thanh phin 1lién thong)
end;

procedure Push(v: Integer); {Piy mot dinh v vdo ngin xép)
begin

Inc(Top) ;

Stack[Top] :=v;
end;

function Pop: Integer; {Liy mot dinh khdi ngin xép, trd v& trong k&t qua ham}

begin
Pop := Stack[Top];
Dec(Top) ;

end;

function Min(x, y: Integer): Integer;
begin

if x < y then Min := x else Min :=y;
end;

procedure Visit(u: Integer); {Thuit toén tim kiém theo chiéu siu bat ddu tir u)
var
v: Integer;
begin
Inc(Count); Number[u] := Count; {Trudc hét danh sb cho u}
Low[u] := Number[u]; {Coi u cé cung téi u, nén cé thé khdi gan Low[u] thé ndy rdi sau cuc tiéu hoa dan)
Push(u); {Pdy u vao ngin xép}
for v:=1 tondo
if Free[v] and afu, v] then (Xét nhing dinh v ké u)
if Number[v] <> 0 then {Néu v di thim}
Low[u] := Min(Low[u], Number[v]) {Cuc tiéu ho4 Low[u] theo cong thic nay)
else (Néu v chua thim}
begin
Visit(v); {Tiép tuc tim kiém theo chibu sau bit diu ti v)
Low[u] := Min(Low[u], Low[v]); {ROi cuc tiéu hod Low[u] theo cong thiic nay)
end;
{Dén day thi dinh u duoc duyét xong, tiic 13 céc dinh thudc nh&nh DFS gbc u déu da thim)
if Number[u] = Low[u] then {Néu u 14 chbt}
begin {Liét k& thanh phan 1ién thdng manh cé chét u}
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Inc (ComponentCount) ;
Writeln(fo, 'Component ', ComponentCount, ': ');

repeat
v := Pop; {L4y dan c4c dinh ra khoi ngin xép}
Write(fo, v, ', '); {Liét ké céac dinh dd}

Free[v] := False; {R0i loai ludn khoi do thi)
until v = u; {Cho téi khi 14y téi dinh u)
WriteLn(fo);
end;
end;

procedure Solve;
var
u: Integer;
begin
{Thay vi thém mot dinh gid x va céc cung (x, v) voi moi dinh v rdi goi Visit(x), ta co thé lam thé nay cho nhanh}
foru:=1tondo
if Number[u] = 0 then Visit(u);
end;

begin
Enter;
Assign(fo, OutputFile); Rewrite(fo);
Init;
Solve;
Close(fo);
end.

Bai tap

Bai 1

Phuong phép cai dit nhu trén ¢ thé noi 1a rat hay va hiéu qua, doi hoi ta phai hiéu rd ban chit
thuat toan, néu khong thi rat dé nham. Trén thuc té, con c6 mdt phuong phap khac dé hiéu
hon, tuy c¢6 cham hon mot chat. Hay viét chuong trinh mé ta phuong phap sau:

Vin dung thuat toan tim kiém theo chiéu sau voi thu tuc Visit néi & dau muc, danh s6 lai cac
dinh tir 1 t6i n theo tht tu duyét xong, sau d6 dao chiéu tit ca cac cung cua do thi. Xét 1an
luot cac dinh theo thir tu tir dinh duyét xong sau ciing t6i dinh duyét xong dau tién, véi mdi
dinh do, ta lai dung thuat toan tim kiém trén db thi (BFS hay DFS) liét ké nhiing dinh nao dén
dugc tir dinh dang xét, d6 chinh 1a mot thanh phan lién thong manh. Luu y 1a khi liét ké xong
thanh phan nao, ta loai ngay cac dinh ctia thanh phan d6 khoi db thi.

Tinh dng dén ctia phuong phép ¢ thé hinh dung khong may kho khan:

Trudc hét ta thém vao dd thi dinh x va cac cung (x, v) véi moi v, sau d6 goi Visit(x) dé xay
dung cdy DFS gboc x. Hién nhién x 1a chét cta thanh phan lién thong chi gom mdi x. Sau do
bo dinh x khoi cay DFS, cay s& phan ra thanh cac cay con.

Pinh r duyét xong sau cing chic chan 1a gdc cia mot cdy con (boi khi duyét xong nd chic
chén s& lui vé x) suy rar la chdt. Hon thé nita, néu mot dinh u nao do téi duoc r thi u cling
phai thudc ciy con gdc r. Boi néu gia sir phan chimg rang u thuc ciy con khac thi u phai
dugc tham trude r (do cay con gbe r duoc thim téi sau cung), cd nghia 1a khi Visit(u) thi r
chua tham. Vay nén r s& thuéc nhanh DFS gdc u, mau thuin véi lap luan r 1a gbc. Tir d6 suy
ra néu u t&i duoc r thi r tdi duge u, tire 1a khi dao chiéu cac cung, néu r téi duoc dinh nao thi
dinh d6 thudc thanh phéan lién thong chdt r.
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Loai bo thanh phan lién théng vai chét r khoi dd thi. Cay con gbc r lai phan rd thanh nhiéu

cay con. Lap ludn tuong tu nhu trén véi v' 1a dinh duyét xong sau cung (Hinh 67).

Vi du:

Hinh 67: Panh s lai, ddo chiéu cic cung va duyét BFS véi cach chon cic dinh xuét phat nguoe lai véi thir
tw duyét xong (thw tw 11, 10... 3,2, 1)

Thuat toan Warshall c6 thé ap dung tim bao déng cta d6 thi c6 hudng, vay hay kiém tra tinh
lién thong manh ctia mot do thi c6 huéng bang hai cach: Dung cac thuat toan tim kiém trén do
thi va thuat toan Warshall, sau d6 so sanh wu, nhuoc diém cua mdi phuong phap

Bai 3

Trén mit phang véi hé toa d6 Decattes vudéng goc cho n dudng tron, mdi duong tron xac dinh
bdi bd 3 s6 thue (X, Y, R) & day (X, Y) 13 toa d6 tdm va R 1a ban kinh. Hai dudng tron goi 1a
thong nhau néu ching c6 diém chung. Hay chia cac duong tron thanh mot s6 ti thicu cac
nhom sao cho hai dudng tron bét ky trong mot nhom bat ky c6 thé di duge sang nhau sau mot

s6 hitu han cac budc di chuyén giira hai dudng tron thong nhau.
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§5. VAI UNG DUNG CUA DFS VA BFS

5.1. XAY DUNG CAY KHUNG CUA PO THI

Cay l1a d thi vé hwéng, lién thong, khong ¢6 chu trinh don. D6 thi vo hudng khong co chu
trinh don goi 14 rimg (hop cta nhiéu cay). Nhu viy mdi thanh phan lién thong ctia rimg 1a mot
cay.

Khai niém cay duoc str dung rong rii trong nhiéu linh vuc khac nhau: Nghién ctru cau triic
cac phan tu hiru co, xay dung céc thuat toan td chure thu muc, cac thuét toan tim kiém, luu trit
va nén dir liéu. ..

5.1.1. Dinh ly (Daisy Chain Theorem)

Gia sit T = (V, E) 14 d6 thi v6 hudéng véi n dinh. Khi d6 cac ménh dé& sau la twong duong:

1. Tlacay

2. T khong chtra chu trinh don va c6 n - 1 canh

3. T lién thong va mdi canh ctia né déu 1a cau

4. Giita hai dinh bat ky ctia T déu ton tai dung mot duong di don

5. T khong chira chu trinh don nhung hé ¢t thém vao mot canh ta thu dugc mot chu

trinh don.
6. T lién thong va con - 1 canh
Chirng minh:
1=2: “T 1a cay” = “T khong chira chu trinh don va c6 n - 1 canh”

Tu T 1a cay, theo dinh nghia T khong chtra chu trinh don. Ta s€ chimg minh cay T c6 n dinh
thi phai c6 n - 1 canh bing quy nap theo s6 dinh n. R3 rang khi n = 1 thi ciy c6 1 dinh s& chta
0 canh. Néu n > 1 thi do d6 thi hiru han nén s6 cac duong di don trong T ciing hiru han, goi P
= (V1, V2, ..., Vk) |a mdt duong di dai nhat (qua nhiéu canh nhat) trong T. Dinh v, khong thé co
canh ndi voi dinh ndo trong sé cac dinh vs, vy, ..., vi. Boi néu c¢6 canh (v, vp) 3 <p <k) thi
ta sé thiét 1ap dugc chu trinh don (vy, vo, ..., vp, vi). Mt khéc, dinh v, cling khong thé c6 canh
nbi voi dinh nao khac ngoai cac dinh trén P trén bai néu c¢6 canh (vy, vo) (Vo2 P) thi ta thiét 1ap
duoc duong di (vo, Vi, V2, ..., Vi) dai hon duong di P. Vay dinh v, chi c6 ding mdt canh ndi
v6i v, hay v, 1a dinh treo. Loai bd vy va canh (vy, v2) khoi T ta duoc d6 thi méi ciing 1a cay va
c6 n - 1 dinh, ciy nay theo gia thiét quy nap c6 n - 2 canh. Vay cay T c¢6 n - 1 canh.

2=3: “T khéng chira chu trinh don va c¢é n - 1 canh” = “T lién théng va mdi canh ciia
né déu la ciu”

Gia st T co k thanh phﬁn lién thong Ty, T, ..., Tk. Vi T khong chira chu trinh don nén cac
thanh phan lién thong cua T ciing khong chira chu trinh don, tirc 1a cac Ty, Ty, ..., Ty déu 1a
cay. Goiny, ny, ..., ng lan luot 1a sb dinh cta Ty, T, ..., Tk thi cay Ty cod n; - 1 canh, cay T, c6

n; - 1 canh..., cay Tk cO ng - 1 canh. Cong lai ta c6 sb canhciaTlan, +n+... +ng-k=n-
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k canh. Theo gia thiét, cdy Tcodn-1canh, suyrak =1, dd thi chi c6 mot thanh phﬁn lién
thong 1a d6 thi lién thong.

Bay gid khi T d lién thong, néu bé di mot canh ciia T thi T s& con n - 2 canh va s& khong lién
thong boi néu T van lién thong thi do T khong ¢ chu trinh nén T s& 1a cAy va co n - 1 canh.
Diéu d6 ching t6 mdi canh cua T déu 1a cau.

3=4: “T lién thong va mdi canh ciia n6 déu 1a cAu” = “Giira hai dinh bit ky cia T cé
ding mot dwong di don”

Goi x va y 1a 2 dinh bat ky trong T, vi T lién thong nén s& c6 mot duong di don tir x toi y. Néu
ton tai mot dudong di don khac tir x t&i y thi néu ta bo di mot canh (u, v) ndm trén duong di
thir nhat nhung khong nam trén duong di thir hai thi tir u van c6 thé dén duoc v bang cach: di
tir u di theo chiéu t6i x theo cac canh thudc dudng thir nhit, sau do di tir x toi y theo duong
thir hai, roi lai di tir y t6i v theo cac canh thudc duong di thir nhét. Diéu ndy mau thuin véi gia
thiét (u, v) 1a cau.

4=5: “Giira hai dinh bat ky cia T c6 diing mot dwong di don” = “T khong chira chu
trinh don nhung hé ctr thém vao mét canh ta thu dwec mét chu trinh don”

Thir nhat T khong chira chu trinh don vi néu T chita chu trinh don thi chu trinh d6 qua it nhat
hai dinh u, v. R0 rang doc theo cac canh trén chu trinh d6 thi tr u c6 hai duong di don téi v.
Vo ly.

Giira hai dinh u, v bat ky ctua T c6 mot duong di don ndi u véi v, vay khi thém canh (u, v) vao
duong di nay thi s€ tao thanh chu trinh.

5=6: “T khéng chira chu trinh don nhung hé ctr thém vao mgt canh ta thu dwge mot
chu trinh don” = “T lién théng va c¢6 n - 1 canh”

Goi u va v 12 hai dinh bét ky trong T, thém vao T mdt canh (u, v) nita thi theo gia thiét sé tao
thanh md&t chu trinh chira canh (u, v). Loai bd canh nay di thi ph'?m con lai cua chu trinh s¢€ la
mot duong di tir u téi v. Moi cdp dinh cua T déu c6 mot duong di ndi ching tic 1a T lién
thong, theo gia thiét T khong chira chu trinh don nén T 1a cAy va co n - 1 canh.

6=1: “T lién théng va cé n - 1 canh” = “T la cay”

Gia sir T khong 1a cy thi T c¢6 chu trinh, huy bé mét canh trén chu trinh nay thi T van lién
thong, néu dd thi m&i nhan dugc van c6 chu trinh thi lai huy moét canh trong chu trinh méi. Ctr
nhu thé cho t6i khi ta nhan duoc mot do thi lién thong khong c6 chu trinh. DO thi nay 1a cay
nhung lai ¢6 <n - 1 canh (v0 ly). Vay T la cay

5.1.2. Dinh nghia
Gia sit G = (V, E) 1 do thi vé huéng. Cay T = (V, F) véi FCE goi la cay khung (spanning tree)

ctia d6 thi G. Tt 1a néu nhu loai bo mt s6 canh cua G dé duoc mot cdy thi cay d6 goi 1a cay
khung (hay ciy bao trim) cta d0 thi.
D@ thay rang v&i mot d6 thi v hudng lién théng c6 thé c6 nhiéu ciy khung (Hinh 68).
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éjzbm O0—O0—0 O—O0—0

G T T, T,

Diéu kién can va du dé mot dd thi vo hudng co cay khung 1a d6 thi d6 phai lién thong

S cay khung ciia db thi day du K, 1a n™>.

5.1.3. Thuat toan xay dung cay khung

Xét d6 thi vé huéng lién thong G = (V, E) ¢6 n dinh, ¢6 nhiéu thuat toan xdy dung cay khung
cua G

Xdy dung cdy khung bang thudt todn hop nhit

Trude hét, dat T = (V, ©9); T khong chira canh nao thi cé thé coi T gém n ciy 10i rac, mdi cay
chi ¢6 1 dinh. Sau d6 xét 1an luot cac canh cua G, néu canh dang xét ndi hai cay khac nhau
trong T thi thém canh d6 vao T, dong thoi hop nhat hai cay d6 lai thanh mot cay. Ctr lam nhur
vay cho t6i khi két nap da n - 1 canh vao T thi ta duoc T 1a cdy khung cta db thi. Cac phuong
phap kiém tra canh c6 néi hai cay khac nhau hay khong ciing nhu k¥ thuat hop nhét hai cay sé
duoc ban ky hon trong thuat toan Kruskal ¢ [§9 - muc 9.2].

Xay dung cdy khung bang cdc thudt todn fim kiém trén do thi.

Ap dung thuat toan BFS hay DFS bét dau tir dinh S, tai mdi budc tr dinh u t6i thim dinh v, ta
thém vao thao tac ghi nhan ludn canh (u, v) vao cdy khung. Do db thi lién thong nén thuat
toan s& xut phat tir S va t6i tham tat ca cac dinh con lai, mdi dinh dung mot 1an, tic 1a quéa
trinh duyét s€ ghi nhan dugc dung n - 1 canh. Tét ca nhiing canh d6 khong tao thanh chu trinh
don boi thuat toan khong thim lai nhitng dinh da tham. Theo ménh dé twong dwong thir hai, ta

c6 nhiing canh ghi nhan dugc tao thanh mét cay khung cua dd thi.
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5.2. TAP CAC CHU TRINH CO SO CUA PO THI
Xét mot do thi vo hudng lién thong G = (V, E); goi T = (V, F) 1a mdt cdy khung ctia n6. Cac
canh cua cay khung dugc goi la cac canh trong, con cac canh khéc 1a cac canh ngoai.
Néu thém mot canh ngoai e € E\F vao cdy khung T, thi ta dugc diing mot chu trinh don trong
T, ky hiéu chu trinh nay 1a C.. Téap céac chu trinh:
¥ = {C.|e e E\F}
duoc goi 1a tap céc chu trinh co s& cua dd thi G.
Cdc tinh chét quan trong ciia tip cdc chu trinh co sé:

% Tap cac chu trinh co s& 1a phu thudc vao cay khung, hai cay khung khac nhau c6 thé cho
hai tap chu trinh co s& khac nhau.

% Néu d0 thi lién théng c6 n dinh va m canh, thi trong cdy khung c6 n - 1 canh, con lai m - n
+ 1 canh ngoai. Twong tmg v6i mdi canh ngodi ¢ mot chu trinh co s, vay sé chu trinh
o sé ciia do thi lién thonglam -n + 1.

Tap cac chu trinh co sé 1a tp nhidu nhit cic chu trinh thoa man: Mdi chu trinh c6

o
25

ding mot canh riéng, canh dé khong nam trong bét clir mot chu trinh nao khac. Boi néu co
mot tap gém t chu trinh thoa mén diéu dé thi viéc loai bo canh riéng ctia mét chu trinh s€
khong 1am mat tinh lién thong cua db thi, ddng thoi khong anh hudng toi su ton tai ctia cac
chu trinh khac. Nhu vy néu loai bo tat ca cic canh riéng thi do thi van lién thong va con m
- t canh. Db thi lién thong thi khong thé cé ithonn -1 canhnéntacom-t>n- 1 hayt <
m-n+1.

% Moi canh trong mdt chu trinh don bét ky déu phai thudc méot chu trinh co sé. Boi néu
c6 mot canh (u, v) khong thudc mot chu trinh co s& nao, thi khi ta bo canh d6 di do thi van
lién thong va khong anh hudng téi su ton tai clia cac chu trinh co sd. Lai bo tiép nhimg
canh ngoai cua cac chu trinh co so thi do thi van lién théng vaconlaim - (m-n+1)-1=
n - 2 canh. Piéu nay vo Iy.

Péi voi dd thi G = (V, E) ¢6 n dinh va m canh, c6 k thanh phﬁn lién thong, ta co thé xét cac

thanh phan lién thong va xét rimg cac cy khung cua cac thanh phan d6. Khi d6 c6 thé mo

rong khai niém tap cac chu trinh co s¢ cho d6 thi vo hudng tong quat: Mdi khi thém maot canh
khong nidm trong cac cdy khung vao rimg, ta dugc diing mot chu trinh don, tip cac chu trinh
don tao thanh bang cach ghép cac canh ngoai nhu vay goi 1a tap cac chu trinh co sé ciia do thi

G. S cac chu trinh co sélam - n + k.

5.3. BAI TOAN PINH CHIEU PO THI

Bai toan dit ra 1a cho mot dd thi v hudng lién théng G = (V, E), hiy thay mdi canh cua dd
thi bang mot cung dinh huéng dé duwoc mot do thi c6 hudng lién théng manh. Néu co phuong
an dinh chiéu nhu vay thi G duoc goi 13 do thi dinh chiéu duoc. Bai toan dinh chiéu db thi c6

g dung rd nhét trong so d6 giao théng duong bd. Chang han nhu tra 10i cau héi: Trong mot

DHSPHN 1999-2006



Ly thuyét d thi <211 o

hé thdng duong phd, lidu c6 thé quy dinh cac duong phd dé thanh dudng mot chiéu ma van
dam bao su di lai gifta hai nat giao thong bét ky hay khong.

C6 thé tong quat hoa bai toan dinh chiéu d6 thi: Vi d6 thi vo6 hudng G = (V, E) hdy tim cach
thay mdi canh cia db thi béng mot cung dinh hudng dé duoc dd thi méi c6 it thanh ph'?m lién
thong manh nhét. Dudi day ta xét mot tinh chit hitu ich cta thuat toan thuat toan tim kiém
theo chiéu sau dé giai quyét bai toan dinh chiéu d6 thi

5.3.1. Phép dinh chiéu DFS

Xét mo6 hinh duyét dd thi béng thuat toan tim kiém theo chiéu sau:

procedure Visit(u € V);
begin
(Théng bao thim u va danh du u di thim);
for (Vv: (u, v) € E) do
if (v chua tham) then Visit(v);
end;

begin
(panh diu moi dinh déu chua thim);
for (Vv € V) do
if (v chua tham) then Visit(v);
end;

Coi mdt canh cta dd thi twong dwong véi hai cung c6 hudng nguoc chiéu nhau. Thuat toan
tim kiém theo chiéu siu theo mo hinh trén s& duyét qua hét cac dinh ctia do thi va tat ca cac
cung nita. Qua trinh duyét cho ta mot ciy tim kiém DFS. Ta c6 cic nhan xét sau:

Nhan xét 1:

Qua trinh duyét sé khong cé cung chéo (cung di tir mot nhanh DFS tham sau t61 nhdnh DFS

tham trudc). That vy, néu qua trinh duyét xét téi mot cung (u, v):

% Néu u tham trude v c6 nghia 1a khi Visit(u) duoc goi thi v chua tham, vi tha tuc Visit(u) s&
xay dung nhanh DFS gbc u gém nhiing dinh chua thim dén dugc tir u, suy ra v nim trong
nhanh DFS géc u = v la hau du¢ cua u, hay (u, v) 1a cung DFS hodc cung xudi.

% Néu u thim sau v (v thim trudc u), twong ty trén, ta suy ra u nam trong nhanh DFS géc v,
v 12 tién bdi ciia u = (u, v) 1 cung ngugc.

Nhan xét 2:

Trong qua trinh duyét d6 thi theo chiéu sau, néu ctr duyét qua cung (u, v) ndo thi ta bo di cung

(v, u). (Ttc 12 h& duyét qua cung (u, v) thi ta dinh chiéu ludn canh (u, v) theo chiéu tir u téi v),

ta dugc mot phép dinh chiéu do thi goi 14 phép dinh chiéu DFS.
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Nhéan xét 3:

V6i phép dinh chidu DFS, thi s& chi con cic cung trén cdy DFS va cung nguoc, khong con lai
cung xudi. Boi trén dd thi vo hudng ban diu, néu ta coi mot canh 1a hai cung c6 huéng nguge
chiéu nhau thi véi mot cung xudi ta c6 cung nguoc chiéu véi nd 1a cung nguoc. Do tinh chat
DFS, cung ngugc dugc duyét trude cung xudi twong tmg, nén khi dinh chiéu canh theo cung
nguoc thi cung xudi s€ bi huy va khong bi xét toi nira.

Nhan xét 4:

Trong d6 thi v huéng ban dau, canh bi dinh huéng thanh cung nguoc chinh 14 canh ngoai
ctia cdy DFS. Chinh vi vdy, moi chu trinh co s& ciia cdy DFS trong dé thi vé6 hwéng ban
diu vin sé 1a chu trinh trong d0 thi c6 hudng tao ra. (Pay 1a mot phuong phap hiéu qua dé
liét ké cac chu trinh co so ctia cdy khung DFS: Vira duyét DFS vira dinh chiéu, néu duyét phai
cung nguoc (u, v) thi truy vét duong di cia DFS dé tim duong tir v dén u, sau d6 ndi thém
cung nguoc (u, v) dé dugc mot chu trinh co s6).

Dinh Iy: Diéu kién can va da dé mot do thi v hudng lién thong cé thé dinh chiéu dugc 1a mdi
canh cta d6 thi ndm trén it nhat mot chu trinh don (Hay no6i cich khac moi canh cua do thi
déu khong phai 1a cau).

Chirng minh: Goi G = (V, E) 1a mot do thi vo hudng lién thong.

"y

Néu G 1a dinh chiéu duogc thi sau khi dinh huéng s& dugc d6 thi lién thong manh G'. Véi mot
canh (u, v) duoc dinh chiéu thanh cung (u, v) thi s& ton tai mot dudng di don trong G' theo cac
canh dinh hudng tir v vé u. Pudng di d6 ndi thém cung (u, v) s& thanh mot chu trinh don c6
hudéng trong G'. Tuc 1a trén dd thi ban dau, canh (u,v) nam trén mot chu trinh don.

g

Néu mdi canh cia G déu nam trén mot chu trinh don, ta s& ching minh rang: phép dinh chiéu
DFS s& tao ra dd thi G' lién thong manh.

Trudc hét ta ching minh rang néu (u, v) 1a canh cua G thi s& c6 mot duong di tir u téi v trong
G'. That vay, vi (u, v) nam trong mdt chu trinh don, ma moi canh cua mét chu trinh don déu

phai thuéc mot chu trinh co s¢ ctia cdy DFS, nén s€ c6 mot chu trinh co s chira cd u va v.
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Chu trinh co s& cua cidy DFS qua phép dinh chidu DFS van 14 chu trinh trong G' nén di theo
cac canh dinh hudng cua chu trinh do, ta co thé di tir u ti v va nguoc lai trén G'.

Néu u va v 1a 2 dinh bat ky cta G thi do G lién thong, ton tai mot duong di (u=x[0], x[1], ...,
x[n]=v). Vi (x[i], x[i + 1]) 1a canh cta G nén trong G', tir x[i] c6 thé dén duoc x[i+1]. Suy ra
tr u ciing c6 thé dén dugc v bang cac canh dinh hudng cua G'.

V6i nhiing két qua da chimg minh trén, ta con suy ra duogc: Néu do thi lién thong va mdi canh
ctia nd ndm trén it nhat mot chu trinh don thi phép dinh chiéu DFS s& cho mot dd thi lién
thong manh. Con néu khong, thi phép dinh chiéu DFS s& cho mot d6 thi dinh huéng co it
thanh phﬁn lién thong manh nhat, mot canh khong nam trén mot chu trinh don nao (cﬁu) cua
d6 thi ban dau s& dugc dinh huéng thanh cung ndi giita hai thanh phan lién thong manh.

Giai thuat cho bai toan dinh chiéu do thi dén day qua don gian nén c6 18 khong can cai dit cu
thé chuong trinh nira. Bay gio song song véi viée dinh chiéu, ta mé ta phuong phap danh s
va ghi nhan cung nguoc 18n trén cao nhit tir mot nhanh cay DFS dé dung vao mot sd bai toan
khéc.

5.3.2. Phép danh sb va ghi nhin cung nguoc 1én cao nhit trén ciy DFS

Trong qua trinh dinh chiéu, ta thém vao d6 thao tac danh s cac dinh theo thir tu thim DFS,

goi Number[u] 14 s6 thi ty ctia dinh u theo cach danh sé d6. Pinh nghia thém Low[u] 1a gi4

tri Number|[.] nho nhat cta nhitng dinh dén duoc tir nhanh DFS gbc u bang mdt cung nguoc.

Tuc 14 néu nhanh DFS géc u ¢6 nhiéu cung nguge hudng 1én phia gdc thi ta ghi nhan lai cung

nguoc hudng 1én cao nhat. Néu nhanh DFS gbc u khong chita cung ngugc thi ta cho Low[u] =

+oo. Cy thé cach cyc tiéu hoa Low[u] nhu sau: Trong thu tuc Visit(u), trudc hét ta danh sb thir
tu tham cho dinh u (Number[u]) va khéi gan Low[u] = +oo, sau d6 xét tt ca nhitng dinh v ké

u, dinh chiéu canh (u, v) thanh cung (u, v). C6 hai kha ning xay ra:

% v chua tham thi ta goi Visit(v) dé tham v, khi thu tuc Visit(v) thoat c6 nghia 1a di xay dung
dugc nhanh DFS gbc v < nhanh DFS gdc u, khi d6 nhimng cung nguoc di tir nhanh DFS
gbc v o thé coi 1a cung nguoc di tir nhanh DFS gbc u = ta cuc tiéu hod Low[u] theo cong
thirc: Low[u]mei := min(Low[u]es, Low[v])

% v d3 tham thi (u, v) 13 mot cung nguoc di tir nhanh DFS gdc u = ta s& cuc tiéu hoa Low[u]

theo cong thurc: Low[u]mei := min(Low[u]es, Number[v])
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Db thi vo huong D& thi dinh chidu
Gia tri Numberingl.] ghi trong vong tron
Gia tri Low[.] ghi bén ngoai vong tron

Hinh 71: Phép danh s va ghi nhin cung ngwoc 1én cao nhit

5.4. LIET KE CAC KHOP VA CAU CUA PO THI

V6i mot dd thi vé huéng G = (V, E), ta ding phép dinh chiéu DFS dé dinh chiéu G, khi d6

haly dé y mot cung (u, v) 1a cung trén cay DFS, ta c6 cac nhan xét sau:

% Néu tir nhanh DFS gdc v khong c6 cung nao nguoc 1én phia trén v ¢6 nghia la tir mot dinh
thuoc nhanh DFS géc v di theo céc cung dinh hudng chi di dugc té1 nhirng dinh ndi bd
trong nhanh DFS gbc v ma théi, suy ra (u, v) 1a mot cau. Ciing d& dang chimg minh duoc
didu nguoc lai. Vay (u, v) 13 ciu < Low[v] > Number[v].

% Néu tir nhanh DFS gbc v khong c6 cung nao nguoc 1én phia trén u, tirc 1a néu bo u di thi tir
v khong c6 cach nio 1én dugc céc tién bdi ciia u. Diéu nay chi ra ring néu u khong phai 1a
nut gbc ciia mot cdy DFS thi u 1a khép. Ciing dé dang chimg minh diéu ngugc lai. Vay néu
u khong 14 gbc ctia mot cay DFS thi u 1a khdp < Low[v] > Number|u].

< Néur la gbc ctia mot cay DFS thi r 13 khép < r ¢6 it nhit 2 nhanh con

Pén day ta da c6 du diéu kién dé giai bai toan liét ké cac khop va cau cia do thi: don gian 1a

dung phép dinh chiéu DFS danh s cac dinh theo thir tir tham va ghi nhan cung nguoc 1én trén

cao nhat xuat phat tir mot nhanh cay DFS, sau d6 dung ba nhan xét ké trén dé liét ké ra tat ca
cac cau va khép cua do thi:

Input: file van ban CUT.INP, trong d6

% Dong 1: Chira s6 dinh n (n < 100) va s6 canh m cua don d6 thi vo huéng G cach nhau it
nhat mot dau cach

< m dong tiép theo, mdi dong ghi hai sb u, v cach nhau it nhat mot ddu cach, thé hién (u, v)
la mot canh cua G

Output: file van ban CUT.OUT, trong d6 ghi:

% Danh sach cac cu

¢ Danh sach cac khop
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CUT.INP | CUT.OUT
0 12 14 Bridges:
12 (3, 6)
@ 13 (5, 10)
e e 23 (11, 12)
24 Cut vertices:
@ 25 2
O—& N
36 5
45 6
& O—® |
@ 5 10
68
69
89
11 12

Ngoai cac mang da dugc noi tdi1 khi trinh bay thuat toan, c6 thém mot mang Parent[1..n],
trong d6 Parent[v] chi ra niit cha ctia nit v trén cdy DFS, néu v 1a gbc ctia mot cdy DFS thi
Parent[v] dugc dit bang -1. Cong dung cta mang Parent 1a cho phép duyét tat ca cac canh
trén cay DFS va kiém tra mot dinh c6 phai 1a gbc ciia cay DFS hay khong.

P 4 05 1.PAS * Liét ké céc khop va cau cia db thi

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Directivity Bridges CutVertices;

const
InputFile = 'CUT.INP';
OutputFile = 'CUT.OUT';
max = 100;

var

a: array[l..max, 1..max] of Boolean;
Number, Low, Parent: array[l..max] of Integer;
n, Count: Integer;

procedure Enter; {Nhdp di liéu}
var
f: Text;
i, m, u, v: Integer;
begin
FillChar(a, SizeOf(a), False);
Assign(f, InputFile); Reset(f);
Readln(f, n, m);
fori :=1tomdo
begin
ReadLn(f, u, v);
afu, v] := True;
a[v, u] := True;
end;
Close(f);
end;

procedure Visit(u: Integer); {Duyét DFS, dinh chilu, danh sb)
var

v: Integer;
begin

Inc(Count); Number[u] := Count; {Truéc hét danh sb u)

Low[u] :=n + 1; {Khoi gidn Low[u] = +w}

forv:=1tondo

if a[u, v] then {Xét Vv k& u)
begin
a[v, u] := False; {B0 di cung (v, u)}
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if Parent[v] = 0 then {Parent[v] = 0 © v chua thdm, (u, v) la cung DFS}
begin
Parent[v] :=u;
Visit(v); {Thédnm v}
if Low[u] > Low[v] then Low[u] := Low[v]; {Cuc tiu hod Low[u] theo Low[v])
end
else {v d& thdm, (u, v) la cung nguoc}
if Low[u] > Number([v] then Low[u] := Number[v]; {Cuc tiéu hod Low[u] theo Number[v]}
end;
end;

procedure Solve;

var
u, v: Integer;
begin
Count := 0;

FillChar (Parent, SizeOf (Parent), 0); {Panh diu moi dinh déu chua thim)
foru:=1tondo
if Parent[u] = 0 then {Gdp mdét dinh chua thdm}
begin
Parent[u] := -1; {Cho u 14 mdt gbc cdy DFS}
Visit(u); {Xay dung cay DFS gbc u)
end;
end;

procedure Result; {In k&t qui}
var
f: Text;
u, v: Integer;
nChildren: array[l..max] of Integer;
IsCut: array[l..max] of Boolean;
begin
FillChar (nChildren, SizeOf (nChildren), 0); {Tinh nChildren[u] = S6 nhanh con cta nhénh DFS gbc u)
for v:=1tondo
if Parent[v] <> -1 then Inc(nChildren[Parent[v]]);
Assign(f, OutputFile); Rewrite(f);
WriteLn(f, 'Bridges: ');
for v:=1tondo
begin
u := Parent[v];
if (u <> -1) and (Low[v] >= Number[v]) then {(u, v) l& ciu)
WriteLn(f, '('r u, ‘r 'I v, ')');
end;
Writeln(f, 'Cut vertices:');
FillChar (IsCut, SizeOf (IsCut), False);
for v:=1tondo
if Parent[v] <> -1 then
begin
u := Parent[v];
{N&u Low[v] > Number[u] khép < u khéng phai gbc cdy DFS hodc u co 2 2 nhanh con)
if (Low[v] >= Number[u]) then
IsCut[u] := IsCut[u] or (Parent[u] <> -1) or (nChildren[u] >= 2);}
end;
foru :=1 tondo
if IsCut[u] then WriteLn(f, u);
Close(f);
end;

begin
Enter;
Solve;
Result;
end.
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§6. CHU TRINH EULER, PUONG PI EULER, PO THI EULER

6.1. BAI TOAN 7 CAI CAU
Thanh phé Konigsberg thudc Pho (nay 1a Kaliningrad thudc Cong hoa Nga), duoc chia lam 4

ving bang cac nhanh séng Pregel. Cac ving nay gom 2 ving bén bo song (B, C), dao
Kneiphof (A) va mdt mién ndm giira hai nhanh song Pregel (D). Vao thé ky XVIII, nguoi ta
da xay 7 chiéc cau ndi nhitng ving nay voi nhau. Nguoi dan & ddy tu hoi: Liéu c6 cach nio
xudt phat tai mot dia diém trong thanh phd, di qua 7 chiéc cau, mdi chiéc ding 1 1an rdi quay
tr& vé noi xuat phat khong ?

Nha toan hoc Thuy si Leonhard Euler di giai bai toan nay va c6 thé coi day 1a tmg dung dau
tién cua Ly thuyét d6 thi, 6ng d3 mo hinh hoa so dd 7 cai cau bang mot da do thi, bon ving
dugc biéu dién bang 4 dinh, cac cau 1a cic canh. Bai toan tim duong qua 7 cau, mdi cau ding
mot 1an c6 thé tong quat hod bang bai toan: C6 ton tai chu trinh don trong da do thi chira
tit ca cac canh ?

6.2. PINH NGHIA

% Chu trinh don chira tat ca cac canh cua do thi duoc goi la chu trinh Euler
¢ Puong di don chura tat ca cac canh cua dd thi duge goi la duong di Euler
% Mot d6 thi c6 chu trinh Euler dugc goi 1a do thi Euler

< Mot d6 thi co dudng di Euler duoc goi 1a d6 thi nira Euler.

6.3. PINH LY

< Mot d6 thi vo hudng lién thong G = (V, E) c6 chu trinh Euler khi va chi khi moi dinh cua
n6 déu co bac chin: deg(v) = 0 (mod 2) (VveV)

% Mot d6 thi vo hudng lién thong c6 duong di Euler nhung khong c6 chu trinh Euler khi va
chi khi n6 c6 dung 2 dinh bac 1¢

% Mot do thi c6 hudng lién thong yéu G = (V, E) ¢6 chu trinh Euler thi moi dinh ctia né c6
ban bac ra bang ban bac vao: deg’(v) = deg'(v) (VveV); Nguoc lai, néu G lién thong yéu
va moi dinh ctia nd c6 ban bac ra bang ban bac vao thi G c6 chu trinh Euler (G s& 1a lién

thong manh).
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% Mot d6 thi co hudng lién thong yéu G = (V, E) ¢6 duong di Euler nhung khong c6 chu
trinh Euler néu ton tai ding hai dinh u, v € V sao cho deg’(u) - deg'(u) = deg'(v) - deg'(v)

=1, con tat ca nhitng dinh khac u va v déu c6 ban bac ra bang ban bac vao.

6.4. THUAT TOAN FLEURY TiM CHU TRINH EULER

6.4.1. P6i voi dd thi vo huéng lién thong, moi dinh déu c¢é bac chin.

Xuét phat tr mdt dinh, ta chon mdt canh lién thudc voi nd dé di tiép theo hai nguyén tic sau:
% Xo04a bd canh da di qua

% Chi di qua cau khi khong con canh nao khéac dé chon

Va ta cr chon canh di mot cach thoai mai nhu vay cho t6i khi khong di tiép duogc nita, dudong

di tim duoc 1a chu trinh Euler.

Vi du: Véi d6 thi & Hinh 73:

Néu xuat phat tir dinh 1, c6 hai cach di tiép: hodc sang 2 hodc sang 3, gia sir ta s& sang 2 va
x04 canh (1, 2) vira di qua. Tir 2 chi ¢ cach duy nhit 1a sang 4, nén cho du (2, 4) 13 cau ta
cling phai di sau d6 xo04 luon canh (2, 4). bén day, cac canh con lai cta dd thi c6 thé v& nhu

Hinh 74 béng nét lién, cac canh di bj xoa duoc vé béng nét dut.

Hinh 74

Bay gio dang dimg ¢ dinh 4 thi ta ¢6 3 cach di tiép: sang 3, sang 5 hodc sang 6. Vi (4, 3) 1a
cau nén ta s& khong di theo canh (4, 3) ma s& di (4, 5) hodc (4, 6). Néu di theo (4, 5) va cir tiép
tuc di nhu vay, ta s€ dugc chu trinh Euler 1a (1, 2, 4, 5, 7, 8, 6, 4, 3, 1). Con di theo (4, 6) s&
tim dugc chu trinh Euler 1a: (1,2, 4,6, 8,7, 5,4, 3, 1).

6.4.2. P6i voi dd thi c6 hwéng lién thong yéu, moi dinh déu c¢é ban bic ra bing
ban bac vao.

Bang cach “lam dung thuat ngir", ta c6 thé mé ta duoc thuat toan tim chu trinh Euler cho ca

6 thi c6 hudng ciing nhu vo hudng:
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% Tht nhét, dudi ddy néu ta noi canh (u, v) thi hiéu 1 canh ndi dinh u va dinh v trén do thi
v6 hudng, hiéu 1a cung ndi tir dinh u t6i dinh v trén d6 thi c6 hudng.

¢ Thur hai, ta goi canh (u, v) 1a “mdt di khong tré lai” néu nhu tir u ta di toi v theo canh do,
sau do xoa canh do di thi khong c6 cach nao tir v quay lai u.

Vay thi thuat toan Fleury tim chu trinh Euler c6 thé mé ta nhu sau:

Xuat phat tir mot dinh, ta di mot cach tuy ¥ theo cac canh tuan theo hai nguyén tic: Xoa bo

canh vtra di qua va chi chon canh “mét di khong tré lai” néu nhu khong con canh nao khac dé

chon.

6.5. CAI PAT

Ta s& cai dat thuat toan Fleury trén mot da do thi vo hudng. Pé don gian, ta coi do thi nay da

c6 chu trinh Euler, cong viéc cua ta la tim ra chu trinh d6 thoi. Boi viée kiém tra tinh lién

thong ciing nhu kiém tra moi dinh déu c6 bac chan dén gio ¢6 thé coi 1a chuyén nho.

Input: file van ban EULER.INP

% Dong 1: Chira s6 dinh n cta dd thi (n < 100)

% Céc dong tiép theo, mdi dong chtra 3 s6 nguyén duong cach nhau it nhat 1 diu cach co
dang: u v k cho biét giira dinh u va dinh v c6 k canh nbi

Output: file van ban EULER.OUT, ghi chu trinh EULER

0 e EULER.INP | EULER.OUT
5 1231341

WM R P
=W e W N
L

P 4 06 1.PAS * Thuat toan Fleury tim chu trinh Euler
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Finding an Euler Circuit;
const
InputFile
OutputFile
max = 100;
var
a: array[l..max, 1..max] of Integer;
n: Integer;

'EULER.INP';
'EULER.QUT';

procedure Enter;
var
u, v, k: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
FillChar(a, SizeOf(a), 0);

Readln(f, n);
while not SeekEof(f) do
begin
Readln(f, u, v, k);
afu, v] :=k;
a[v, u] :=k;
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end;
Close(f);
end;

{Thi tuc ndy kiém tra néu xod mdt canh nbi (x, y) thi vy c6 con quay lai dugc x hay khong)
function CanGoBack(x, y: Integer): Boolean;
var
Queue: array[l..max] of Integer; {Hang dgi dung cho Breadth First Search}
Front, Rear: Integer; {Front: Chi sb diu hing doi, Rear: Chi sb cudi hang doi}
u, v: Integer;
Free: array[l..max] of Boolean; {Ming danh dau}
begin
Dec(a[x, y]); Dec(aly, x]); {Tht xo4 mdt canh (x, y) & S6 canh nbi (x, y) gidm 1)
FillChar (Free, n, True); {sau d6 &p dung BFS d& xem ti y cé quay lai x dugc khong ?)
Free[y] := False;
Front := 1; Rear := 1;
Queue[l] :=y;
repeat
u := Queue[Front]; Inc(Front);
for v :=1 tondo
if Free[v] and (a[u, v] > 0) then
begin
Inc(Rear);
Queue[Rear] := v;
Free[v] := False;
if Free[x] then Break;
end;
until Front > Rear;
CanGoBack := not Free[x];
Inc(alx, y]); Inc(aly, x]); {0 trén di thi xo4 canh thi gid phai phuc hdi}
end;

procedure FindEulerCircuit; {Thudt todn Fleury}
var
Current, Next, v, count: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
Current := 1;
Write(f, 1, ' '); (B4t ddu tu dinh Current = 1}
count := 1;
repeat
Next := 0;
forv:=1tondo
if a[Current, v] > 0 then

begin
Next := v;
if CanGoBack (Current, Next) then Break;
end;
if Next <> 0 then
begin

Dec(a[Current, Next]);
Dec(a[Next, Current]); {Xod bo canh via di qua}
Write(f, Next, ' '); {In k&t qud di toi Next)
Inc(count);
if count mod 16 = 0 then WriteLn; {In ra t0i da 16 dinh trén mjt dong)
Current := Next; {Lai tiép tuc véi dinh dang ding 13 Next)
end;
until Next = 0; {Cho t6éi khi khong di tiép dugc nita)
Close(f);
end;
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begin
Enter;
FindEulerCircuit;
end.

6.6. THUAT TOAN TOT HON

Trong trudng hop dd thi Euler c6 s6 canh di nhé, ta co thé sir dung phuong phap sau dé tim
chu trinh Euler trong do thi v6 hudng: Bat dau tir mot chu trinh don C bat ky, chu trinh nay
tim dugc bang cach xuat phat tir mot dinh, di tuy ¥ theo cac canh cho toi khi quay vé dinh
xudt phat, luu ¥ 1a di qua canh nao xoa luén canh d6. Néu nhu chu trinh C tim duoc chia tat
ca céac canh cua d6 thi thi d6 1a chu trinh Euler. Néu khong, xét cac dinh doc theo chu trinh C,
néu con c6 canh chua xo4 lién thudc véi mot dinh u nao d6 thi lai tir u, ta di tuy ¥ theo cac
canh ciing theo nguyén tic trén cho t6i khi quay tré vé u, dé duoc mot chu trinh don khac qua
u. Loai bé vi tri u khéi chu trinh C va chén vao C chu trinh méi tim dugc tai ding vi tri cua u
via x04, ta dugc mot chu trinh don C' méi 16n hon chu trinh C. Ctr lam nhu vay cho t61 khi
dugc chu trinh Euler. Viéc ching minh tinh diing dan cta thuat toan ciing 1a chirg minh dinh
ly vé diéu kién can va du dé mot do thi vo hudng lién théng co chu trinh Euler.
MBS hinh thuét toan c6 thé viét nhu sau:
(Khéi tao mdt ngdn xép Stack ban dau chi gom mbi dinh 1);
(Viét cac phuong thic Push (ddy vao) va Pop(ldy ra) mét dinh tit ngdn xép Stack, phuong thic Get cho biét phén ti
ndm ¢ dinh Stack. Khac véi Pop, phuong thic Get chi cho biét phdn tit & dinh Stack chit khong ldy phén tir d6 ra);
while Stack # @ do
begin
X := Get;
if (y: (x, y) € E) then {Tu x con di hudng khac dugc}
begin
Push(y);
(Loai bo canh (x, y) khoi do thi);
end
else {Tu x khong di tiép dugc téi dau nira)
begin
X := Pop;
(In ra dinh x trén duong di Euler);

end;
end;

Thuét toan trén c6 thé dung dé tim chu trinh Euler trong d thi c6 huéng lién thong yéu, moi
dinh c6 ban bac ra bﬁng ban bac vao. Tuy nhién thur ty cac dinh in ra bi nguoc so véi cac cung
dinh hudng, ta c6 thé ddo nguoc hudng cac cung trude khi thuc hién thuat toan dé dugc thi tu
ding.
Thuat toan hoat dong véi hiéu qua cao, dé cai dat, nhung trudng hop x4u nhat thi Stack s&
phai chtra toan b danh sach dinh trén chu trinh Euler chinh vi vay ma khi da dd thi co sb
canh qué 16n thi c6 thé khong du khong gian nhé mo ta Stack. Ly do thuét toan chi ¢6 thé ap
dung trong trudng hop sd canh c6 gi6i han biét trude du nho 1a nhu vay.

P 4 06 2.PAS * Thudt toan hiéu qué tim chu trinh Euler
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%,.2%! - 1]%)
program Finding an Euler Circuit;

const
InputFile = 'EULER.INP';
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OutputFile = 'EULER.OUT';

max = 100;
maxE = 20000; {S6 canh téi da)
var

a: array[l..max, 1..max] of Integer;
stack: array[l..maxE] of Integer;
n, Top: Integer;

procedure Enter; {Nhdp dit l1iéu}
var
u, v, k: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
FillChar(a, SizeOf(a), 0);

ReadLn(f, n);
while not SeekEof(f) do
begin
Readln(f, u, v, k);
afu, v] := k;
a[v, u] :=k;
end;
Close(f);
end;

procedure Push(v: Integer); (Pdy mot dinh v vao ngin xép}
begin

Inc(Top) ;

Stack[Top] := v;
end;

function Pop: Integer; {LAy mot dinh khdi ngin xép, trd v& trong k&t qud ham}

begin
Pop := Stack[Top];
Dec(Top) ;

end;

function Get: Integer; {Tra vé& phan ti & dinh (Top) ngin xép)
begin

Get := Stack[Top];
end;

procedure FindEulerCircuit;
var
u, v, count: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
Stack[1] := 1; {Khdi tao ngin xép ban diu chi gom dinh 1}
Top :=1;
count := 0;
while Top <> 0 do {Ching ndo ngdn xép chua réng}
begin
u := Get; {X4c dinh u 12 phan ti ¢ dinh ngin xép}
for v:=1 tondo
if afu, v] > 0 then {Xét tat ca cac canh lién thudc v6i u, néu thiy)
begin
Dec(a[u, v]); Dec(a[v, u]); {Xoa canh d6 khoi do thi)
Push(v); {Pdy dinh tiép theo vdo ngin xép}
Break;
end;
if u = Get then {Néu phdn tir & dinh ngdn xép vin 1& u = vong l3p trén khong tim thay dinh ndo ké voéi u)
begin
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Inc(count);
Write(f, Pop, ' '); {In ra phan ti dinh ngin xép)
end;
end;
Close(f);
end;

begin
Enter;
FindEulerCircuit;
end.

Bai tap

Trén mat phéng cho n hinh chitr nhat cé cac canh song song vdi cac tryc toa d§. Hay chi ra
mot chu trinh:

Chi di trén canh cua cac hinh chir nhat

Trén canh ctia mdi hinh chit nhat, ngoai trir nhitng giao diém véi canh cua hinh chir nhat khac
¢6 thé qua nhiéu 1an, nhitng diém con lai chi dugc qua ding mot 1an.

B C

| L

MDABCMFGNLIJKNHEM
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§7. CHU TRINH HAMILTON, PUONG PI HAMILTON, PO
THI HAMILTON

7.1. PINH NGHIA

Cho @6 thi G = (V, E) ¢6 n dinh

% Chu trinh (x[1], X[2], ..., x[n], x[1]) dugc goi 1a chu trinh Hamilton néu x[i] # x[j] véi Vi, j:
1<i<j<n

< Puong di (x[1], x[2], ..., x[n]) duoc goi 1a dudng di Hamilton néu x[i] = x[j] véi Vi, j: 1 <
1<j<n

% Do thi ¢6 chu trinh Hamilton dugc goi la dd thi Hamilton

% DO thi co duong di Hamilton dugc goi 1a dd thi nira Hamilton

C6 thé phat biéu mot cach hinh thirc: Chu trinh Hamilton 1a chu trinh xuét phat tir 1 dinh, di

thdm tat ca nhitng dinh con lai moi dinh ding 1 1an, cudi cung quay tr¢ lai dinh xuat phat.

Puong di Hamilton 1a dudong di qua tat ca cac dinh ctia do thi, moi dinh ding 1 1an. Khéc voi

khai niém chu trinh Euler va duong di Euler, mét chu trinh Hamilton khong phai 1a duong di

Hamilton béi c6 dinh xuat phat dugc tham té1 2 lan.

Vi du: Xét 3 don dd thi Gy, G, G nhu trong Hinh 75:

O 0—» O—0O——=C
W /1
—0 F—C© O——C—C0——~0

Hinh 75

Db thi G; ¢6 chu trinh Hamilton (a, b, ¢, d, e, a). G, khong c¢6 chu trinh Hamilton vi deg(a) =
1 nhung c6 duong di Hamilton (a, b, ¢, d). G3 khong c6 ca chu trinh Hamilton 1an duong di
Hamilton

7.2. PINH LY

% D6 thi v huéng G, trong d6 ton tai k dinh sao cho néu xoa di k dinh nay cung véi nhimg
canh lién thudc cua ching thi d6 thi nhan dugc s& c6 nhiéu hon k thanh phéan lién thong.
Thi khing dinh 1a G khong c¢6 chu trinh Hamilton. Ménh dé phan dao cua dinh 1y nay cho
ta diéu kién can dé mot dd thi ¢6 chu trinh Hamilton

% Pinh 1y Dirac (1952): D6 thi vo6 huéng G ¢6 n dinh (n > 3). Khi d6 néu moi dinh v cia G
déu co deg(v) > n/2 thi G c6 chu trinh Hamilton. Dy 1a mot didu kién du dé mot d6 thi co

chu trinh Hamilton.
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% D) thi c6 hudéng G lién thong manh va c6 n dinh. Néu deg’(v) >n /2 va deg(v) > n /2 véi

moi dinh v thi G ¢6 chu trinh Hamilton

7.3. CAI PAT

Duéi ddy ta s& cai dat mot chuong trinh liét ké tat ca cac chu trinh Hamilton xuat phat tir dinh

1, cac chu trinh Hamilton khéc c6 thé c6 duoc bang cach hoan vi vong quanh. Luu y rang cho

t6i nay, nguoi ta van chwa tim ra phuong phép véi do phuc tap da thirc dé tim chu trinh

Hamilton ciing nhu dudng di Hamilton trong truong hop d6 thi tong quat.

Input: file vin bAan HAMILTON.INP

< Dong 1 ghi s6 dinh n (2 < n < 100) va sé canh m ctia d6 thi cach nhau 1 déu cach

% m dong tiép theo, mdi dong co dang hai s6 nguyén duong u, v cach nhau 1 diu céach, thé
hién u, v 13 hai dinh k& nhau trong dd thi

Output: file vain bAan HAMILTON.OUT liét ké cac chu trinh Hamilton

a HAMILTON.INP | HAMILTON.OUT
56 135241
12 142531
5 2

O W N
N = O W

0’ ‘0

P 4 07_1.PAS * Thuat toan quay lui liét ké chu trinh Hamilton
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%' - 1]%)
program Hamilton Circuit Enumeration;
const
InputFile
OutputFile
max = 100;
var
fo: Text;
a: array[l..max, 1..max] of Boolean; {Ma tran k& cia dd thi: a[u, v] = True & (u, v) 1a canh}
Free: array[l..max] of Boolean; {Mang danh diu Free[v] = True néu chua di qua dinh v}
x: array[l..max] of Integer; {Chu trinh Hamilton sé& tim 1a; 1=x[1]-x[2] - .. =x[n] -x[1]=1}
n: Integer;

'HAMILTON.INP';
'HAMILTON.OUT' ;

procedure Enter;
var
i, u, v, m: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
FillChar(a, SizeOf(a), False);

Readln(f, n, m);
fori:=1tomdo
begin
ReadLn(f, u, v);
afu, v] := True;
a[v, u] := True;
end;
Close(f);
end;
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procedure PrintResult; {In k&t qué néu tim thiy chu trinh Hamilton)
var
i: Integer;
begin
for i := 1 to n do Write(fo, x[i], ' ');
WriteLn(fo, x[1]);
end;

procedure Attempt(i: Integer); {Thi cdc céch chon dinh thir i trong hanh trinh}
var

j: Integer;
begin

for j :=1tondo {Pinh tht i (x[i]) cé thé chon trong nhing dinh}

x[i] :=3; {Tht mdt cach chon x[i]}
if i < n then {Néu chua thi chon dén x[n])
begin
Free[j] := False; {Pénh dau dinh j 13 di di qua)
Attempt(i + 1); {Pé céc budc thi ké tiép khong chon phai dinh j nita)
Free[j] := True; {Sé thu phuong an kh&c cho x[i] nén sé& bo danh diu dinh via thu)
end
else (Néu di thi chon dén x[n]}
if a[j, x[1]] then PrintResult; {va néu x[n] lai k& vé6i x[1] thi ta c6 chu trinh Hamilton}
end;
end;

begin
Enter;
FillChar (Free, SizeOf (Free), True); {Khoi tao: Cac dinh déu chua di qua)
x[1] := 1; Free[l] := False; {Bit diu tu dinh 1}
Assign(fo, OutputFile); Rewrite(fo);
Attempt (2); {Thir cdc cch chon dinh ké tiép}
Close (fo);
end.

Bai tap

Bai 1

a) Lap chuong trinh nhap vao mot do thi va chi ra dung mét chu trinh Hamilton néu c6.
b) Lap chuong trinh nhap vao mot do thi va chi ra dung mot dudng di Hamilton néu co.
Bai 2

Trong d4m cudi cia Persée va Androméde c6 2n hiép s§. Mdi hiép sy c6 khong qua n - 1 ké
thu. Hay gitp Cassiopé, me ciia Androméde xép 2n hiép sy ngdi quanh mot ban tron sao cho
khoéng c6 hiép sy ndo phai ngdi canh ké thu cia minh. Mdi hiép sy sé cho biét nhimg ké thu
ctia minh khi ho dén san rong.
Bai 3

Gray code: Mot hinh tron dugc chia thanh 2" hinh quat dong tam. Hay xép tat ca cac xau nhi
phan do dai n vao cac hinh quat, mdi xau vao mot hinh quat sao cho bét ctr hai xau nao & hai

hinh quat canh nhau déu chi khac nhau dtng 1 bit. Vi du vi n = 3:
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Bai 4

Thach d6: Bai toan ma di tudn: Trén ban cd tong quat kich thude n x n 6 vudng (n chin va 6
< n £ 20). Trén mot 6 nao d6 c6 dat mot quan ma. Quan ma dang & 6 (x[1], y[1]) co thé di

chuyén sang 6 (x[2], y[2]) néu |x[1]—x[2]].|y[1]- y[2] = 2 (Xem hinh v&).

Hay tim mgt hanh trinh ciia qudn md tir 6 xuat phat, di qua tat cd cdc 6 cua ban co, moi o

ding 1 lan.
Vi du:
Véin =8, 6 xuét phat (3, 3)

101

100

000

001

111

110

010

011

45

42

18

35

20

17

44

41

34

21

43

46

36

19

50

16

31

48

59

40

33

22

51

47

60

37

32

49

58

39

10

30

15

64

57

38

25

52

23

61

56

13

28

63

54

11

26

14

29

62

55

12

27

24

53
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Véin = 10, 6 xuat phat (6, 5)

18 | 71 | 100 | 43 | 20 | 69 | 86 | 45 | 22 | 55
97 | 42 |19 | 70 | 99 | 44 | 21 | 24 | 87 | 46
72 | 17 | 98 | 95 | 68 | 85 | 88 | 63 | 26 | 23
41 196 | 73 | 84 | 81 | 94 | 67 | 90 | 47 | 50
16 | 83 | 80 [ 93 | 74 | 89 | 64 | 49 | 62 | 27
79 140 | 35 |82 | 1 | 76 | 91 | 66 | 51 | 48
36 | 15 | 78 | 75 | 92 | 65| 2 | 61 | 28 | 53
39 | 12 | 37 | 34 | 77 | 60 | 57 | 52 | 3 6
14 | 33 | 10 | 59 | 56 | 31 | 8 5 15429
11 (38 |13 32| 9 |58 |55 (30| 7 4

Hudng dan: Néu coi cac 6 cua ban co la cac dinh cua do thi va cac canh la ndi gitra hai dinh

tuong tmg v&i hai 6 ma giao chan thi dé thay ring hanh trinh cia quan ma can tim s& 1a mot

duong di Hamilton. Ta c6 thé xdy dung hanh trinh bang thuit toan quay lui két hop voi

phuong phap duyét wu tién Warnsdorff: Néu goi deg(x, y) 1a s6 6 ké véi 6 (x, y) va chua di

qua (ké & day theo nghia dinh ké chir khong phai 13 6 ké canh) thi tir mot 6 ta s& khong thir xét

lan luot cac hudng di c6 thé, ma ta s& uu tién thir hudng di téi 6 c6 deg nho nhat trudc. Trong

truong hop co ton tai dudong di, phuong phap nay hoat dong voi tée do tuyét voi: Vi moi n

chén trong khoang tir 6 t6i 18, voi moi vi tri 6 xudt phat, trung binh thoi gian tinh tir lac bét

dau toi lac tim ra mot nghiém < 1 gidy. Tuy nhién trong truong hop n 1¢, c¢6 lac khong ton tai

duong di, do phai duyét hét moi kha ning nén thoi gian thuc thi lai hét stc i té. (Co xét uu

tién nhu trén hay xét thr ty nhu trudce kia thi cling vay thoi. Ta cé thé thar véin 1é: 5,7,9 ...

va 0 xuét phat (1, 2), sau d6 ngdi xem mdy tinh toat mo hoi).
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§8. BAI TOAN PUONG PI NGAN NHAT

8.1. PO THI CO TRONG SO

D06 thi ma mdi canh cta nd duge gan cho tuong tng véi mot $6 (nguyén hodc thuc) dugc goi

1a dd thi co trong s6. Sb gan cho mdi canh cta do thi duoc goi la trong s6 cua canh. Tuong tu

nhu d6 thi khong trong sd, c6 nhiéu cach biéu dién d6 thi c6 trong sb trong may tinh. Déi voi
don d6 thi thi cach dé& dung nhat 13 str dung ma tran trong so:

Gia st d6 thi G = (V, E) ¢6 n dinh. Ta s& dung ma tran vudng C kich thudc n x n. O day:

% Néu (u, v) € E thi C[u, v] = trong sb cta canh (u, v)

% Néu (u, v) ¢ E thi tuy theo truong hop cu thé, C[u, v] duoc gan mot gia tri nao d6 dé cé thé
nhan biét dugc (u, v) khong phai 1a canh (Chang han c6 thé gan bang +o, hay bang 0, biang
-0, V.V...)

% Quy udc c[v, v] =0 v&i moi dinh v.

Puong di, chu trinh trong dd thi c6 trong sb ciing dugc dinh nghia giéng nhu trong trudng

hop khong trong sb, chi co khac 1 6 dai dudong di khong phai tinh bang sb canh di qua, ma

duoc tinh bang tong trong s6 cua cac canh di qua.

8.2. BAI TOAN PUONG DI NGAN NHAT

Trong cac tng dung thuc té, chang han trong mang luéi giao thong dudng bo, dudng thuy
hodc duong khong. Ngudi ta khong chi quan tim dén viéc tim dudng di giita hai dia diém ma
con phai lya chon mot hanh trinh tiét kiém nhit (theo tiéu chuan khong gian, thoi gian hay chi
phi). Khi d6 phat sinh yéu cau tim duong di ngin nhét giita hai dinh cua do6 thi. Bai toan do
phat biéu duéi dang tong quat nhu sau: Cho db thi c6 trong s6 G = (V, E), hiy tim mot duong
di ngan nhat tir dinh xuat phat s € V dén dinh dich f € V. D6 dai cua duong di nay ta s& ky
hiéu 1a d[s, f] va goi 1a khodng cdch (distance) tir s dén f. Néu nhu khong ton tai duong di tir
s toi f thi ta s€ dat khoang cach do = +oo.

Néu nhu d6 thi ¢6 chu trinh 4m (chu trinh véi d6 dai 4m) thi khoang cach gitra mét sé cip
dinh nao d6 co thé khong xac dinh, bai vi bang cach di vong theo chu trinh nay mot s6 lan da
16n, ta c6 thé chi ra duong di giita hai dinh niao d6 trong chu trinh ndy nho hon bit ky mot s6
cho trudc nao. Trong truong hop nhu vay, c6 thé dat van dé tim dwong di co' ban (duong di
khéng c6 dinh 13p lai) ngin nhat. Van dé d6 1a mot van dé hét sirc phirc tap ma ta s& khong
ban toi ¢ day.

Néu nhu d thi khong c6 chu trinh am thi ta c6 thé ching minh duoc ring mét trong nhitng
duong di ngan nhit 13 duong di co ban. Va néu nhu biét dugc khoang cach tir s toi tat ca
nhitng dinh khéc thi duong di ngin nhat tir s téi f c6 thé tim dugc mot cach d& dang qua thuit

toan sau:
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Goi c[u, v] 14 trong sb ctia canh [u, v]. Qui udc c[v, v] =0 véi moi v € V va c[u, v] = +oo néu
nhu (u, v) ¢ E. Dat d[s, v] 1a khoang céach tir s toi v. Dé tim duong di tir s t6i f, ta c6 thé nhan
thdy rang ludn ton tai dinh f; # f sao cho:
d[s, f] =d[s, fi] + c[fi, {]

(D dai duong di ngan nhat s—>f = Do dai dudng di ngdn nhat s—f; + Chi phi di tir fj— f)
Pinh f; d6 1a dinh lién trudc f trong dudng di ngan nhat tir s téi f. Néu fi=s thi dudng di ngin
nhat 1a dudng di truc tiép theo cung (s, f). Néu khong thi van dé tré thanh tim duong di ngin
nhat tir s t6i f;. Va ta lai tim duge mot dinh > khac f va f deé:

dfs, fi] =d[s, f>] + c[f2, f1]
Cu tiép tuc nhu vay, sau mot s6 hitu han budc, ta suy ra réng day f, f}, f2, ... khong chira dinh

lap lai va két thuc ¢ s. Lat nguoc tht tu diy cho ta duong di ngin nhét tir s toi .

®
o e ©

Tuy nhién, nguoi ta thuong khong st dung phuong phap nay ma sé két hop luu vét duong di

ngay trong qué trinh tim kiém.

Duéi day ta s& xét mot sd thuat toan tim duong di ngan nhét tir dinh s téi dinh f trén don do

thi ¢6 huéng G = (V, E) c¢6 n dinh va m cung. Trong trudng hop don do thi v hudng voi

trong s6 khong am, bai toan tim duong di ngin nhat c6 thé din vé bai toan trén do thi c6

hudng bang cach thay mdi canh cta nd bang hai cung c6 hudng nguge chiéu nhau. Ban ¢ thé

dua vao mot so stra d6i nho trong thi tuc nhap liéu dé giai quyét bai toan trong truong hop da

do thi

Input: file van ban MINPATH.INP

% Dong 1: Chura s6 dinh n (£1000), ) cung m cua dd thi, dinh xuét phat s, dinh dich f cach
nhau it nhat 1 dau cach

% m dong tiép theo, mbi dong c6 dang ba s u, v, c[u, v] cach nhau it nhét 1 ddu cach, thé
hién (u, v) 1a mot cung € E va trong sb cua cung d6 1a c[u, v] (c[u, v] 1a sé nguyén co gia
tri tuyét di < 1000)

Output: file vin ban MINPATH.OUT ghi dudng di ngin nhat tir s t6i f va do dai duong di do
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MINPATH.INP | MINPATH.OUT

Distance from 1 to 4: 15
4<-5¢-6<-3<-2<-1

8.3. TRUONG HQP PO THI KHONG CO CHU TRINH AM - THUAT TOAN
FORD BELLMAN

Thuat toan Ford-Bellman c6 thé phét biéu rat don gian:

Véi dinh xuat phat s. Goi d[v] 1a khoang cach tir s t6i v véi cac gia tri khoi tao 1a:

s d[s]:=0

% d[v] =+conéuv=s

Sau d6 ta t6i vu hoa dan cac d[v] nhu sau: Xét moi cip dinh u, v cta do thi, néu c6 mot cip
dinh u, v ma d[v] > d[u]+ c[u, v] thi ta dat lai d[v] := d[u] + c[u, v]. Ttc la néu d¢ dai duong
di tr s t61 v lai 16n hon tong do dai duong di tir s té1 u cdng véi chi phi di tir u tdi v thi ta sé
huy bo duong di tir s t61 v dang c6 va coi duong di tur s téi v chinh 1a duong di tir s té1 u sau
d6 di tiép tir u t6i v. Chu ¥ rang ta dit c[u, v] = +oo néu (u, v) khong 1a cung. Thuét toan s& két
thac khi khong thé toi vu thém bat ky mot nhan d[v] nao nira.

for (Vv € V) do d[v] := +x0;
d[s] :=0;
repeat
Stop := True;
for (Vu € V) do
for (WweV: (u, v) € E) do
if d[v] > d[u] + c[u, v] then

begin
d[v] :=d[u] + c[u, v];
Stop := False;
end;
until Stop;

Tinh dung cua thudt todn:

Tai budc khoi tao thi mdi d[v] chinh 1a do dai ngén nhét ctia duong di tir s toi v qua khong
qua 0 canh.

Gia st khi bat dau budc lap thir i (i > 1), d[v] di bang d6 dai duong di ngén nhat tir s t6i v qua
khong qua i - 1 canh. Boi duong di tir s toi v qua khéng qué i canh s& phai thanh 1ap bang
cach: ldy mot duong di tir s toi mot dinh u ndo d6 qua khong qué i - 1 canh, rdi di tiép toi v
bang cung (u, v), nén d6 dai duong di ngin nhat tir s téi v qua khong qua i canh s& duoc tinh
bang gia tri nho nhat trong cac gia tri (Nguyén 1y t6i wu Bellman):

% Do dai duong di ngin nhit tir s t6i v qua khong qué i - 1 canh
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% Do dai duong di ngén nhét tr s t&i u qua khong quéa i - 1 canh cong vdi trong s6 canh (u, v)
(Vu)

Vi vy, sau budc lap t6i vu cac d[v] bang cong thirc

d[VIbuse i = min(d[V]buse i-1, A[u]buse i-17 €[u, v]) (Vu)
thi cac d[v] sé bang d6 dai duong di ngan nhét tir s téi v qua khong qué i canh.
Sau budc lip t6i wu thir n - 1, ta c6 d[v] = d6 dai duong di ngdn nhét tir s t6i v qua khong qua
n - 1 canh. Vi do thi khéng c6 chu trinh 4m nén s& c¢6 mot dudng di ngan nhét tir s t6i v 1a
dudng di co ban (qua khong qua n - 1 canh). Tic 1a d[v] s& 1a d6 dai duong di ngin nhat tir s
téiv.
Vay thi s6 budc 13p tdi wu hoa sé khong qua n - 1 buée.
Trong khi cai dat chuong trinh, néu mdi bude lip duoc mo ta dudi dang:

foru:=1tondo
forv:=1tondo
d[v] :=min(d[v], d[u] + c[u, v]);

Sy t6i uu bic cau (dung d[u] téi wu d[v] rdi lai c6 thé dung d[v] t6i vu d[w] nita...) chi lam
tdc d6 t6i wu cac nhan d[.] ting nhanh hon nén sb bude lap van s& khong qua n - 1 bude

P 4 08 1.PAS * Thuit toan Ford-Bellman
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Finding the Shortest Path using Ford Bellman Algorithm;
const
InputFile = 'MINPATH.INP';
OutputFile = 'MINPATH.OUT';

max = 1000;

maxEC = 1000;

maxC = max * maxEC;
var

c: array[l..max, 1..max] of Integer;
d: array[l..max] of Integer;

Trace: array[l..max] of Integer;

n, s, f: Integer;

procedure LoadGraph; (Nhip d thi, dd thi khong dugc ¢ chu trinh &m)

var
i, m, u, v: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
Readln(fi, n, m, s, £);
{Nhing canh khong cé trong dd thi dugc gén trong sb +o)
foru :=1 tondo
for v:=1tondo
if u = v then c[u, v] := 0 else c[u, v] := maxC;
for i := 1 to m do ReadLn(fi, u, v, cfu, v]);
Close (fi);
end;

procedure Init; {Khdéi tao}

var
i: Integer;

begin
for i := 1 to n do d[i] := MaxC;
d[s] :=0;
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end;

procedure Ford Bellman; {Thudt toan Ford-Bellman}
var

Stop: Boolean;

u, v, CountLoop: Integer;

begin
for CountLoop :=1 ton - 1 do
begin
Stop := True;

foru:=1tondo
for v:=1tondo
if d[v] > d[u] + c[u, v] then {Néu Ju, v thod min d[v] > d[u] + c[u, v] thi téi wu lai d[v]}
begin
d[v] :=d[u] + c[u, v];
Trace[v] := u; {Luu vét duong di)
Stop := False;
end;
if Stop then Break;
end;
{Thuat toan két thic khi khong sita nhan céc d[v] duoc nia hoic di lip di n - 1 1an)
end;

procedure PrintResult; {In dudng di tu s toi f}
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
if d[f] = maxC then {Néu d[f] vin 13 +o thi téc 13 khéng c6 dudng)
Writeln(fo, 'There is no path from ', s, ' to ', f)
else {Truy vét tim dudng di)

begin
Writeln(fo, 'Distance from ', s, ' to ', £, ': ', d[f]);
while £ <> s do
begin

Write(fo, £, '<-');
f := Trace[f];
end;
WriteLn(fo, s);
end;
Close(fo) ;
end;

begin
LoadGraph;
Init;
Ford_Bellman;
PrintResult;
end.

8.4. TRUONG HQP TRONG SO TREN CAC CUNG KHONG AM - THUAT
TOAN DIJKSTRA

Trong trudng hop trong s6 trén cac cung khong am, thuat toan do Dijkstra dé& xuat dudi day
hoat dong hiéu qua hon nhi€u so véi thuat toan Ford-Bellman. Ta hdy xem trong truong hop
nay, thuat toan Ford-Bellman thi€u hi¢u qua & chd nao:

Vi dinh v € V, Goi d[v] 1a d6 dai duong di ngén nhét tr s t&i v. Thuét toan Ford-Bellman

khai gan d[s] = 0 va d[v] = oo v6i Vv # s, sau d6 t6i wu hoa dan cac nhan d[v] bang cach sta
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nhin theo cong thie: d[v] := min(d[v], d[u] + c[u, v]) véi Vu, v € V. Nhu vay néu nhu ta

dung dinh u sira nhin dinh v, sau d6 néu ta lai tdi vu dugc d[u] thém nita thi ta cling phai sira

lai nhan d[v] dan t6i viéc d[v] c6 thé phai chinh di chinh lai rit nhiéu 1an. Vay nén ching, tai

mdi budc khong phai ta xét moi cip dinh (u, v) dé ding dinh u sira nhan dinh v ma sé chon

dinh u la dinh ma khong thé t6i wu nhin d[u] thém duoc nita.

Thudt todn Dijkstra (E.Dijkstra - 1959) ¢é thé mé ti nhw sau:

Budc 1: Khoi tao

Véi dinh v € V, goi nhan d[v] 1 d6 dai dudng di ngin nhét tir s toi v. Ban dau d[v] duoc khoi

gan nhu trong thuat toan Ford-Bellman (d[s] = 0 va d[v] = o v4i Vv # s). Nhan ctia mdi dinh

c6 hai trang thai ty do hay c¢d dinh, nhan tu do c6 nghia la co thé con tdi wu hon duge nita va

nhin ¢d dinh tic 1a d[v] da bang d6 dai duong di ngan nhét tir s t6i v nén khong thé tdi wu

thém. Dé 1am diéu nay ta co thé st dung k¥ thuat danh diu: Free[v] = TRUE hay FALSE tuy

theo d[v] tu do hay ¢6 dinh. Ban dau cac nhan déu ty do.

Budc 2: Lap

Budc 1ap gom c6 hai thao tac:

% C4 dinh nhan: Chon trong cac dinh c6 nhan ty do, léy ra dinh u la dinh c¢6 d[u] nho nhét, va
¢ dinh nhan dinh u.

% Sira nhan: Dung dinh u, xét tat ca nhitng dinh v va sira lai cac d[v] theo cong thic:

d[v] = min(d[v] , d[u]+c[u,v])

Budc lap sé két thiic khi ma dinh dich f duoc ¢b dinh nhan (tim dugc duong di ngén nhét tir s
té1 f); hodc tai thao tac ¢ dinh nhan, tat ca cac dinh tu do déu c6 nhan 1 +oo (khong tdn tai
duong di). Co thé dat cau hoi, & thao tac 1, tai sao dinh u nhu vay duogc ¢6 dinh nhin, gia sur
d[u] con c6 thé t6i wu thém duogc nira thi tat phai c6 mot dinh t mang nhén ty do sao cho d[u]
> d[t] + c[t, u]. Do trong s6 c[t, u] khéng 4m nén d[u] > d[t], trai véi cach chon d[u] 1a nhé
nhat. T4t nhién trong lan lap déu tién thi s la dinh dugc ¢b dinh nhin do d[s] = 0.

Bude 3: Két hop véi viée luu vét duong di trén timg budc sira nhén, thong bao duong di ngin
nhat tim dugc hoidc cho biét khong ton tai duong di (d[f] = +).

for (Vv € V) do d[v] := +x;
d[s] :=0;
repeat
u := arg min(d[v]|Vv € V); {Ldy u 1a dinh cé nhin d[u] nhd nhit)
if (u=£) or (d[u] = +») then Break; {Hoic tim ra dudng di ngin nht tir s téi f, hodc két ludn khong co dudng)
for (Vv € V: (u, v) € E) do {Dung u t6i uu nhan nhing dinh v k& véi u)
d[v] :=min (d[v], d[u] + c[u, Vv]);
until False;

P 4 08 2.PAS * Thuat toan Dijkstra
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Finding the Shortest Path using Dijkstra Algorithm;
const
InputFile = 'MINPATH.INP';
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OutputFile = 'MINPATH.OUT';

max = 1000;

maxEC = 1000;

maxC = max * maxEC;
var

c: array[l..max, 1..max] of Integer;

d: array[l..max] of Integer;

Trace: array[l..max] of Integer;

Free: array[l..max] of Boolean; ({Free[u] = True & u cé nhédn ty do}
n, s, f: Integer;

procedure LoadGraph; {Nhip dd thi, trong s6 cic cung phai 1a s6 khong am)
var

i, m, u, v: Integer;

fi: Text;
begin

Assign(fi, InputFile); Reset(fi);

Readln(fi, n, m, s, £);

for u :=1 tondo

for v :=1 tondo

if u = v then c[u, v] := 0 else c[u, v] := maxC;
for i := 1 to m do Readln(fi, u, v, clu, v]);
Close(fi);

end;

procedure Init; {Khéi tao cic nhén d[v], cac dinh déu dugc coi 12 ty do}
var
i: Integer;
begin
for i ;=1 ton do d[i] := MaxC;
d[s] := 0;
FillChar (Free, SizeOf (Free), True);
end;

procedure Dijkstra; {Thudt todn Dijkstra)}
var
i, u, v: Integer;
min: Integer;
begin
repeat
{Tim trong cic dinh cé nhan tu do ra dinh u cé d[u] nho nhit)
u :=0; min := maxC;
fori:=1tondo
if Free[i] and (d[i] < min) then
begin
min := d[i];
u =i
end;
{Thudt toan sé& két thic khi cac dinh tu do déu c6 nhin +o hoic di chon dén dinh f)
if (u =0) or (u=£) then Break;
{C6 dinh nhan dinh u}
Free[u] := False;
{Ding dinh u t6i uu nhin nhing dinh ty do ké véi u)
for v:=1tondo
if Free[v] and (d[v] > d[u] + c[u, v]) then
begin
d[v] :=d[u] + c[u, v];
Trace[v] := u;
end;
until False;
end;

procedure PrintResult; {In dudng di tu s téi f}
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var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
if d[f] = maxC then
Writeln(fo, 'There is no path from ', s, ' to ', f)
else
begin
WriteLn(fo, 'Distance from ', s, ' to ', £, ': ', d[f]);
while £ <> s do
begin
Write(fo, £, '<-');
f := Trace[f];
end;
Writeln(fo, s);
end;
Close(fo);
end;

begin
LoadGraph;
Init;
Dijkstra;
PrintResult;
end.

8.5. THUAT TOAN DIJKSTRA VA CAU TRUC HEAP

Néu d6 thi thua (co nhiéu dinh, it canh) ta co thé st dung danh sach ké kém trong s6 dé biéu

dién d6 thi, tuy nhién téc d6 cua thuit toan Dijkstra van kha chim vi trong trudng hop xau

nhat, nd can n 1an ¢ dinh nhan va mdi lan tim dinh dé ¢ dinh nhan s& mat mot doan chuong

trinh véi d6 phirc tap O(n). Dé thuat toan lam viéc hiéu qua hon, ngudi ta thuong sir dung cu

tric dir liéu Heap (PHAN 2, 88, 8.7.1) dé luu céac dinh chua cb dinh nhén. Heap ¢ day 1a mét

cay nhi phan hoan chinh thoa man: Néu u 13 dinh luu & nat cha va v 1a dinh luu & ndt con thi

d[u] < d[v]. (Pinh r luvu & gbc Heap 1a dinh c6 d[r] nho nhat).

Tai mdi budc lap cua thuat toan Dijkstra c6 hai thao tac: Tim dinh ¢ dinh nhan va Sira nhan.

% Véi mdi dinh v, goi Pos[v] 1a vi tri dinh v trong Heap, quy udc Pos[v] = 0 néu v chua bi
day vao Heap. M&i 1an c6 thao tac stra doi vi tri cac dinh trén cdu trac Heap, ta luu ¥ cip
nhap lai mang Pos nay.

% Thao tac tim dinh c¢6 dinh nhin s& lay dinh luu & gbc Heap, c¢b dinh nhén, dua phén tir cudi
Heap vao thé chd va thuc hién viéc vun déng (Adjust).

¢ Thao tac stra nhan, s€ duyét danh sach ké cua dinh vira ¢6 dinh nhin va stra nhin nhirng
dinh tu do ké véi dinh nay, mdi lan stra nhdn mot dinh nao d6 (nhén trong s6 d[.] bi giam
di), ta x&c dinh dinh nay nam & dau trong Heap (dua vao mang Pos) va thuc hién viéc
chuyén dinh d6 1én (UpHeap) phia gbc Heap néu can dé bao toan ciu trac Heap.

Cai dat dudi day c6 Input/Output gidng nhu trén nhung cé thé thyuc hién trén dd thi 10000

dinh, 100000 canh, trong s6 mdi canh < 100000.
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P 4 08 3.PAS * Thuit todn Dijkstra va chu tric Heap

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Finding the Shortest Path using Dijkstra Algorithm with Heap;
const
InputFile = 'MINPATH.INP';
OutputFile = 'MINPATH.OUT';
max = 10000;
maxE = 100000;
maxEC = 100000;
maxC = max * maxEC;
type
TAdj = array[l..maxE] of Integer;
TAdjCost = array[l..maxE] of Integer;
THeader = array[l..max + 1] of Integer;
var
adj: TAdj; {Danh sich ké dang mang}
adjCost: TAdjCost; {Kém trong sb}
h: THeader; {Mang danh diu cic doan trong danh sach ké& adj)
d: array[l..max] of Integer;
Trace: array[l..max] of Integer;
Free: array[l..max] of Boolean;
heap: array[l..max] of Integer; {heap[i] = dinh luu tai nit i cla heap}
Pos: array[l..max] of Integer; {pos[v] = vi tri cua nut v trong heap (tuc la pos[heap[i]] = 1)}
n, s, f, nHeap: Integer;

procedure LoadGraph; {Nhdp dit liéu}

var
i, m, u, v, ¢: Integer;
fi: Text;

begin

{Poc file 14n 1, dé xac dinh cac doan}
Assign(fi, InputFile); Reset(fi);
ReadIn(fi, n, m, s, £);
{Phép dém phan phdi (Distribution Counting)}
FillChar(h, SizeOf(h), 0);
fori :=1tomdo
begin
ReadLn(fi, u); {Ta chi cin tinh ban bic ra (degt) cla mdi dinh nén khéng cin doc dit 3 thanh phan}
Inc(h[u]);
end;
for i := 2 to n do h[i] := h[i - 1] + h[i];
Close(fi);
{Dén ddy, ta xac dinh dugc hfu] la vi tri cubi cta danh sach k& dinh u trong adj}
Reset(fi); {Poc file 14n 2, vao cAu tric danh sach ké}
ReadLn (fi); {Bo qua dong ddu tién Input file}
fori :=1tomdo
begin
Readln(fi, u, v, ¢);
adj[h[u]] := v; {Pién v va c vdo vi tri ding trong danh sich k& cta u}
adjCost[h[u]] :=¢;

Dec(h[u]);
end;
hin + 1] = m;
Close(fi);

end;

procedure Init; {Khéi tao d[i] = d6 dai duong di ng&n nhit t¥ s téi i qua 0 canh, Heap rong)
var

i: Integer;

begin
for i :=1 to n do d[i] := maxC;
d[s] :=0;

FillChar (Free, SizeOf (Free), True);
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FillChar (Pos, SizeOf (Pos), 0);
nHeap := 0;
end;

procedure Update(v: Integer); {Pinh v vira dugc sta nhan, cdn phai chinh lai Heap)
var
parent, child: Integer;
begin
child := Pos[v]; {child 1a vi tri cla v trong Heap}
if child = 0 then {Néu v chua c6 trong Heap thi Heap phai bd sung thém 1 phin t@ va coi child = nit 14 cubi Heap)
begin
Inc(nHeap); child := nHeap;
end;
parent := child div 2; {parent la nit cha cla child}
while (parent > 0) and (d[heap[parent]] > d[v]) do
begin {Néu dinh luu ¢ nit parent uu tién kém hon v thi dinh d6 sé bi diy xuéng nit con child)
heap[child] := heap[parent]; {Pdy dinh lwu trong nit cha xubng nit con)
Pos[heap[child]] := child; {Ghi nhdn lai vi tri méi cua dinh do}
child := parent; {Tiép tuc xét 1én phia nit gbc}
parent := child div 2;
end;
{Thao tac “kéo xubng” o trén tao ra mdt “khoang tréng” tai nit child cta Heap, dinh v sé dugc dit vao day)
heap[child] :=v;
Pos[v] := child;
end;

function Pop: Integer; {LAy ti Heap ra dinh cé nhan ty do nhé nhit}
var
r, ¢, v: Integer;
begin
Pop := heap[l]; (Nt gbc Heap chia dinh cé nhan ty do nhd nhét}
v := heap[nHeap]; {v 1a dinh & nat 14 cudi Heap, s& duoc déo 1én diu va vun dbng}
Dec (nHeap) ;
r :=1; {B&t dau ti nut gbc)
while r * 2 <= nHeap do {Ching nao r chua phai la 14}

begin
{Chon ¢ la nit ch@a dinh wu tién hon trong hai nit con}
c:=r*2;

if (c < nHeap) and (d[heap[c + 1]] < d[heap[c]]) then Inc(c);

{Néu v wu tién hon cd dinh chiéa trong C, thi thoat ngay)
if d[v] <= d[heap[c]] then Break;
heap[r] := heap[c]; {Chuyén dinh luu & ndt con ¢ 1én nit cha r)
Pos[heap[r]] := r; {Ghi nhdn lai vi tri méi trong Heap cla dinh do}
r := ¢; {Gan ndt cha := nit con va ldp lai}

end;
heap[r] := v; {Pinh v sé& dugc ddt vdo nit r dé bao toan clu tric Heap)
Pos[v] := r;

end;

procedure Dijkstra;

var
i, u, iv, v, min: Integer;

begin
Update(s); {Pua dinh xut phat vé gbc Heap}
repeat

u := Pop; {Chon dinh tu do cé nhadn nho nhét})
if u = f then Break; {Néu dinh d¢ 13 f thi dimg ngay)
Free[u] := False; {C6 dinh nhdn dinh do)
for iv := h[u] + 1 to h[u + 1] do {Xét danh sach ké}
begin
v := adj[iv];
if Free[v] and (d[v] > d[u] + adjCost[iv]) then
begin
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d[v] := d[u] + adjCost[iv]; {T6i wu ho4 nhdn ciia cdc dinh ty do ké véi u}
Trace[v] := u; {Luu vét duong di)
Update (v); {T6 chéic lai Heap}
end;
end;
until nHeap = 0; {Khong con dinh nao mang nhén ty do}
end;

procedure PrintResult;
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
if d[f] = maxC then
Writeln(fo, 'There is no path from ', s, ' to ', f)
else
begin
Writeln(fo, 'Distance from ', s, '"to ', £, ': ', d[f]);
while £ <> s do
begin
Write(fo, £, '<-');
f .= Trace[f];
end;
Writeln(fo, s);
end;
Close(fo);
end;

begin
LoadGraph;
Init;
Dijkstra;
PrintResult;
end.

8.6. TRUONG HOP PO THI KHONG CO CHU TRINH - SAP XEP TO PO

Xét truong hop d6 thi c6 huéng, khong co chu trinh (Directed Acyclic Graph - DAG), ta ¢
mot thuat toan hiéu qua duwa trén k¥ thuat sip xép To6 pd (Topological Sorting), co s& cia
thudt toan dwa vao dinh ly: Néu G = (V, E) 1a mot DAG thi cac dinh ctia n6 c6 thé danh sé sao

cho moi cung cuia G chi noi tir dinh ¢6 chi s6 nhé hon dén dinh c6 chi s6 16n hon.

Hinh 76: Phép danh lai chi so theo thir ty topd

Dé danh sb lai cac dinh theo diéu kién trén, ta c6 thé dung thuat toan tim kiém theo chiéu sau
va danh sb ngugc lai voi tha tu duyét xong, thuat todn co thé viét:

procedure Number;

procedure Visit(u: Integer);
var

Lé Minh Hoang



2 240 o Chuyén dé

v: Integer;
begin
(panh diu u di tham);
for (Vv € V: v chua thim k& véi u) do Visit(v);{Thim tiép nhing dinh chua thim k& véi u}
(P4 duyét xong nhanh DFS goc u, danh sé moi cho dinh u la count);
count := count - 1;
end;

begin
(panh diu moi dinh e V déu chua thim);
count :=n; {Bién danh sb dugc khoi tao bing n dé dém lui)
foru:=1tondo
if (u chua tham) then Visit(u);
end;

Viéc kiém tra d6 thi khong duoc co chu trinh ciing rit don gian bang cach thém vao doan
chuong trinh trén vai dong 1énh, toi s& khong viét dai dé tap trung vao thuat toan, cc ban cd
thé tham khéo cac k¥ thuét trinh bay trong thuat toan Tarjan (§4, 4.4.3).

Néu cac dinh dugc danh sb sao cho mdi cung phai ndi tir mot dinh téi mot dinh khac mang
chi s 16n hon thi thuat toan tim duong di ngén nhit c6 thé mé ta rat don gian:

Goi d[v] 1 do dai duong di ngin nhét tir s t6i v. Khai tao d[s] = 0 va d[v] = +oo v6i Vv #s. Ta
s€ tinh cac d[v] nhu sau:

foru:=1ton-14do
forv:i=u+1ltondo
d[v] := min(d[v], d[u] + c[u, v]);

(Gia thiét rang c[u, v] = +oo néu nhu (u, v) khong 14 cung).
Tac 1a dung dinh u, t6i wu nhan d[v] cua nhitng dinh v ndi tir u, v6i u duge xét lan lugt tir 1
t6in - 1. C6 thé 1am tot hon nira bang cach chi can cho u chay tir dinh xuét phat t6i dinh két
thiic. Bi hé u chay t6i dau thi nhan d[u] 1a khong thé cuc tiéu hod thém nita.
P 4 08 4.PAS * Duong di ngén nhit trén do thi khéng cé chu trinh
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program The Critical Path;
const

InputFile = 'MINPATH.INP';
OutputFile = 'MINPATH.OUT';

max = 1000;

maxEC = 1000;

maxC = max * maxEC;
var

c: array[l..max, 1..max] of Integer;
List, d, Trace: array[l..max] of Integer; {List chita danh sich cic dinh theo thi tu dinh sb méi}
n, s, f: Integer;

procedure LoadGraph; {Nhdp dit liéu}

var
i, m, u, v: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
Readln(fi, n, m, s, f);
foru:=1tondo
forv:=1tondo
if u = v then c[u, v] := 0 else c[u, v] := maxC;
for i := 1 to m do ReadLn(fi, u, v, c[u, v]);
Close (fi);
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end;

procedure Numbering; {Thuit toan danh sb cac dinh)
var

Free: array[l..max] of Boolean;

u, count: Integer;

procedure Visit(u: Integer);
var
v: Integer;
begin
Free[u] := False;
forv:=1tondo
if Free[v] and (c[u, v] <> maxC) then Visit(v);
List[count] := u;
Dec(count) ;
end;

begin
FillChar (Free, SizeOf (Free), True);
count :=n;
foru:=1tondo
if Free[u] then Visit(u);
end;

procedure Init; {Khoi tao cac nhan trong s}

var
i: Integer;

begin
for i := 1 to n do d[i] := maxC;
d[s] :=0;

end;

procedure FindPath; {Thudt todn quy hoach ddng tdi uu hod cac d[.])
var
i, j, u, v: Integer;
begin
fori:=1ton-1do
for j:=i+1tondo
begin
u := List[i]; v := List[j]; {Anh xa nquoc i, j sang chi s cii u, v)
if d[v] > d[u] + c[u, v] then
begin
d[v] :=d[u] + c[u, v];
Trace[v] := u;
end
end;
end;

procedure PrintResult; {In két qua}
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
if d[f] = maxC then
Writeln(fo, 'There is no path from ', s, ' to ', f)
else
begin
WriteLn(fo, 'Distance from ', s, 'to ', £, ': ', d[f]);
while £ <> s do
begin
Write(fo, £, '<-');
f := Trace[f];
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end;
Writeln(fo, s);
end;
Close(fo) ;
end;

begin
LoadGraph;
Numbering;
Init;
FindPath;
PrintResult;
end.

8.7. PUONG PI NGAN NHAT GIUA MOQI CAP PINH - THUAT TOAN FLOYD

Cho don d6 thi c6 hudng, co trong s6 G = (V, E) v6i n dinh va m canh. Bai toan dit ra 1 hay
tinh tat ca cac d(u, v) 1 khoang cach tir u t6i v. RS rang 13 ta c6 thé ap dung thuét toan tim
duong di ngin nhat xuét phat tir mot dinh voi n kha nang chon dinh xuat phat. Nhung ta ¢
cach 1am gon hon nhiéu, cdch 1am nay rat gidng véi thuat toan Warshall ma ta da biét: Tir ma
tran trong s6 ¢, thuat toan Floyd tinh lai céc c[u, v] thanh d¢ dai duong di ngén nhét tir u toi v:
Véi moi dinh k cta dd thi dugc xét theo thtr tu tir 1 t&i n, xét moi cap dinh u, v. Cuc tiéu hoa
c[u, v] theo cong thuc:
c[u, v] :=min(c[u, v], c[u, k] + c[k, v])

Tic 1a néu nhu duong di tir u téi v dang c6 lai dai hon duong di tir u t6i k cong véi duong di
tir k toi v thi ta huy b duong di tir u t6i v hién thoi va coi duong di tir u téi v s& 1a ndi cua hai
duong di tir u t6i k roi tir k t6i v (Chi y rang ta con ¢o viée luu lai vét):

for k :=1 tondo
foru:=1tondo
for v:=1tondo
c[u, v] :=min(c[u, v], c[u, k] + c[k, v]);

Tinh dung cua thudt todan:
Goi ck[u, v] 12 46 dai duong di ngin nhat tir u téi v ma chi di qua cac dinh trung gian thudc
tap {1, 2, ..., k}. R0 rang khi k = 0 thi ¢’[u, v] = c[u, V] (dudng di ngin nhat 1 dudng di tryc
tiép).
Gia st ta da tinh dugc cac ¢ '[u, v] thi ¢"[u, v] s& dwoc x4y dung nhu sau:
Néu dudng di ngan nhat tir u t6i v ma chi qua cac dinh trung gian thudc tap {1, 2, ..., k} lai:
% Khong di qua dinh k thi ttrc 1a chi qua cac dinh trung gian thudc tap {1, 2, ..., k - 1} thi
ck[u, v]= ck'l[u, v]
% C6 di qua dinh k thi duong di d6 s& 1 ndi ctia mot duong di tir u t6i k va mot duong di tir k
t&1 v, hai duong di nay chi di qua cac dinh trung gian thudc tap {1, 2, ..., k- 1}.
Mu, v]=c*"[u, k] + [k, v].
Vi ta mudn ¢*u, v] 14 cuc tiéu nén suy ra: ¢M[u, v] = min(c*'[u, v], ¢ [u, k] + [k, v]).
Va cubi clng, ta quan tim t6i ¢"[u, v]: Do dai duong di ngan nhit tir u téi v ma chi di qua cac

dinh trung gian thudc tap {1, 2, ..., n}.
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Khi cai dat, thi ta s€ khong c6 céc khai ni€ém c*[u, v] ma s& thao tac tryc tiép trén céc trong sb
c[u, v]. c[u, v] tai budc tdi wu thir k s& duoc tinh toan dé t6i wu qua cac gia tri c[u, v]; c[u, k]
va c[k, v] tai budc thtr k - 1. Tinh chinh x4c cua cach cai dat duéi dang ba vong lap for 1ong
nhu trén c6 thé thiy duoc do sy tdi wu bic cau chi 1am ting toc do tdi wu cac c[u, v] trong mdi
bude

P 4 08 5.PAS * Thuat toan Floyd

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]*)
program Finding the Shortest Path using Floyd Algorithm;

const
InputFile = 'MINPATH.INP';
OutputFile = 'MINPATH.OUT';
max = 1000;
maxEC = 1000;
maxC = max * maxEC;

var

c: array[l..max, 1..max] of Integer;
Trace: array[l..max, 1..max] of Integer; {Tracelu, v] = Dinh lién sau u trén dudng di t¥ u toi v)
n, s, f: Integer;

procedure LoadGraph; (Nhip dit 1iéu, dd thi khong dugc co chu trinh &m)

var
i, m, u, v: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
Readln(fi, n, m, s, f);
foru :=1tondo
forv:i=1tondo
if u = v then c[u, v] := 0 else c[u, v] := maxC;
for i := 1 to m do ReadLn(fi, u, v, c[u, v]);
Close(fi);
end;

procedure Floyd;
var
k, u, v: Integer;
begin
foru :=1tondo
for v := 1 to n do Trace[u, v] := v; {Gia si duong di ngdn nhit gifia moi cdp dinh 13 dudng truc tiép)
{Thudt toan Floyd}
for k :=1 ton do
foru:=1tondo
for v:=1tondo
if c[u, v] > c[u, k] + c[k, v] then {Puong di t¥ qua k tbt hon)
begin
clu, v] :=cfu, k] + c[k, v]; {Ghi nhdn duong di d6 thay cho dudng cii}
Trace[u, v] := Trace[u, k]; {Luu vét duong di}
end;
end;

procedure PrintResult; {In dudng di tu s téi f}
var
fo: Text;
begin
Assign(fo, OutputFile); Rewrite(fo);
if c[s, f] = maxC
then Writeln(fo, 'There is no path from ', s, ' to ', f)
else
begin
WriteLn(fo, 'Distance from ', s, 'to ', £, ': ', c[s, f]);
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repeat
Write(fo, s, '->');
s := Trace[s, £]; {Nhéc lai rang Trace[s, f] 14 dinh 1ién sau s trén duong di toi f}

until s = £;

Writeln(fo, £);

end;
Close(fo);
end;

begin
LoadGraph;
Floyd;
PrintResult;
end.

Khac biét rd rang cua thuit toan Floyd 1a khi can tim dudng di ngin nhit gitta mot cip dinh

khac, chuong trinh chi viéc in két qua chir khong phai thuc hién lai thuét toan Floyd nira.

8.8. NHAN XET

Bai toan dudng di dai nhat trén do thi trong mot s trudng hop co thé giai quyét bang cach dbi
dau trong sb tat ca cac cung roi tim dudng di ngan nhat, nhung hay can than, c6 thé xay ra
truong hop cé chu trinh am.

Trong tit ca cac cai dat trén, vi sir dung ma tran trong sd chir khong st dung danh sach canh
hay danh sach ké co trong s, nén ta déu dua vé do thi diy du va dem trong sd +oo gan cho
nhitng canh khong cé trong do thi ban dau. Trén may tinh thi khong c6 khai niém triru tugng
+oo nén ta s& phai chon mot sé duong du 16n dé thay. Nhur thé nao 1a du 16n? s d6 phai da 1on
hon tat ca trong sd cua cac duong di co ban dé cho du dudng di that co toi t& dén dau van tot
hon duong di tryc tiép theo canh tuong tuong ra do.

Xét vé do phuec tap tinh toan, néu cai dat nhu trén, thuat toan Ford-Bellman c6 do phuc tap 1a
O(n’), thuat toan Dijkstra 1a O(n?), thuat toan ti wu nhin theo thir ty topo 1a O(n%) con thuat
toan Floyd 1a O(n?). Tuy nhién néu str dung danh sach ké, thuat toan t6i wu nhan theo th tu
t6pd s& c6 do phuc tap tinh toan 1a O(m). Thuat toan Dijkstra két hop véi cau tric dit lidu
Heap c6 d¢ phuc tap O(max(n, m).logn).

Khac v6i mot bai toan dai s6 hay hinh hoc c¢6 nhiéu cach giai thi chi can nim vimg mot cach
cling c6 thé coi la dat yéu cAu, nhitng thuat toan tim duong di ngén nhét boc 10 rat rd uu,
nhuoc diém trong timg truong hop cu thé (Vi du nhu sé dinh cia d6 thi qua 16n lam cho
khong thé biéu dién bing ma tran trong sd thi thuat toan Floyd s& gip kho khin, hay thuat
toan Ford-Bellman 1am viéc kha cham). Vi vdy yéu cau trudc tién 1a phai hiéu ban chét va
thanh thao trong vi¢c cai dat tht ca cac thudt toan trén dé co thé st dung chung mét cach uyén
chuyén trong timg trudng hop cu thé. Nhiing bai tap sau day cho ta thiy 1 diéu do.

Bai tap

Bai 1

Giai thich tai sao d6i v6i dd thi sau, can tim duong di dai nhit tir dinh 1 t6i dinh 4 lai khong

thé dung thuat toan Dijkstra dugc:
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Bai 2

Trén mit phang cho n dudng tron (n < 2000), dudng tron thi i duoc cho bdi b ba sb thuc
(x[i], y[i], R[i]), (x[i], y[i]) 12 toa do tdm va R[i] & ban kinh. Chi phi di chuyén trén mdi
dudng tron bang 0. Chi phi di chuyén giira hai duong tron bang khoang cach giita chung. Hay
tim phuong an di chuyén gitra hai duong tron s, f cho trude véi chi phi it nhat.

Bai 3

Cho mét ddy n sb nguyén a[l..n] (n < 10000; 1 < a[i] < 10000). Hay tim mét ddy con gdm
nhiéu nhét cac phan tir ctia diy di cho ma tong cta hai phan tir lién tiép 1a s6 nguyén td.
Hudng dan: Dyng d6 thi G = (V, E), V= {1, ....n}, (i, j) € Enéui<j va a[i] + a[j] 12 s6
nguyén td, tim dudng di dai nhit trén d6 thi G khong c6 chu trinh

Bai 4

Mot cong trinh 16n duge chia 1am n cong doan danh s6 1, 2, ..., n. Cong doan i phai thuc hién
mat thoi gian t[i]. Quan hé giita cac cong doan duoc cho badi bang a[i, j]: a[i, j] = TRUE <
cong doan j chi duoc bit dau khi ma cong viée i dd xong. Hai cong doan doc 14p nhau c6 thé
tién hanh song song, hiy b tri lich thuc hién cac cong doan sao cho thdi gian hoan thanh ca
cong trinh 1a sém nhat, cho biét thoi gian sdém nhat do.

Huéng dan: Dung d6 thi G = (V, E), trong d6:

V={0,1,...,n}

E = {(0,u)|l <u<n} U {(u, v)a[u, v] = TRUE}. Trong s6 mdi cung (i, j) dat bang t[j]

Tim duong di dai nhat trén db thi khong c6 chu trinh, thoi diém thich hop dé thuc hién cong
viéc 1 chinh 1a d[i] - t[i].

Bai 5

Cho mét bang cac sé tu nhién kich thuéc mxn (1 < m, n < 100). Tir mét 6 c6 thé di chuyén
sang mot 6 ké canh v&i nd. Hiy tim mot cach di tir 6 (x, y) ra mot 6 bién sao cho tong cac sd
ghi trén cac 6 di qua 1a cyc tiéu.

Hudéng dan: Dung thuat toan Dijkstra v6i cdu triic Heap

Bai 6: Arbitrage

Arbitrage 12 mot cach str dung su bt hop 1y trong hdi doai tién té dé kiém 10i.

Vi du:

Gid stir

1$ mua duogc 0.7£

1£ mua duogc 190¥

1¥ mua duogc 0.009%
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Tir 18, ta c6 thé ddi sang 0.7£, sau d6 sang 0.7x190=133¥, rdi di lai sang 133x0.009=1.197$.
Kiém duoc 0.1978 1i.

Gia sir rang co n loai tién té danh sb 1, 2, ..., n. Va mot bang R kich thudc nxn cho biét ti 1¢
héi doai. Mot don vi tién i doi duoc R[i, j] don vi tién j.

a) Hiy tim thuat todn dé x4c dinh xem c6 thé kiém 10i tir bang ti gia hdi doai nay bang
phuong phép Arbitrage hay khong?

b) Gia sir rang nha bang du thong minh dé vo hidu hoa Arbitrage, tinh ti 1& tot nhét c6 thé
hoan dbi giira hai loai tién té& bat ky.

Huéng dan:

Lay logarithm cua céc ti gia hbi doai, dat R[i, j] == -In(R[i, j])). Dung db thi G = (V, E) c6 n
dinh va ma tran trong 6 1a R. Thém vao G mot dinh danh $6 0 va ndi no t6i tat ca nhiing dinh
con lai bang cung c6 trong s6 0.

a) Dung thuat toan Ford-Bellman tim dudng di ngan nhat xuit phat tir 0. Sau khi thuét toan
Ford-Bellman két thuc, xét tit ca cac cap dinh. Néu ton tai mot cap (u, v) ma d[v] > d[u] +
R[u, v] thi thong bio ton tai Arbitrage. Thuat toan nay dua trén nhan xét: Ti gia hdi doai da
cho c6 thé dung Arbitrage néu va chi néu do thi c¢6 chu trinh am.

b) Néu ti gia hdi doai khong cho phép Arbitrage tirc 12 do thi G khong c6 chu trinh 4m. Ding
thuat toan Floyd tim duong di ngan nhat gitta moi cip dinh. Ti 1& t5t nhat c6 thé hoan ddi tir
loai tién i sang loai tién j chinh 1a 1, trong d6 d[i, j] 12 d6 dai duong di ngin nhét gitra hai
dinhivaj trén G.

Bai 7:

Cho db thi vo6 huéng G = (V, E) gdm cac canh dugc gan trong so khong 4m. Cho hai dinh A
va B. Hay chi ra hai duong di tir a té1 b thod man:

¢+ Hai duong di nay khong c6 canh chung

% Tong do dai hai duong di 1a nho nhét co thé

Huéng dan:

Coi mdi canh ctia d6 thi twong duong vai hai cung c6 hudng ngugc chiéu nhau. Dung thuat
toan Dijkstra tim dudng di ngdn nhét tir A t6i B: (A=vq, vy, ..., vpy=B). Doc trén duong di
Dijkstra, bo di tt ca cac cung (vi.i, vi), va doi du trong sb cua cung (vi, vi.;) ndy. Phép bién
d6i nay c6 thé tao ra nhimng cung trong s6 am nhung khong tao thanh chu trinh am. Tiép theo,
dung thuat toan Ford-Bellman tim duong di nga"m nhét tr A toi B: (A=uy, uy, ..., ug=B). Doc
trén duong di Ford-Bellman, bo di tit ca cac cung (ui.;, u;). V6i mdi cung con lai trén db thi,
néu ca cung ngugc hudng vai nd ciing dugc duy tri dén budce nay thi loai bo ludn ca hai. Cubi
cung, nhitng cung con lai chi ra hai dudng di tir B vé A, biang cach 1at nguoc chiéu duong di,
ta c6 101 giai.

Vi du:

Do thi dudi day, A=1,B=5:
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Bo di cac cung (1, 2), (2, 4), (4, 5). Pat lai trong s6 cac cung nguoc chiéu duong di:
c[2, 1] :=-3; c[4, 2] := -4; c[5, 4] :=-3;

Péi chiéu 1én do thi ban dau, tong do dai 2 duong di tim duoc = Do dai dudng di Dijkstra +
Do dai duong di Ford-Bellman = 24. Lat nguoc thur ty cac dinh trong hai duong di trén, ta

duogc cap dudng di tir 1 t0i 5 ¢6 tong do dai nho nhat can tim.
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§9. BAI TOAN CAY KHUNG NHO NHAT

9.1. BAI TOAN CAY KHUNG NHO NHAT

Cho G = (V, E) 1a d6 thi vo hudng lién thong c6 trong sd, voi mot cay khung T cua G, ta goi

trong s6 cua cay T 1 tong trong sd cac canh trong T. Bai toan dit ra 14 trong sd cac cay khung

ctia G, chi ra cay khung co trong s6 nho nhat, cdy khung nhu vay duoc goi la cdy khung nho

nhat cta d6 thi (minimum spanning tree) va bai toan d6 goi 1a bai toan cdy khung nho nhat.

Sau day ta s& xét hai thudt toan thong dung dé giai bai toan cdy khung nho nhét cia don db thi

v0 hudng co trong s6. Ban co thé dua vao mot sb sira d6i nho trong thu tuc nhap li¢u dé giai

quyét bai toan trong trudng hop da do thi.

Input: file van ban MINTREE.INP:

% Dong 1: Ghi hai s6 s6 dinh n (< 1000) va s6 canh m ctia d0 thi cach nhau it nhat 1 ddu cach

% m dong tiép theo, mdi dong c6 dang 3 séu, v, c[u, v] cach nhau it nhét 1 du céch thé hién
dd thi c6 canh (u, v) va trong s6 canh do 1a c[u, v]. (c[u, v] 1a ) nguyén co gia tri tuyét dbi
khong qua 1000).

Output: file vin ban MINTREE.OUT ghi cac canh thudc cay khung va trong s6 cay khung

MINTREE.INP | MINTREE.OUT

69 Minimum spanning tree:
121 (2, 4) =1

131 (3,6 =1

241 (2,5) =1

232 (1, 3) =1

251 (1,2 =1

351 Weight = 5

361

452

562

9.2. THUAT TOAN KRUSKAL (JOSEPH KRUSKAL - 1956)
Thuat toan Kruskal dia trén mo hinh xdy dung cdy khung bang thuat toan hop nhat (§5), chi

c6 diéu thuat toan khong phai xét cac canh voi thir ty tuy ¥ ma xét cac canh theo thir ty da sip
xép: Voi @6 thi vo huéng G = (V, E) ¢6 n dinh. Khdi tao cdy T ban dau khong c6 canh nao.
Xét tht ca cac canh cua do thi tir canh ¢ trong s6 nho dén canh co6 trong s6 16n, néu viéc thém
canh d6 vao T khong tao thanh chu trinh don trong T thi két nap thém canh do6 vao T. Ctr lam
nhu vay cho tdi khi:

% Hoac da két nap dugc n - 1 canh vao trong T thi ta dugc T 1a cdy khung nhd nhét

% Hodc chua két nap du n - 1 canh nhung hé cur két nap thém mot canh bat ky trong s6 céc
canh con lai thi s& tao thanh chu trinh don. Trong truong hop nay do thi G 1a khong lién
thong, viéc tim kiém cay khung thit bai.

Nhu vy ¢6 hai vin dé quan trong khi cai dit thuat toan Kruskal:
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Tha nhét, lam thé nao dé xét duge cac canh tir canh co trong s6 nhé toi canh ¢ trong s6 16n.
Ta c6 thé thuc hién bang cich sap xép danh sach canh theo thir ty khong giam ciia trong sb,
sau d6 duyét tir dau t6i cudi danh sach canh. Trong trudng hop tong quat, thuat toan HeapSort
1a hiéu qua nhét boi nd cho phép chon 1an luot cac canh tir canh trong nho nhat téi canh trong
s6 16n nhat ra khoi Heap va c6 thé xir Iy (bo qua hay thém vao cdy) ludn.

Thir hai, 1am thé ndo kiém tra xem viéc thém madt canh c6 tao thanh chu trinh don trong T hay
khong. D& y rang cac canh trong T & cic budc s& tao thanh mot rimg (dd thi khong c¢6 chu
trinh don). Mubn thém mét canh (u, v) vao T ma khong tao thanh chu trinh don thi (u, v) phai
ndi hai cay khac nhau cua rung T, bdi néu u, v thude cung mot cay thi s€ tao thanh chu trinh
don trong cdy d6. Ban déu, ta khoi tao rimg T gém n cdy, mdi cay chi gdm dung mot dinh,
sau d6, mdi khi xét d&én canh ndi hai ciy khac nhau cta rimg T thi ta két nap canh d6 vao T,
ddng thoi hop nhit hai ciy d6 lai thanh mot cAy.

Néu cho mdi dinh v trén cdy mot nhan Lab[v] 1a s6 hiéu dinh cha ciia dinh v trong céy, trong
truong hop v 1a gdc cia mot cdy thi Lab[v] dugc gan mot gia tri am. Khi d6 ta hoan toan ¢
thé x4c dinh dugc gdc cua cdy chtra dinh v bang ham GetRoot dudi day:

function GetRoot (veV): €V;

begin
while Lab[v] > 0 do v := Lab[v];
GetRoot := v;

end;

Vay dé kiém tra mot canh (u, v) c6 ndi hai cay khac nhau cua rimg T hay khong? ta ¢ thé
kiém tra GetRoot(u) c6 khac GetRoot(v) hay khong, bdi mdi ciy chi ¢6 duy nhat mot gde.
Dé hop nhat cay gdc r; va ciy goc r, thanh mot cdy, ta luu ¥ rang mdi cdy & day chi dung dé
ghi nhan mot tap hop dinh thudc cay d6 chr ciu triic canh trén cdy thé nao thi khong quan
trong. Vay dé hop nhat cdy gdc r; va cdy gdc 1, ta chi viée coi r; 1a nut cha cia r; trong cay
bang cach dit:

Lab[r;] :=r;.

Tuy nhién, dé thuat toan 1am viéc hiéu qua, tranh truong hop cay tao thanh bi suy bién khién

cho ham GetRoot hoat dong chdm, nguoi ta thuong danh gia: bé hop hai cay lai thanh mot,

thi gbc cay nao it ntit hon s€ bi coi la con cua goc cay kia.
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Thuat toan hgp nhat cay goc r; va cay goc r o6 thé viét nhu sau:

{Count[k] 1 sb dinh cta cay gbc k)
procedure Union(rl, r2 € V);
begin
if Count[rl] < Count[r2] then {Hop nht thanh ciy gbc r2}
begin
Count[r2] := Count[rl] + Count[r2];
Lab[rl] := r2;
end
else {Hop nhit thanh cdy gbc rl})
begin
Count[rl] := Count[rl] + Count[r2];
Lab[r2] :=rl;
end;
end;

Khi cai dat, ta c6 thé tin dung ngay nhén Lab[r] dé Iuu sé dinh cta cdy gbc r, boi nhu da giai
thich & trén, Lab[r] chi cdn mang mot gia tri am 1a du, vy ta c6 thé coi Lab[r] = -Count|[r] voi
r 13 gbc ctia mot cdy nao do.

procedure Union(rl, r2 € V); {Hop nhit cdy gbc r, voi ciy gbc 1,)

begin

x := Lab[rl] + Lab[r2]; {-x 13 tdng s6 nit cta ca hai cay)
if Lab[rl] > Lab[r2] then {Ciy gbc rl it ntit hon cdy gboc r2, hop nhit thanh ciy gbc r2)

begin
Lab[rl] := r2; {r, 13 cha cla r;}
Lab[r2] := x; {r, 1& gbc cay méi, -Lab[r2] gi¢ ddy 1& sb ndt trong cdy méi}
end
else {Hop nhit thanh ciy gbc rl})
begin
Lab[rl] := x; {r; 14 gbc cay méi, -Lab[rl] gi¢ diy 1& sb nit trong cdy méi}
Lab[r2] := rl; {cha cua r; s& la 1;}
end;

end;

MO hinh thuat toan Kruskal:

for VkeV do Lab[k] := -1;
for (V(u, v) € E theo thit ty tit canh trong sb nho téi canh trong sé lén) do
begin
rl := GetRoot(u); r2 := GetRoot(v);
if rl # r2 then {(u, v) nbi hai cdy khac nhau}
begin
<Két nap (u, v) vao cdy, néu di di n - 1 canh thi thudt toan dimg>
Union(rl, r2); {Hop nhit hai cdy lai thanh mot cay)
end;
end;

P 4 09 1.PAS * Thuat toan Kruskal

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%" - 1]%)
program Finding the Minimum Spanning Tree using Kruskal Algorithm;
const

InputFile = 'MINTREE.INP';

OutputFile = 'MINTREE.OUT';

maxV = 1000;
maxE = (maxV - 1) * maxV div 2;
type

TEdge = record {C4u tric mjt canh}
u, v, c: Integer; {Hai dinh v& trong sb)
Mark: Boolean; {Panh diu c6 duoc két nap vao cdy khung hay khong)
end;
var
e: array[l..maxE] of TEdge; {Danh sach canh}
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Lab: array[l..maxV] of Integer; {Lab[v] 14 dinh cha clia v, néu v 13 gbc thi Lab[v] = - sb con ciy gbc v}
n, m: Integer;
Connected: Boolean;

procedure LoadGraph;

var
i: Integer;
f: Text;

begin
Assign(f, InputFile); Reset(f);
Readln(f, n, m);
for i :=1 tomdo

with e[i] do
Readln(f, u, v, ¢);

Close(f);

end;

procedure Init;

var
i: Integer;

begin
for i :=1 to n do Lab[i] := -1; {Ring ban dau, moi dinh 14 gbc cia cdy gdm ding mt niit)
for i ;=1 to mdo e[i].Mark := False;

end;

function GetRoot(v: Integer): Integer; {Liy gbc cua cdy chia v}

begin
while Lab[v] > 0 do v := Lab[v];
GetRoot :=v;

end;

procedure Union(rl, r2: Integer); {Hop nhit hai cdy lai thanh mdt cay)
var

x: Integer;
begin

x := Lab[rl] + Lab[r2];

if Lab[rl] > Lab[r2] then

begin
Lab[rl] := r2;
Lab[r2] := x;

end

else

begin
Lab[rl] := x;
Lab[r2] :=rl;

end;

end;

procedure AdjustHeap(root, last: Integer); {Vun thanh déng, ding cho HeapSort}

var
Key: TEdge;
child: Integer;
begin

Key := e[root];
while root * 2 <= Last do
begin
child := root * 2;
if (child < Last) and (e[child + 1].c < e[child].c)
then Inc(child);
if Key.c <= e[child].c then Break;
e[root] := e[child];
root := child;
end;
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e[root] := Key;
end;

procedure Kruskal;
var
i, rl, r2, Count, a: Integer;
tmp: TEdge;
begin
Count := 0;
Connected := False;
for i :=m div 2 downto 1 do AdjustHeap(i, m); {Vun danh sich canh thanh dbng}
for i :=m - 1 downto 0 do {Rt 1dn lugt cic canh khoi dbng, ti canh ngén téi canh dai)
begin
tmp := e[1]; e[1l] :=e[i + 1]; e[i + 1] := tmp;
AdjustHeap(l, i);
rl := GetRoot(e[i + 1].u); r2 := GetRoot(e[i + 1].v);
if rl <> r2 then {Canh e[i + 1] nbi hai ciy khic nhau)
begin
e[i + 1].Mark := True; {K&t nap canh d6 vao ciy}
Inc(Count); {Pém s6 canh}
if Count = n - 1 then {Néu di dd s6 thi thanh céng)

begin
Connected := True;
Exit;
end;
Union(rl, r2); (Hop nht hai cay thanh mit cay)

end;
end;
end;

procedure PrintResult;
var
i, Count, W: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
if not Connected then
Writeln(f, 'Error: Graph is not connected')

else
begin
WriteLn(f, 'Minimum spanning tree: ');
Count := 0;
W:=0;
for i :=1 to mdo {Duyét danh sach canh}
with e[i] do
begin
if Mark then {Loc ra nhing canh di k&t nap vdo cdy khung)
begin
WriteLn(f, '('r u, 'r 'l v, ') = 'r C),'
Inc(Count);
W:=W+c;
end;
if Count = n - 1 then Break; {Cho téi khi di n - 1 canh}
end;
Writeln(f, 'Weight = ', W);
end;
Close(f);
end;
begin
LoadGraph;
Init;
Kruskal;
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PrintResult;
end.

Xét vé d6 phirc tap tinh toan, ta c6 thé chirg minh dugc rang thao tic GetRoot c6 do phirc tap
1a O(Ign), con thao tac Union 1a O(1). Gia st ta da c6 danh sach canh da sap xép rdi thi xét
vong 1ap dung cdy khung, n6 duyét qua danh sach canh va v6i mdi canh né goi 2 lan thao tac
GetRoot, vay thi do phuc tap 13 O(mlgn), néu do thi c6 cay khung thi m > n-1 nén ta thdy chi
phi thoi gian cht yéu s& ndm & thao tac sip xép danh sach canh boi d6 phuc tap ciia HeapSort
13 O(mlgm). Vay do phtrc tap tinh toan cta thuat toan la O(mlgm) trong trudng hop xau nhat.
Tuy nhién, phai luu ¥ ring dé xay dung cdy khung thi it khi thuat toan phai duyét toan bo

danh sach canh ma chi mot phé‘ln cua danh sach canh ma thoi.

9.3. THUAT TOAN PRIM (ROBERT PRIM - 1957)
Thuat toan Kruskal hoat dong cham trong trudng hop d6 thi diy (c6 nhiéu canh). Trong
truong hop d6 ngudi ta thudng st dung phuong phap 1an can gan nhat ctua Prim. Thuét toan
d6 c6 thé phat biéu hinh thirc nhu sau:
Pon db thi vo huéng G = (V, E) ¢6 n dinh duoc cho béi ma tran trong sé C. Qui udc c[u, v] =
+o0 néu (u, v) khong 1a canh. Xét cay T trong G va mot dinh v, goi khoang cach tir v téi T 1a
trong s6 nho nhat trong sd céc canh ndi v véi mot dinh nao do trong T:
d[v] = min{c[u, v] | ueT}

Ban dau khi tao cay T chi gdm c6 mdi dinh {1}. Sau d6 ctr chon trong s6 cac dinh ngoai T ra
mot dinh gﬁn T nhét, két nap dinh d6o vao T déng thoi két nap ludn cé canh tao ra khoang cach
gan nhat d6. Ctr 1am nhu vay cho t6i khi:
% Hodc di két nap duoc tit ca n dinh thi ta ¢6 T 1a cdy khung nho nhat
% Hodc chua két nap dugc hét n dinh nhung moi dinh ngoai T déu c6 khoang cach t6i T 1a

+oo. Khi d6 d6 thi da cho khong lién thong, ta thong bao viéc tim cdy khung thit bai.
Vé mat k¥ thuat cai dat, ta co thé bat dau tir mot cay r5ng va khoi tao d[1] := 0 con d[v] := 4o
v6i Vv # 1. Tai mdi budc chon dinh dua vao T, ta s& chon dinh u ndo ngoai T va c¢6 d[u] nho
nhat. Khi két nap u vao T r6i thi cac nhan d[v] s& thay d6i: d[V]msi = min(d[v]s, c[u, v]).
Budc lap dau tién s& két nap dinh 1 vao cdy, tir budc 1ap thir hai, truée khi két nap mot dinh

vao cay, ta luu lai canh tao ra khoang cach gan nhat tir cay té1 dinh do dé cudi cung in ra cay

khung nhé nhat.
for (Vv e V) do
begin
d[v] := +o;
Free[v] := True; {Chua c6 dinh nao € cay}
end;
d[1] :=0;
for k :=1 tondo
begin

u := arg min(d[v]|v € V and Free[v] = True); {Chon u 14 c6 nhan ty do nhé nhit}
Free[u] := False; {C6 dinh nhan dinh u & két nap u vao cay}
for (VW e V: (u, v) € E) do

if d[v] > c[u, v] then
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begin
d[v] :=c[u, v];
Trace[v] := u;
end;
end;
(Théng bao cdy khung gém cb cac canh (Trace[v], v) véi Vv e V: v # 1));
P 4 09 2.PAS * Thudt toan Prim
{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Finidng Minimum Spanning Tree using Prim Algorithm;
const
InputFile = 'MINTREE.INP';
OutputFile = 'MINTREE.OUT';

max = 1000;

maxCE = 1000;

maxC = max * maxCE;
var

c: array[l..max, 1..max] of Integer;

d: array[l..max] of Integer;

Free: array[l..max] of Boolean;

Trace: array[l..max] of Integer; {Vét, Trace[v] 1& dinh cha cia v trong cay khung nho nhAt}
n, m: Integer;

Connected: Boolean;

procedure LoadGraph; {Nhap do thi}
var
i, u, v: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
Readln(f, n, m);
foru:=1tondo
for v:=1tondo
if u = v then c[u, v] := 0 else c[u, v] := maxC; {Khoi tao ma tran trong sb)
fori:=1tomdo
begin
Readln(f, u, v, clu, v]);
c[v, u] :=clu, v];
end;
Close(f);
end;

procedure Init;
var
v: Integer;
begin
d[1] :=0; {Pinh 1 cé nhdn khoang cach la 0}
for v := 2 to n do d[v] := maxC; {Cac dinh khdc c6 nhadn khodng cach +ow}
FillChar (Free, SizeOf (Free), True); {Ciy T ban dau 1a rdng)
end;

procedure Prim;
var
k, i, u, v, min: Integer;
begin
Connected := True;
for k :=1tondo
begin
u :=0; min := maxC; {Chon dinh u chua bi két nap c6 d[u] nhé nhat)
fori ;=1 tondo
if Free[i] and (d[i] < min) then
begin
min := d[i];
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u:=1i;
end;
if u = 0 then {Néu khong chon duoc u ndo cé dfu] < +o thi dd thi khéng lién thong)
begin
Connected := False;
Break;
end;

Free[u] := False; (Néu chon duoc thi danh diu u da bi két nap, 13p lan 1 thi di nhién u =1 boi d[1] = 0}
for v:=1tondo
if Free[v] and (d[v] > c[u, v]) then {Tinh lai céc nhan khodng cich d[v] (v chua k&t nap))
begin
d[v] :=c[u, v]; {T6i uwu nhan d[v] theo céng thic)
Trace[v] := u; {Luu vét, dinh nbi véi v cho khodng cich ngén nhit 13 u}
end;
end;
end;

procedure PrintResult;
var
v, W: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
if not Connected then {Néu dd thi khong lién théng thi thit bai)
Writeln(f, 'Error: Graph is not connected')

else
begin
Writeln(f, 'Minimum spanning tree: ');
W:=0;
for v := 2 to n do {Cdy khung nho nhit gém nhing canh (v, Trace([v])}
begin
WriteIln(f, '(', Trace[v], ', ', v, ') = ', c[Trace[v], v]);
W := W+ c[Trace[v], v];
end;
Writeln(f, 'Weight = ', W);
end;
Close(f);
end;
begin
LoadGraph;
Init;
Prim;
PrintResult;
end.

Xét vé do phuec tap tinh todn, thudt toan Prim c6 dg phtc tap la O(nz). Tuong tu thuat todn
Dijkstra, néu két hop thuat toan Prim voi cAu trac Heap s€ dugc mot thuat toan voi d§ phie
tap O((m+n)lgn). Tuy nhién néu phai 1am viéc véi @6 thi thua, nguoi ta thudng s dung thuat
toan Kruskal dé tim cdy khung cht khong dung thuét toan Prim véi ciu truc Heap.

Bai tap

Bai 1

So sanh hi€u qua cua thuat toan Kruskal va thuat toan Prim vé toc do.

Bai 2

Trén mot nén phang véi hé toa do Decattes vudng goc dit n may tinh, may tinh tht i dugc dat

& toa d6 (x[i], y[i]). P c6 sdn mot s6 day cap mang ndi gitta mot sé cip may tinh. Cho phép
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n6i thém cac diy cap mang ndi giita timg cdp may tinh. Chi phi ndi mot ddy cap mang ti 1¢
thuan v6i khoang cach giita hai méay can ndi. Hay tim cach ndi thém cac day cap mang dé cho
cac may tinh trong toan mang 1a 1ién thong va chi phi ndi mang 13 nho nhét.

Huéng dan:

Xay dung d6 thi ddy du G = (V, E). Mbi dinh tuong tmg v&i mot may tinh.

Trong s canh (u, v) s& duoc dit bang

¢ 0, néu da cb san cap mang nodi hai may u, v.

2 2 A ;< , A . ’ \
< \/(Xu — Xv) -l-(yu - yv) , heu chua c6 san cap mang noi hai mayuvav

Tim cay khung nho nhat ctia G. Nhiing canh trong s6 # 0 twong tng véi nhitng cap mang can
lap dit thém.

Bai 3

Heé thdng dién trong thanh phd dugc cho boi n tram bién thé va cac duong day dién nbi giira
cac cap tram bién thé. Mdi duong diy dién e c6 do an toan 13 p(e). & day 0 < p(e) < 1. Do an
toan cua ca ludi dién 1a tich do an toan trén cac duong day. Vi du nhu c6 mdt duong day nguy
hiém: p(e) = 1% thi cho du cac duong day khac 13 tuyét ddi an toan (46 an toan = 100%) thi
d6 an toan ctia mang ciing rat thap (1%). Hay tim cach bo di mot s6 day dién dé cho cic tram
bién thé van lién théng va d6 an toan ctia mang 1 16n nhat co thé.

Huéng dan:

Bing k¥ thuat 13y logarithm, d6 an toan trén luéi dién tré thanh téng do an toan trén cic
duong day. Dyung d6 thi 6 mdi dinh twong tng véi mot tram bién thé va mdi canh tuong tmg
v6i mot duong day dién e dugce gan trong sb 1a -In(p(e)). Tim cdy khung nho nhét rdi loai bo
tat ca nhitng dudng ddy dién twong Gng v6i cac canh khong nam trén cay khung.

Bai 4

Hay thir cai dat thuat toan Prim véi cdu trac dir liéu Heap chita cdc dinh ngoai cay, twong tu

nhu dbi véi thuat toan Dijkstra.
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§10. BAI TOAN LUONG CUC PAI TREN MANG

10.1. CAC KHAI NIEM

10.1.1. Mang

Ta goi mang (network) 1a mot d6 thi ¢6 huéng G = (V, E) gdm n dinh va m cung, trong d6 ¢

hai dinh phan biét s va t, dinh s goi 1 diém phat (source) va dinh t goi 1a dinh thu (sink). Mdi

cung e = (u, v) € E dugc gan véi mot s6 khong am c(e) = c[u, v] goi 1a kha ning thong qua

ctia cung d6 (capacity). Dé thuan tién cho viéc trinh by, ta qui wdc rang néu mang khong co

cung (u, v) thi ta thém vao cung (u, v) v6i kha ning thong qua c[u, v] bang 0.

10.1.2. Dinh nghia 1

Néu c6 mang G = (V, E). Ta goi ludng ¢ trong mang G 1a mot phép gan cho mdi cung e = (u,

v) mot sd thue khong am o¢(e) = ¢[u, v] goi 1 ludng trén cung e, thoa min 2 rang budc:

% Rang budc 1: Strc chira tdi da (Capacity constraint): Ludng trén mdi ciing khéng dugc vuot
qua kha ning thong qua ctia cung do: 0 <o[u,v]<c[u,v] (VéiVu,v e V).

% Rang budc 2: Tinh bao ton (Flow conservation): Véi mdi dinh v khong phai dinh phét va
cling khong phai dinh thu, tong ludng trén cac cung di vao v bang tong ludng trén cic cung
dirakhoi v: D o[u,v]=> ¢[v,w] (V6i Vv e Vs, t})

ueV weV

Gia tri cia mot ludng duoc dinh nghia bang: tong ludng trén cac cung di ra khoi dinh phat trir

di tong ludng trén céc cung di vao dinh phat: [p|= > ¢[s,u]- > o[v,s].

ueV veV

Boi gia tri cua ludng ¢ trén cac cung 1a s6 khong 4m, doi khi ngudi ta con goi ¢ 1a ludng
duong (positive flow) trén mang G. Mot s6 tai liéu khac dua vao thém rang budc dinh s khong
duge c6 cung di vao va dinh t khong c6 cung di ra, khi d6 gia tri ludng duoc tinh bang tong
ludng trén cac cung di ra khoi dinh phat. Cach hiéu nay c6 thé quy vé mot truong hop riéng
cua dinh nghia.

10.1.3. Bai toan ludng cuc dai trén mang

Cho mot mang G, hdy tim ludng ¢" ¢6 gié tri 16n nhét.

Khong giam tinh tong quat, trong bai toan tim ludng cuc dai, ta co thé gia thiét ring v6i moi

ludng @ thi ludng trén cung (u, v) va ludng trén cung (v, u) khong dong thoi 1a sé duong (Vu,
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v € V). Boi néu khong ta chi viéc bt ca ¢[u, v] va @[v, u] di mot luong bang min(e[u, v],
o[v, u]) thi duoc mot ludbng mdi co gia tri bang ludng ban dau trong d6 hodc [u, v] bang 0
hoic ¢[v, u] bang 0.

10.1.4. Dinh nghia 2

Néu c6 mang G = (V, E), ta goi ludng f trén mang G 1a mot phép gan cho mdi cung e = (u, v)
mot so thuce f(e) = f[u, v] goi 1a ludng trén cung e, thod man 3 rang budc:

% Rang budc 1: Strc chira ti da (Capacity constraint): Ludng trén mdi cung khong dugc vuot

qua kha nang thong qua cia cung do: f[u,v]<c[u,v] véi V u,ve V.
% Rang budc 2: Tinh dbi xtmg 1éch (Skew symmetry): Véi V u, ve V, ludng trén cung (u, v)
va ludng trén cung (v, u) c6 cung gia tri tuyét dbi nhung trai dau nhau: f[u,v]=—f[v,u].
% Rang budc 3: Tinh bao ton (Flow conservation): V&i mdi dinh u khong phai dinh phat va

ciing khong phdi dinh thu, tong ludng trén cac cung di ra khéi u bing 0: »_ f[u,v]=0.

veV
Gié tri cia mot ludng dugc dinh nghia bang: tong ludng trén cac cung di ra khoi dinh phat:

£)= 3 £[s.u].

eV

Dinh Iy 1. Hai dinh nghia 1 va 2 1a twong duong.

Chirng minh:

T “twong duong” ¢ day hiéu theo muc dich cta bai toan tim luéng cuc dai, c6 nghia la vi¢c

tim ludng duong cuc dai theo dinh nghia 1 tuong duong véi viéc tim ludng cuc dai theo dinh

nghia 2.

(1)=(2): Néu c6 mot ludng duong ¢ trén G theo dinh nghia 1, ta xdy dung ludng f nhu sau:
flu, v] = ¢[u, v] - ¢[v, u]

Ta chtng minh f thoa man ba diéu kién cta ludng theo dinh nghia 2:

% Tinh chit 1:Vu, v € V, do ¢[v, u] = 0 nén flu, v] = ¢[u, v] - @[v, u] < c[u, v]

% Tinh chéat 2: Vu, v € V, ta ¢6 fTu, v] = ¢[u, v] - ¢[v, u] = -(@[v, u] - ¢[u, v]) = -f[v, u]

< Tinh chat3: Vu e V,tacod Y flu,v]=_ (¢[u,v]—g[u,v]) = > ¢[u,v]- D ¢[u,v]=0

veV veV veV veV

Ve gid tri ludng, ta co:

1= 2 F[s:v]= 2 (ofs.v]-e[vss]) = 2 ofsv]- 2 @[ vis]=]ol

veV veV veV veV
(2)=(1): Néu c6 mot ludng f theo dinh nghia 2, ta xay dung ludng dwong ® trén G nhu sau:
@[u, v] := max(flu, v], 0)

Tt 1a ta chi gitr lai nhitng gid tri fJu, v] duong gan cho ¢[u, v]. Ta chimg minh ¢ thod man
hai diéu kién cua ludng theo dinh nghia 1:

% Tinh chét 1: Yu, v € V, 18 rang ¢[u, v] khong a4m va ¢[u, v] = max(fu, v], 0) < c[u, v].
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% Tinh chit 2: Vu, v € V, ta ¢6 fTu, v] = ¢[u, v] - ¢[v, u] boi
Néu f[u, v] > 0 thi @[u, v] = f[u, v] va @[v, u] = 0 = f[u, v] = @[u, v] - ¢[v, u]
Néu flu, v] <0 thi ¢[u, v] =0 va @[v, u] = f[v, u] = -flu, v] = f[u, v] = @[u, v] - @[V, u]

Ta lai c6 tong ludng trén cac cung di vao v = Z(p[u, V], téng ludng trén cac cung di ra

ueV

khoi v =Y ¢[v,u]. Hiéu s gitra tong ludng trén cic cung di vao v va tong ludng trén cac
ueV

cung di ra khéi v = Z(p[u,v]—Z(p[v,u]ZZ((p[u,v]—(p[v,u])ZZf[u,V] =0. Vay tong

ueV ueV ueV ueV

ludng trén cac cung di ra khoi v bang tong ludng trén cac cung di vao v
V& gia trj ludng, ciing tir ding thirc fTu, v] = ¢[u, v] - ¢[v, u], ta c6
ol =2 0[s,v]= 2 o[v.s] =2 (els, v]-o[v.s]) = 2 £[s. v] =]
veV veV veV veV
Dinh ly dugc chirng minh.
Dinh nghia 1 tryc quan va d& hiéu hon dinh nghia 2, tuy nhién dinh nghia 2 lai thich hgp hon
cho viéc trinh bay va chirng minh cac thudt toan trong bai. Ta s€ sir dung dinh nghia 1 trong
cac hinh vé va output (chi quan tdm t6i cac gia tri ludng duong) con cac khai niém khi dién
giai thuat toan s& duoc hiéu theo dinh nghia 2.

10.1.5. C4c tinh chit co bin
Cho X va Y 14 hai tap con cuia dinh V, ta goi kha ning thong qua tir X dén Y 1a:

c(X, Y) = Z c[u,v]

ueX,veY

va gia tri ludng thong tir X sang Y 1a:

f(X,Y)= Z f[u,v]

ueXmey
Dinh Iy 2:

& V6i VX < V, ta 6 (X, X) = 0

% V6i VX, Y € V, ta 6 (X, Y) = -£(Y, X)

@ VO VX, Y,ZcV,XNY =@, tac f(X, Z) + KY, Z) = (X U Y, Z)

& Vi VX < Vs, th, ta 6 (X, V) =0

Chirng minh:

* Vo VXV, taco f(X,X)= Z f[u,v], nhu vAy néu fTu, v] xuét hién trong tong thi f[v,

u,veX
u] ciing xuét hién, theo tinh chit 2 ctia ludng, ta c6 (X, X) =0
V6 VX, YV, taco f(X,Y)= D fluv]vaf(Y,X)= > f[vu],néuhang tr fu,
ueX,veY veY,ueX
v] xuét hién trong tong thir nhit thi hang tir f[v, u] xuat hién trong tong thir hai va nguoc lai.
Suy ra f(X, Y) = -f(Y, X) theo tinh chit 2 cta ludng.
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@ f(XuY,Z)= ) fluv]=) fluv]+ D fluv]=1(X,Z2)+f(Y,Z)
ueXuyY ueX ueY
veZ veZ veZ

% Vi Yu € V\{s, t}, ta c6 f({u}, V) = 0 theo tinh chat 3 cta ludng, tir d6 suy ra véi V X <
V\{s, t}, ta c6 f(X, V) = 0. (DT nhién khi d6 f(V, X) = 0)

Dinh Iy 3: Gia tri ludng trén mang bang tong ludng trén cac cung di vao dinh thu.

Chirng minh:
f = f({s}, V) (Pinh nghia)
= f(V,V)-f(W{s},V)  (Dinhly2)
= -f(V\{s}, V) (Dinh Iy 2)
= f(V, V\{s}) (Pinh 1y 2)

= f(V, {t})+f(V, V\{s, t}) (Dinhly 2)
= f(V, {t}) (Pinh ly 2)

10.2. MANG THANG DU VA PUONG TANG LUONG
10.2.1. Mang thang dw

Tu mot mang G va mot luéng f trén G, ta xay dung mang G = (V, E¢) v6i tip canh Er dugc
dinh nghia bang tap canh E bo di cac cung bdo hoa (mét cung goi 1a bdo hoa néu ludng trén

cung d6 dung bang kha ning thong qua):

E, = {(u,v)‘(u,v IS V) A (f[u, V] < c[u, V])}
Kha ning théng qua ctia cung (u, v) trén Gy dugc tinh bang cdfu, v] = c[u, v] - flu, v], s va t 1an
luot duge coi 1a diém phat va diém thu trén Gy.

Mang G nhu vay duoc goi la mang thing du (Residual Network) ciia mang G sinh ra boi

luéng f. Hinh 79 12 vi du vé mot mang thang du:

Hinh 79: Mang G va mang thing dw G; twong rng (ky hiéu c[u,v]:f[u,v] chi kha nang théng qua c[u, v] va

ludng dwong twong tng f[u, v] trén cung (u, v))

Dinh Iy 4: Cho mang G va ludng f. Goi f' 1a mot ludng trén mang Gy. Khi d6 (f+f) ciing 1a

mot ludng trén G véi gid tri ludng bang |fl+|f|. Trong d6 ludng (f+) dugc dinh nghia nhu sau:
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(f+)[u, v] = f[u, v] + fTu, v] (Vu, v € V)

Chitng minh: Ta ching minh (f+f)) thoa man 3 tinh chat cta ludng.
¢ Rang budc 1: Vi Vu, v € V. Vi f[u, v] < ¢du, v] = c[u, v] - flu, v] nén flu, v] + f[u, v] <

c[u, v].
** Rang budc 2: Vi Vu, v € V. (f+)[u, v] = flu, v] + f'[u, v] = -f]v, u] - f[v, u] = -(f+f)[v, u].
* Rang buoc 3: Vo1 Vu e V\{s, t}. Z(f + f')[u,v] = Z(f[u,v]+f'[u,v])

veV veV
=Zf[u,v]+ Zf'[u,v] =0.
veV veV

Vé gia trj ludng. Ta ¢

E+£1=D (F+1)[s,v]= D (F[s.v]+F[s.v]) =2 £ [s.v]+ D F[s.v] = [f]+[F |

vev vev vev vev
Pinh 1y dugc chirng minh.

10.2.2. Puong ting ludng

Cho mang G va ludng f, mot duong di co ban tir A téi B trén mang Gy goi 1a mot dudng ting
ludng (Augmenting Path).

Véi mot duong ting ludng P, ta dat Ap := min{ciu, v)|(u, v) € P} 1a gia tri nho nhat ciia cac
kha ndng thong qua trén cac cung trén P va goi Ap la gia tri thang du (Residual capacity) cua

duong P.

1:1
Hinh 80: Mang thing du va dudng ting ludng

Dinh Iy 5: V6i P 1a mot duong ting ludng thi cac gia tri fp[u, v] cho bai

A, if (u,v)eP

f, [u,v]= -A,, 1t (v,u)eP

0, otherwise
la mot lu6ng trén Gy.
Chirng minh: D& thiy fp thoa man 3 tinh chét cia ludng.
Dinh Iy 6: Cho mang G va ludng f, néu P 1a duong ting ludng trén mang thing du Gy thi phép
dit £ := (f+fp) cho ta mot ludng méi trén f co gid tri bang [f] + Ap.

Chirng minh: D& dang suy ra tir dinh 1y 5 va dinh 1y 6.
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Phép gan f := (f+fp) goi 1a tang ludng doc theo duong P.

Vi du: V6i mang G, luéng f, va dd thi thang du G¢ nhu Hinh 80, gia stir chon duong di P=(1, 3,
4,2, 5, 6) lam dudng ting ludng véi gia tri thing du Ap = 2. Ludng fp trén Gy s& la:

fo[1, 3] =[3, 4] = fp[4, 2] = Hp[2, 5] =[5, 6] =2

f,[3, 1] = fp[4, 3] = fp[2, 4] = fp[5, 2] = fp[6, 5] =-2

Cong cac gia tri ludng ndy vao gia tri ludng f trong Umg trén cac cung, ta s& co ludng méi

mang gia tri 9.

10.3. THUAT TOAN FORD-FULKERSON (L.R.FORD & D.R.FULKERSON -
1962)

Thuit toan Ford-Fulkerson c6 thé viét:

<Khoi tao mdt ludng £ trén G, ching han ludng 0>
while <Tim dugc dudng tdng ludng P trén Go> do £ := (f + £);
<Output £>

Trude hét dé thay thuat toan Ford-Fulkerson tra vé ludng tirc 1a két qua cua thudt toan tra vé
thoa man 3 tinh chat cua ludng. Viéc chirng minh ludng d6 1a cuc dai di xay dung mét dinh 1y
quan trong vé mdi quan hé gitra ludng cuc dai va 14t cit hep nhét.

10.3.1. LAt cit

Ta goi mot 1at ct (X, Y) la mot cach phan hoach tép dinh V thanh 2 tap khac rSng ro1 nhau X
vaY.Lat citthoamins € X vat € Y goi 1 lat cit s-t. Kha ning thong qua cia lat cat (X, Y)
dugc dinh nghia boi ¢(X,Y) =) c[u,v]. Ludng thong qua lat cit (X, Y) dinh nghia bdi

ueX
veY

f(X,Y) = uEZ:Xf[u,v].

Dinh Iy 7: Cho mang G va ludng f, khi d6 ludng thong qua 1t cat s-t bat ky bang |f].
Chirng minh: Véi (X, Y) 1a mot l1at cét s-t bat ky,

fX,Y) = f(X,V)-f(X,V\Y) (Pinhly?2)

X, V)-fX,X) (W =X)

f(X, V) (Dinh 1y 2)
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fs, V) + f(X\{s}, V) (Dinh Iy 2)

f(s, V) (Pinh 1y 2, X\{s} khong chira ca s va t)

= Il
Dinh Iy 8: Cho mang G va ludng f, va (X, Y) 1a mot 14t cat s-t, khi d6 ludng thong qua lat cat
(X, Y) khong vuot qua kha nang thong qua cia lat cat (X, Y): f(X, Y) < c(X, Y).
Chirng minh: f(X,Y) = z f[u,v] < Zc[u,v] = C(X,Y)
uex uex
yev yev

H¢ qua: Gia tri cia mot ludng f bat ky trén mang G khong vuot qua kha ning thong qua cua
mot 14t cat s-t bat ky.
Chirng minh: Suy ra tryc tiép tir dinh 1y 8 va 9.
Dinh Iy 9: (Pinh 1y ludng cuc dai va lat cit s-t hep nhit)
Néu f1a mot ludng trén mang G = (V, E) voi diém phat s va diém thu t, khi d6 ba ménh dé sau
1a twong duong:

(1). f1a ludng cyc dai trén G

(2). Mang thing du Gy khong c6 duong ting ludng

(3). Ton tai (X, Y) 1a mot 1at cit s-t dé [f] = ¢(X, Y)
Chirng minh
(D=2
Gia sir phan chimg rang Gy c6 dudng ting ludng P thi ta ¢6 (f + fp) ciing 13 ludng trén G va gia
tri ludng cua (f+fp) 16n hon f, trai véi gid thiét f1a luong cuc dai trén mang
2)=03)
Néu Gy khong t6n tai dudng ting ludng thi ta dit
% X = {u|Tén tai dudng di tir s téi u trén mang Gy}
e Y=VX
Khido XNnY=9,s € X,t ¢ X (do khong c6 duong ditirs tdit)nént € Y, nén (X, Y) la
mot 1at cat s-t. Vi Vx € X va Vy € Y, ta ¢6 flu, v] = c[u, v] boi néu f[u, v] < c[u, v] thi co
cung (u, v) trén Gy va nhu vay tir s c6 thé dén duogc v, trai voi cach xdy dung l1at cat. Tir d6 suy
raf(X,Y)=c(X,Y)
3)=(1)
Theo dinh 1y 8, gi4 tri ctia moi ludng trén G < ¢(X, Y), néu gia tri ludng f ding bang kha ning
thong qua cua lat cit (X, Y) thi f phai 13 ludng cyc dai trén mang
Pinh nghia: Lat cit s-t c6 kha ning thong qua nho nhét (bang gi tri luéng cuc dai trén mang)

goi 1a 1at cdt s-t hep nhét ctia mang G.
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10.3.2. Cai dat

Ta s€ cai dat thuat toan Ford-Fulkerson véi Input va Output nhu sau

Input: file van boAn MAXFLOW.INP. Trong do:

% Dong 1: Chtra s6 dinh n (<1000), s6 canh m cua dd thi, dinh phat s, dinh thu t theo ding
thtr tu cach nhau it nhat mot ddu cach

% m dong tiép theo, mdi dong c6 dang ba sb u, v, c[u, v] cach nhau it nhat mot dau cach thé
hién c6 cung (u, v) trong mang va kha nang thong qua cta cung d6 1a c[u, v] (c[u, v] 1a s0
nguyén duong khong qua 10°)

Output: file vin ban MAXFLOW.OUT, ghi ludng trén céc cung va gi tri ludng cuc dai tim

duoc
MAXFLOW.INP | MAXFLOW.OUT
f[1, 2] =5
f[1, 3] =14
f[2, 4] =3
f[2, 5] =2
f[3, 4] =3
f[3, 5] =1
f[4, 6] =6
f[5, 6] =3
Max Flow: 9

Ta st dung mot sb bién véi cac ¥ nghia nhu sau

% c[1..n, 1..n]: Ma tran biéu dién kha ning théng qua ctia cac cung trén mang

% f[1..n, 1..n]: Ma tran biéu dién ludng trén cac cung

% Trace[1..n]: Ding dé luu vét duong ting ludng, thudt toan tim dudng ting ludng s& sir
dung 12 thuat toan tim kiém theo chiéu rong (BFS)

% Ta c6 thé kiém tra (u, v) c6 phai 1a cung trén mang thing du G khong bang dang thirc: c[u,
v] > fTu, v]. Néu (u, v) 14 cung trén G thi kha ning thong qua ctia n6 1a c[u, v] - fTu, v].

P 4 10 1.PAS * Thudt toan Ford-Fulkerson

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Finding the Maximum Flow using Ford Fulkerson Algorithm;

const

InputFile = 'MAXFLOW.INP';

OutputFile = 'MAXFLOW.OUT';

max = 1000;
type

TCapacities = array[l..max, 1..max] of Integer;
var

c: TCapacities;

f: TCapacities;

Trace: array[l..max] of Integer;
n, s, t: Integer;

procedure Enter; {Nhdp dit 1iéu}

var
m, i, u, v: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
FillChar(c, SizeOf(c), 0);

DHSPHN 1999-2006



Ly thuyét d thi

R 265 e

Readln(fi, n, m, s, t);
fori:=1tomdo
Readln(fi, u, v, clu, v]);
Close(fi);
end;

function FindPath: Boolean; {Tim dudng ting ludng trén G;, tra vé True & tim thiy)
var

u, v: Integer;

Queue: array[l..max] of Integer; {Hang doi dung cho BFS}

Front, Rear: Integer;
begin

FillChar (Trace, SizeOf(Trace), 0);

Front := 1; Rear := 1;

Queue[l] :=s;
Trace[s] :=n + 1; {Trace[v] = 0 = v chua thdm}
repeat

u := Queue[Front]; Inc(Front); (Liy u khéi Queue)
for v:=1tondo
if (Trace[v] = 0) and (c[u, v] > £[u, v]) then {Xét Vv chua thim k& u trén G:)
begin
Trace[v] := u;
if v = t then {Pén duoc t thi thuat todn ding)

begin
FindPath := True; Exit;
end;
Inc(Rear); Queue[Rear] := v; {DPy v vido Queue)
end;

until Front > Rear;
FindPath := False;

end;
procedure IncFlow; {Ting ludng doc dudng ting ludng: f := (f + f5)}
var
Delta, u, v: Integer;
begin

{Tinh Delta = Ay}
Delta := MaxInt;
v =t
repeat
u := Trace[v];
if c[u, v] - f[u, v] < Delta then Delta := c[u, v] - f[u, v];

v = u;
until v = s;
{f = (f + )]}
v =t

repeat

u := Trace[v];
flu, v] := f[u, v] + Delta;
f[v, u] := £[v, u] - Delta;
vi=uy;
until v = s;
end;

procedure PrintResult;

var
u, v: Integer;
m: Integer;
fo: Text;

begin
Assign(fo, OutputFile); Rewrite(fo);
m:=0;

foru:=1tondo
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for v:=1 tondo
if f[u, v] > 0 then {Chi quan tam dén nhing cung c6 ludng duong)
begin
WriteLn(fo, 'f[', u, ', ', v, '] =", f[u, v]);
if u=s thenm :=m+ f[s, v];
end;
WriteLn(fo, 'Max Flow: ', m);
Close(fo);
end;

begin
Enter;
FillChar(f, SizeOf(f), 0);
repeat
if not FindPath then Break;
IncFlow;
until False;
PrintResult;
end.

Dinh Iy 10: (Tinh nguyén): Néu tat ca cac kha ning thong qua 1a s6 nguyén thi thuat toan trén
ludn tim dugc ludng cyc dai véi ludng trén cung 13 cac s6 nguyén.

Chirng minh: Ban dau khoi tao ludng 0 thi tirc cac ludng trén cung 13 nguyén. Mdi 1an ting
ludng 1én mét luong bang trong sé nho nhat trén cac cung cua dudng ting ludng ciling 1a sd
nguyén nén cudi cting ludng cyc dai tat s& phai co ludng trén cac cung 1a nguyén.

Dinh Iy 11: (Do phirc tap tinh toan): Edmonds va Karp chimg minh rang néu dung thuat toan
BFS dé tim duong ting ludng trén mang duoc biéu dién theo kiéu danh sach ké thi c6 thé cai
dat thuat toan Ford-Fulkerson bang giai thuat c6 do phtc tap O(nm?). Tuy nhién néu kha
nang théng qua trén cic cung ctia mang 13 s6 nguyén thi c6 mot cach danh gia khac dua trén
gia tri ludng cuc dai: PO phirc tap tinh toan cua thuat toan Ford-Fulkerson 14 O(|f*|.m) voi |f*|

1a gia tri ludng cuc dai trén mang.

10.4. THUAT TOAN PREFLOW-PUSH (GOLDBERG - 1986)

Thuat toan Ford-Fulkerson khong nhitng 1a mot cach tiép can thong minh ma viéc chimg
minh tinh ding dén ctia n6 cho ta nhiéu két qua thu vi vé mbi lién hé gitra luéng cuc dai va lat
cit hep nhét. Tuy vay d6 phuc tap tinh toan cua thuat toan Ford-Fulkerson 1a kha 16n, dan t6i
nhimg khé khan khi thyc hién véi dit lidu 16n. Trong phan nay ta s& trinh bay mot 16p cac
thuat toan nhanh nhét cho t6i nay dé giai bai toan ludng cuc dai, tén chung cta cac thuat toan
nay la Preflow-push.

Ta c6 thé hinh dung mang nhu mot hé théng dudng 6ng dan nude tir v6i diém phat s téi diém
thu t, cac cung la cac duong dng, kha niang thong qua 13 luu luong dudng dng co thé tai. Nudce
chay theo nguyén tic tir chd cao vé chd thap. Vi mot lugng nude 16n phat ra tir s t6i mot
dinh v, néu c6 cach chuyén luong nudc d6 sang dia diém khac thi khong c6 van dé gi, néu
khong thi ¢6 hién tugng “qua tai” xay ra tai v, ta “dang cao” diém v dé luong nudc d6 d6 sang
diém khéc (co thé d6 nguoc vé s). Cir tiép tuc qua trinh nhu vay cho t6i khi khong con hién

tugng qua tai ¢ bat cir diém nao. Cach tiép can nay hoan toan khac véi thuat toan Ford-
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Fulkerson: thuat toan Ford-Fulkerson ¢ ging tim mot dong chay phu (fp) tir s t6i t va thém
dong chay nay vao ludng hién c6 dén khi khong con dong chay phu nita.

10.4.1. Preflow

Cho mét mang G = (V, E). Ta goi mot preflow 1a mot phép gan cho mdi cung (u, v) € E mot
s6 thuc fTu, v] thoa mén 3 rang budc:

% Rang budc 1: Strc chira tdi da (Capacity constraint): preflow trén mdi ciing khong duoc

vuot qua kha nang thong qua cia cung do: f[u,v]<c[u,v], (Yu,ve V)

% Rang budc 2: Tinh d6i xtmg 1éch (Skew symmetry): preflow trén cung (u, v) va preflow

trén cung (v, u) c6 clng gid tri tuyét di nhung trai déu nhau: f[u,v]=—f[v,u]

< Rang budc 3: Tong ludng trén cic cung di vao mdi dinh v € V\{s} 1a s khong am:

Zf[u,v] >0

ueV
Ta dung bién FlowIn[v] d¢é luu tong ludng trén cac cung di vao dinh v: FlowIn[v]=)" f[u,v].
ueV
Pinh v € V\{s, t} duoc goi 1 qua tai (overflow) néu FlowIn[v] > 0. Luu ¥ rang khai niém qua
tai chi dé cap t6i cac dinh khong phai dinh phat ciing khong phai dinh thu.
Dinh nghia vé preflow tuong tu nhu dinh nghia ludng, chi khac nhau & tinh chét 3. Vi vay ta
cling c¢6 khai niém mang thang du Gy Gmg véi preflow tuong tu nhu d6i voi ludng.

10.4.2. Thao tac khéi tao (Init)

Ta goi phép cho twong tmg mdi dinh v v6i mot s6 tu nhién h[u] 1a mot ham d6 cao. Ham do
cao dugc khoi tao bang 0 trén cac dinh khong phai dinh phat va bang n tai dinh phat:

for (Vv e V) do
if v = s then h{v] :=n
else hlv] := 0

Sau thao tac khdi tao ham do cao, ta khédi tao preflow:

for (Vu, v eV, uts and v#s) do f[u, v] := 0
for (V u eV, uzs) do
begin
f(s, u] :=c[s, u];
flu, s] := -c[s, ul;
end;

Cudi cling, ta phai tinh cac gia tri FlowIn[.] twong tmg véi preflow vira khoi tao
for (V u € V) do FlowIn[u] := f[s, u]
10.4.3. Thao tac Push

Thao tac Push(u, v) dugc ap dung khi 3 diéu kién sau dugc thoa méan:
¢+ u bi qua tai: (u # s) and (u # t) and (FlowIn[u] > 0)

% (u, v) 1a cung trén Gg: cdu, v] = c[u, v] - flu, v] >0

+¢ DPinh u cao hon dinh v: h[u] > h[v]

Khi d6 thao tac Push(u, v) s€ thyc hién qua cac budc sau:
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*

« bat A .= min(FlowIn[u], cdu, v])

s biat flu, v] =1u, v] + A

s bat f[v, u] =f[v,u] - A

¢ FlowIn[u] := FlowIn[u] - A

% FlowIn[v] := FlowIn[v] + A

Ban chat cta thao tac Push(u, v) 1a chuyén mot lugng nude A dong tai u (do qué tai) sang
dinh v. D¢ thay ca ba tinh chat ciia Preflow van dugc duy tri sau thao tac Push.

10.4.4. Thao tac Lift

Thao tac Lift(u) dugc ap dung khi hai diéu kién sau dugc thoa man:

% u bi qua tai: (u # s) and (u # t) and (FlowIn[u] > 0)

% u khong chuyén duoc ludng xudng noi thip hon: (u, v) € Ef = h[u] < h[v]

Khi d6 thao tac Lift(u) dat h[u] := 1 + min{h[v]|(u, V) € Eg}

Ban chit cua thao tac Lift 1a khi dinh u bj qua tai va ciing khéng chuyén tai duoc cho dinh
khéc thi ta day dinh u Ién cao hon dinh thap nhat c6 thé chuyén tai sang dung mét don vi do
cao.

10.4.5. Thuat toan Preflow-push

Thuét toan Preflow-push co thé viét:

Init;
while <Con dinh bi qua tai u> do

if <Iv € V dé c6 thé thuc hién thao tac Push(u, v)> then
Push(u, v)
else
Lift(u);
<Output £>

Viéc chimg minh tinh ding din ciia thuat toan Preflow-push co thé suy ra tir cac dinh 1y sau:
Dinh ly 12: B cao cua céac dinh khong bao gid bi giam di ca.
Chirng minh: D& thay boi chi c6 thao tac Lift thay d6i do cao cua dinh, thao tac ndy chi nang
dd cao mot dinh 1én chir khong giam di.
Dinh Iy 13: Cac d0 cao h[.] [udn thod man rang budc: V (u, v) € E¢thi h[u] < h[v] + 1. Rang
budc nay goi la rang budc do cao
Chirng minh: RO rang tai budce khoi tao, cac do cao h[.] thod man:
V(u,v) € Eg= h[u] <h[v] + 1.
Thao tac Lift(u)
% Véi moi cung (u, v) € Eg, thao tac Lift dat h[u] := 1 + min{h[v]|(u, v) € E;} day u Ién cao
hon nhung khong qua h[v] + 1.
% V&i moi cung (w, u) € Eg, trude khi vao thi tuc Lift thi h[w] < h[u] + 1 theo gia thiét, vy
néu day u 1én cao hon thi h[w] van khong qué h[u] + 1.

Thao tac Push(u, v)
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Chu y rang thao tac Push(u, v) chi thuc hién duoc néu h[u] > h[v]. Thao tic Push trudc hét
thém vao Er cung (v, u) khi d6 ta c6 h[v] < h[u], rang budc do cao dugc duy tri. Sau do6 thao
tac Push c6 thé d& bo cung (u, v) tir Eg, viée d& bo nay ciing bo ludn rang bude do cao (h[u]
phai <h[v] +1).
Pinh 1y dugc chirng minh.
No6i thém réng 6 thé chung minh dugc thao tac Push(u, v) chi thuc hién duoc néu u cao hon
v dng 1 don vi (h[u] = h[v] + 1). Piéu nay c6 thé suy ra tir rang budc do cao h[u] < h[v] + 1
va diéu kién h[u] > h[v] cua thao tic Push.
Dinh Iy 14: Cho G = (V, E) 1a mdt mang v6i diém phat s va diém thu t, goi f 14 mot preflow
trén G. Khi d6 néu tdn tai mot ham do cao h trén V thoa man rang budc do cao thi khong co
duong di tur s toi t trong Gy.
Chirng minh: Gia sir phan ching rang c6 dudng di P = (s = vq, vi..., vi = t), khong giam tinh
téng quat, co thé coi P 1a dudng di co ban, tirc 1a k < n. Tir rang budc do cao ta co:

h[s] =h[vo] <h[vi]+ 1 <h[va] +2< ... <h[w] +k=h[t] + k.
Boi h[t] = 0, ta ¢6 h[s] < k < n. Mau thun véi viéc h[s] duoc khdi tao bang n va khong bao
gid bi thay ddi ca.
Dinh Iy 15: Thuat toan Preflow-push 1a dung dén va c6 d6 phirc tap tinh toan O(n’m).
Chirng minh: C6 thé chimg minh thuit toan Preflow-Push ding trong thoi gian O(n’m). Néu
thuat toan dimg thi khong con dinh nao bi qua tai, ta ¢6 f1a ludng. Theo dinh 1y 14, khong con
duong di tir s t6i t trén Gr. Ap dung dinh 1y 9, ta c6 £ 1a ludng cuc dai trén mang.
C6 thé dua vao mot sb cai tién, chéng han t6 chirc danh séch cac dinh qua tai theo dang Queue,
sau d6 v6i mdi thao tac, thuat toan ddy thém nhiing dinh qua tai méi phat hién trong mdi thao
tac Push vao chd trong Queue dé khong ton thoi gian tim dinh qua tai. Thuét toan tién hanh
theo cach nay c6 do phirc tap tinh toan O(n’).
10.4.6. Cai dat

Chuong trinh cai dat thuat toan Preflow-push ¢ Input va Output giéng chwong trinh cai dat
thuét toan Ford-Fulkerson.

Céc dinh qua tai s& dugc luu trong mot cdu trac dit liéu Queue dang danh sach vong (xem
PHAN 2, §5, 5.2.2). Mang Boolean InQueue[1..n], trong d6 InQueue[u] cho biét dinh u di c6
mat trong Queue chua. Ham Discharge(u) dugc thuc hién voi mét dinh u bi qua tai, ham nay
s& ¢ ging chuyén tai tir u sang nhimng dinh v ké v6i u trén G qua thao tac Push. Néu giam tai
duoc cho u thi ham tra vé True, nguoc lai ham tra vé False dé bao cho chuong trinh biét phai
thuc hién thao tac Lift(u).

P 4 10 2.PAS * Thuit toan Preflow-push

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%,.2%! - 1]%)
program Finding the Maximum Flow using Preflow Push Algorithm;
const

InputFile = 'MAXFLOW.INP';

OutputFile = 'MAXFLOW.OUT';
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max = 1000;
type

TCapacities = array[l..max, 1..max] of Integer;
var

c: TCapacities;

f: TCapacities;

FlowIn: array[l..max] of Integer;

h: array[l..max] of Integer;

Queue: array[0..max - 1] of Integer;
InQueue: array[l..max] of Boolean;
n, s, t, Front, Rear: Integer;

procedure Enter; {Nhdp dit 1iéu}

var
m, i, u, v: Integer;
fi: Text;

begin

Assign(fi, InputFile); Reset(fi);
FillChar(c, SizeOf(c), 0);
Readln(fi, n, m, s, t);
for i :=1 tomdo
ReadIn(fi, u, v, clu, v]);
Close (fi);
end;

function OverFlow(u: Integer): Boolean; {OverFlow[u] & u bi qué tai}
begin

OverFlow := (u <> s) and (u <> t) and (FlowIn[u] > 0)
end;

procedure Init; {Khoi tao}
var
v: Integer;
begin
FillChar(f, SizeOf(f), 0);
FillChar (InQueue, SizeOf (InQueue), False);
FillChar(h, SizeOf(h), 0); {Khoi tao ham do cao}
h[s] :=n;
Rear :=n - 1;
for v := 1 to n do {Cho s phat hét cong sut 1én cac cung lién thudc (s, v)}

begin
fls, v] :=c[s, v];
flv, s] := -¢c[s, v];

FlowIn[v] := c[s, v];
if OverFlow(v) then (Néu v bi qué tai thi dua v vao Queue}
begin
Rear := (Rear + 1) mod n;
Queue[Rear] :=v;
InQueue[v] := True;
end;
end;
Front := 0;
end;

procedure PushToQueue(u: Integer); {Pay mot dinh qui tdi u vao Queue}
begin
if not InQueue[u] then
begin
Rear := (Rear + 1) mod n;
Queue[Rear] := u;
InQueue[u] := True;
end;
end;
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function PopFromQueue: Integer; (LAy mot dinh qué tai ra khdi Queue, trd vé trong k&t qua ham)
var
u: Integer;
begin
u := Queue[Front];
Front := (Front + 1) mod n;
InQueue[u] := False;
PopFromQueue := u;
end;

function Discharge(u: Integer): Boolean; (Him Discharge c6 ging giam tai cho dinh qui tai u)
var
v: Integer;
Delta: Integer;
Pushed: Boolean;
begin
Pushed := False;
for v :=1tondo
if (c[u, v] > f[u, v]) and (h[u] > h[v]) then {Piéu kién d& thyc hién Push(u, v)}
begin
{Thyc hién thao tac Push(u, v)}
Delta :=c[u, v] - f[u, v];
if FlowIn[u] < Delta then Delta := FlowIn[u];
flu, v] := f[u, v] + Delta;
f[v, u] := £[v, u] - Delta;
FlowIn[u] := FlowIn[u] - Delta;
FlowIn[v] := FlowIn[v] + Delta;
if OverFlow(v) then PushToQueue(v); {Thao t&c Push(u, v) c6 thé sinh ra dinh qué tai méi v)
Pushed := True; {Pdt co bdo u di dugc gidm tai}
end;
Discharge := Pushed;
end;

function Lift(u: Integer): Boolean; {Thao tic Lift}

var
v, MinH: Integer;
begin
MinH := MaxInt;

for v :=1tondo
if (cu, v] > £[u, v]) and (h[v] < MinH) then
MinH := h[v];
h[u] := MinH + 1;
end;

procedure Preflowpush; {Thudt toin Preflow-push}
var
u: Integer;
begin
while Front <> (Rear + 1) mod n do
begin
u := PopFromQueue;
if not Discharge(u) then Lift(u);
if FlowIn[u] > 0 then PushToQueue(u); {Néu Discharge(u) khéng chuyén tai dugc hét cho u thi u vin qué tai)
end;
end;

procedure PrintResult; {In k&t qui}
var

u, v: Integer;

m: Integer;

fo: Text;
begin
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Assign(fo, OutputFile); Rewrite(fo);
m:=0;
foru :=1tondo
forv:=1tondo
if flu, v] > 0 then
begin
WriteLn(fo, 'f[', u, ', ', v, '] =", f[u, v]);
if u=s thenm :=m + £[s, v];
end;
Writeln(fo, 'Max Flow: ', m);
Close(fo);
end;

begin
Enter;
Init;
Preflowpush;
PrintResult;
end.

Thuec ra tén goi preflow-push 1a mot tén goi chung cho mot 16p thuat toan ma ¥ tudng ban dau
ctia n6 duoc phét trién boi Karzanov ndm 1974, mé hinh chung nhit cho thuét toan preflow-
push dau tién 1a generic preflow-push dugc Goldberg dua ra nim 1987 trong luan vin PhD
ctia ong. Sau d6 c6 rat nhiéu cai tién tir mo hinh nay ching han: FIFO Preflow-push sir dung
hang doi nhu ching ta cai dat & trén, Highest Label Preflow-push (ludn chon dinh qué tai nam
& do cao nhat dé giam tai trudc), Lift-to-front Preflow-push, ... Cac ban c6 thé tham khao

trong céc tai li¢u chuyén sau vé bai toan luong.

10.5. MOT SO MO RONG

10.5.1. Mang v6i nhiéu diém phat va nhiéu diém thu

Xét mang G voi p diém phat s[1], s[2], ..., s[p] va q diém thu t[1], t[2], ..., t[q]. Mot ludng c6
thé di tir mot diém phat bat ky dén mot diém thu bat ky, duoc dinh nghia twong tu nhu trong
bai toan ludng cuc dai. Bai toan tim ludng cuc dai tir cac diém phét dén cac diém thu co thé
dua vé bai toan véi mot diém phat va mot diém thu bang cach dwa vao thém mot diém phat
gia s va mot diém thu gia t. Dinh s dugc ndi toi tat ca cac diém phat s[1]...., s[p] va dinh t
duoc ndi tir tt ca cac dinh thu t[1], ..., t[q] bang cung c6 kha ning théng qua 1a +oo (Hinh 82),
sau d6 tim ludng cuc dai trén mang va cudi cing d& bo hai dinh gia ciing nhu cac cung gia

moi thém vao.
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10.5.2. Mang véi kha ning thong qua cta cac dinh va ciac cung

Gia st trong mang G, ngoai kha ning thong qua cta cac cung c[u, v], mdi dinh con duoc gan
mot s6 khong am d[.] 1a kha ning thong qua cia dinh d6. Ludng duong ¢ dugc dinh nghia
tuong tu dinh nghia 1 nhung thém rang budc: téng ludng duong di vao mdi dinh v khong
dugc vuot qua d[v]: z (p[u, V] < d[v] .

ueV
Néu ta thay mdi dinh v trén d6 thi bﬁng hai dinh vi,, Vour V@ mOt cung (Vin, Vour) ¢ kha nang
thong qua 1a d[v], sau d6 thay mdi cung di vao v thanh cung di vao vi, va thay mdi cung di ra
tir v bang cung di ra tir voy (Hinh 83) thi bai toan tim ludng dwong cuc dai trén mang G c6 thé
giai quyét bang cach tim ludng duong cuc dai trén mang gia nay sau d6 gan ludng duong trén

moi cung (u, v) trén mang ban dau bang gia tri ludng trén cung (Uou, Vin) trén mang gia.

10.5.3. Mang v6i rang budc ludng thong qua ciia cac cung bi chin hai phia

Xét mang G trong d6 mdi cung (u, v) ngoai kha ning thong qua c[u, v] con duge gan mot sb
khong am d[u, v] 1a can dudi ciia ludng. Bai toan dit ra 1a ¢6 ton tai ludng duong tuong thich
(feasible positive flow) trén G hay khong. (Ludng duwong tuong thich trén G 13 mot ludng

duong ¢ théa man: d[u,v]<¢[u,v]<c[u,v]-Xem lai dinh nghia 1 vé ludng duong trong bai).

Pua vao mang G mot dinh phat gia s' va mdt dinh thu gia t', xdy dung mét mang gia G* = (V°,

E’) theo quy tic:
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Téap dinh V’ ciia G’ 1a tap dinh V cong thém 2 dinh gid s’ vat: V? =V U {s’, t’}
véi mdi cung (u, v) trén G s& twong tmg v&i 3 cung trén G’: cung (s, v) va (u, t') v6i kha ning
thong qua 1a d[u, v], cung (u, v) véi kha nang thong qua 1a c[u, v] - d[u, v]. Ngoai ra thém vao

mot cung (t, s) trén G’ vdi kha nang thong qua +oo (Hinh 84).

Dinh Iy 16: Diéu kién can va du dé ton tai ludng duong twong thich trén G 13 trén G’ phai ton

tai ludng duong tir s' t6i t' v6i gid tri ludng 1a Y d[u,v].
(u,v)eE

D@ thay néu ton tai ludng dwong trén G’ tir s' téi t' v6i gia tri ludng Z d[u, V] thi ludng do6
(u,v)eE

phai 12 ludng cuc dai trén G’. Mudn chi ra mot ludng duong tuong thich ¢ trén G, trude hét ta

tim ludng duong cyc dai ¢’ trén G’, sau d6 véi mdi cung (u, v) ta dem ludng duong tim duoc

trén cung d6 (¢’[u, v]) cong thém d[u, v] 13 duoc ludng duong trén cung (u, v) cta G (¢[u, v])

tuong tng v6i ludng duong twong thich can tim: ¢[u, v] == ¢’[u, v] + d[u, v] (Vu, v € V).

G’ trong thudt toadn néu trén la da dd thi, tuy nhién trong cai dét cu thé, ta c6 thé biéu dién G’

du6i dang don d6 thi bang cach: néu c6 nhiéu cung ndi (u, v) thi thay bang mot cung (u, v)

duy nhat c6 kha ning théng qua biang tong kha ning thong qua cua cac cung do.

10.5.4. Mang c6 cac kha nang thong qua am

Ta mé rong khai niém kha ning thong qua cua cac cung bang cach cho phép ca nhiing kha

nang théng qua 13 s6 am. Bai toan dit ra 1a tim ludng cuc dai trén mang di cho thoa méan tat

ca cac rang budc cta ludng.

Thuat toan cho bai toan nay c6 thé dién giai nhu sau:

+¢ Input: Mang G = (V, E) véi dinh phat s, dinh thu t, cac kha nang thong qua c(u, v) € R

% Output: Ludng cuc dai trén G tir s t6i t.

% Giai thuat: Xuat phat tir mot ludng f bat ky trén G, xay dung mang thing du Gy twong tng
v6i G. Luu ¥ rang cac cung trén Gy s& c6 kha ning thong qua 1a sé dwong, tim ludng cuc
dai £ trén Gy bfmg mot thuat toan tim lué)ng cuc dai bat ky, khi d6 (f+f°) s€ la luéng cuc dai
can tim.

Viéc ching minh tinh ding dén cia thuat toan c6 thé thyc hién tuong ty nhu trong ching

minh dinh 1y 4 va dinh 1y 9, chung ta coi nhu bai tap. Van dé khé nhét cua thuat toan lai ndm

& budc khoi tao: “xuét phat tir mot ludng f bat ky...”.
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Lam thé nao dé c6 mot ludng f bat ky trén G thoa man tat ca cac rang budc ddi véi ludng?,
chung ta khong thé don gian khai tao f bang ludng 0, béi nhu vay, rang budc vé stic chira tbi
da s& bi vi pham trén nhing cung c6 kha ning thong qua 13 s 4m.
Chung ta thir xem xét ban chét ciia nhimg cung c6 kha ning thong qua am: Gia str c[u, v] < 0.
Duya vao rang budc vé tinh d6i xung I¢ch va stric chira tdi da, ta co:
f[v,u] = —f[u,v] > —c[u,v] >0

Vi vdy, viéc cho mdt cung cd kha nang thong la s6 Am vé ban chét chinh 1a dat mot gidi han
dudi cho ludng trén cung nguoc lai. Viéc chi ra mot ludng bat ky trén G c6 thé thyc hién bang
cach tim ludng duong tuong thich trén mang c6 kha ning théng qua ciia cac cung bi chin hai
phia (Muc 10.5.3) sau d6 bién d6i ludng dwong nay thanh ludng can tim bang phuong phap
tuong tu nhu trong chirng minh dinh 1y 1.
Bai tap:
Bai 1
Cho mét d6 thi gém n dinh va m canh va 2 dinh A, B. Hay tim cach bé di mdt s6 it nhat cac
canh dé khong con duong di tir A t6i B.
Huéng dan: Coi G = (V, E) 13 mang v6i diém phat A va diém thu B, loai bo tit ca cac cung di
vao A va cac cung di ra khoi B, dat kha ning thong qua cta cac cung déu bang 1, tim ludng
cuc dai trén mang va lat cit s-t hep nhat (X, Y), nhitng canh ndi giita X va Y 14 nhiing canh
can bo.
Bai 2: H¢ dai dién phan biét
Mot 16p hoc ¢6 n ban nam, n ban nit. Cho m mén qua luu niém, (n < m). MOi ban c6 sé thich
vé mot s6 mon qua nao d6. Hay tim cach phan cong mdi ban nam tang mot mon qua cho mot
ban nit thoa man:
«%» Mdi ban nam chi ting qua cho dung mot ban nit
% MOi ban nir chi nhan qua ctia ding mot ban nam
¢ Ban nam nao cling di tdng qua va ban nit nao ciing dugc nhan qua, mén qua d6 phai hop sd

thich cua ca hai nguoi.
¢ Mon qua nao da dugc mot ban nam chon thi ban nam khac khong dugc chon nira.
Hudéng dan: Xay dung mang G = (V, E), trong d6 V gdm 4 16p dinh:
¢ Lop dinh A[1..n], mdi dinh tuong trung cho mot ban nam
% L6p dinh B[1..m], mdi dinh tugng trung cho mdt mén qua
% Lép dinh C[1..m], mdi dinh tugng trung cho mdt mén qua
% Lop dinh D[1..n], mdi dinh tuong trung cho mot ban nir.
Tap céc cung E dugc xay dung nhu sau:
< Mot cung ndi tir 16p A t6i 16p B twong tng véi mot ban nam va mot mon qua hop so thich

cua ban nam do.
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% Mot cung ndi tir 16p B sang 16p C ndi mot dinh tuong trung cho mot mén qua tir 16p B t6i
dinh tugng trung cho chinh mén qua do & 16p C.

% Mot cung ndi tir 16p C sang 16p D twong img véi mét mén qua va mot ban nit thich mén
qua do.

% Tat ca cac cung déu c6 kha ning théng qua bang 1

Tim ludng cyc dai trén mang, néu gia tri ludng bang m thi cach phan cong 1a ton tai va c6 thé

chi ra bang cach: Trén nhitng cung c¢6 ludng di qua (gia tri ludng di qua bang 1 theo dinh 1y vé

tinh nguyén), mdi cung ndi tir I16p A sang 16p B twong dwong véi mot ban nam va mot mén

qua ban nam d6 s& chon, mdi cung tir 16p C sang 16p D tuong duong véi mot mon qua va mot

ban nir s€ nhan mén qua do.

Bai 3: Minimum Path Cover

Cho mét d6 thi G = (V, E) ¢6 hudng va khong c6 chu trinh (Directed Acyclic Graph-DAG),

mot phit duong (Path Cover) 1a mot tip P gdm cac duong di trén G thoa man: V&i moi dinh

veV, ton tai duy nhat mot dudng di peP chira v. Pudng di c6 thé bit dau va két thuc ¢ bat cir

dau, o tinh ca duong di d6 dai 0 (chi gdm 1 dinh).

Hay tim phi duong gdm it duong di nhét (| P| —>min).

Huéng dan:

Giasa V= {1, ..., n}. Xay dung d6 thi G'=(V', E'), trong d¢:

V'= {X0, X1, -+, Xn} Y {Y0, Y15 -5 Yn}

E'={(x0, x})li € V} U {(y}, yoli € V} W {(xi, y))I(i, j) € E}

Tim ludng nguyén cyc dai trén mang G' voi dinh phat xo, dinh thu y, va tat ca kha ning thong

qua ctia cac cung dugc gan bang 1. Mdi cung (x;, yj) trén G' co ludng di qua bang 1 s& twong

g voi mot cung (i, j) cua G duge chon vao mot dudng di nao d6 trong P. Cudi cung, nhimg

dinh ndo cta G chua thudc P s& dugc dua nét vao P véi tu cach 1a duong di d6 dai 0.

P={(1, 3, 5), (2, 4, 6)}
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Goi mot ludng nguyén duong 1a mot ludng duong (xem lai dinh nghia 1 vé positive flow) ¢o
gia tri ludng trén cic cung 1a s6 nguyén. Ta nhén xét rang c6 mot su twong Ung giira phi
duong trén G va ludng nguyén duong trén G'. That vay:

% V&i mdi duong di (v[1], v[2], ..., v[q]) cta P, v6i mdi dinh v[j] =1, ..., q), ta c6 thé day 1
don vi ludng tir xo t6i Xy[j] qUa Yvj+1] dén yo. D& thdy ludng nguyén duong trén G' duoc xay
dung nhu vay la thoa man dinh nghia ludng duong, boi cic dudng di trong P d6i mot
khong c6 dinh chung.

% Nguoc lai, véi mot ludng nguyén duwong ¢ trén G', ta bo qua khong xét nhimng cung nbi tir
Xo va nhiing cung nbi ti yo trén G', vi cac kha nang thong qua dugc gan bang 1 nén ludng
duong trén mdi cung cta G' hodc bio hoa (= 1), hoic bang 0. Khai tao P gdm n dinh € V
va chua c6 cung nao, ¢ thé coi P gdm n duong di d6 dai 0. Mdi khi dua vao P mot cung (u,
v) tuong Gng voi mot cung bdo hoa (x,, yy) trén G', cung d6 s& nbi 2 dudng trén P thanh
mot duong. Tai sao vay?, boi trén G, mdi dinh x, c6 nhiéu nhat mot cung bao hoa di ra va
mdi dinh y, c6 nhiéu nhit mot cung bio hoa di vao, vay nén néu thém vao P cung (u, v)
twong ung vdi cung bao hoa (xy, yy) trén G' s€ khong bao gio lam cho ban bac ra cua u
ciing nhu ban bac vao ciia v vugt qua 1 (tic 1a khong tao thanh ngi 1&). Tir d6 suy ra, moi
lan thém vao P mot cung thi s6 duong di trong P s& giam di 1. Vi s6 cung bao hoa dang (x,
yy) trén G' dung bang gia tri ludng nguyén duong ¢ trén mang G' nén sé duong di trén P
xdy dyng theo cach trén s& 1a n — || Viéc cuc tiéu hoa sd duong di trong P twong duong
v6i cuc dai hoa gi tri ludng nguyén duong qua mang G', tirc 1a phii duong suy ra tir ludng
cuc dai 1a phu duong tdi thiéu.

Thuat todn trén khong thuc hién dugc trong truong hop dd thi c6 chu trinh, hay tu giai thich

tai sao. Cho t&i nay, ngudi ta van cho rang bai toan tim pht duong cuc tiéu trong trudng hop

dd thi tong quat 1a NP-Hard, c6 nghia 13 mot thuat toan v&i do phuc tap da thirc dé giai quyét

bai toan phu duong cuc tiéu trén do thi tong quét s& 1a mot phat minh 16n va ddng ngac nhién.

Bai 4: The minimum cut

Ta quan tdm dén dd thi vo hudng lién thong G = (V, E), cac canh duoc gan trong sé khong am,

bai toan dit ra 1a hdly phan hoach tap dinh V thanh hai tap khac rong roi nhau X va Y sao cho

tong trong so cac canh ndi gifta X va Y 1 nho nhét ¢6 thé. Cach phan hoach nay goi 1 lat cit
tong quat hep nhat ctia G. Ky hiéu MinCut(G).

Huéng dan:

Goi ¢ la ma trdn trong s6 cua G, clu,v]=0 néu (u, v) khong 1a canh.

Bai toan c6 thé phat biéu: Tim X € VvaY < V thoa man:

XuY=V)and (XNY =) and (¢(X, Y) — min)

Cich 1: Mot cach té nhat ¢ thé thuc hién 1 thir tit ca cac cip dinh (s, t). Vi mdi 1an thu ta

cho s 1am diém phét va t lam diém thu trén mang G, tim ludng cuc dai va lat cit s-t hep nhat.

Cubi cung 1a chon 1at cit s-t c6 trong s6 nho nhét trong tat ca cac lan thir. Cach nay c6 thé noi
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1a rit cham (mét n.(n-1)/2 1an tim ludng cuc dai) nén khong kha thi voi dit liéu 16n. Dudi day

ta trinh bay cach lam khéc.

V6i hai diém u va v cia G, ta goi dd thi G/{u, v} 1a d thi tao thanh tir G bang cach chép 2

dinh u va v thanh 1 dinh uv. Trong s6 cua cac canh (uv, w) dugc tinh béng téng c[u, w] + c[v,

w]. Khi do ta c6 dinh 1y:

Dinh Iy 17: Véi s va t 1a hai dinh bat ky cta G, khi d6 MinCut(G) c¢6 thé thu duoc bang cach

14y 1at cit nho hon trong hai lat ct:

% Lat cat s-t hep nhat: Coi s va t lan luot 1a diém phat va diém thu trén G, 1at cit s-t hep nhat
c6 thé xac dinh bang viéc giai quyét bai toan ludng cuc dai trén G véi ¢ 1a ma tran kha
nang thong qua.

% Lat cat tong quat hep nhét trén G/{s, t}: MinCut(G/{s, t}).

Chirng minh: Lat cat tong quat hep nhét trén G c6 thé dwa s va t vao hai thanh phan lién

thong khac nhau hodc dua chiing vao cting mot thanh phan lién thong. Trong trudng hop 1,

MinCut(G) 14 14t cat s-t hep nhat, truong hop 2, MinCut(G) 1a MinCut(G/{s, t}).

bén day ta c6 mdt thuat toan tdt hon:

Cich 2: Néu d6 thi co dtng 2 dinh thi chi viéc cit roi hai dinh, néu khong thi chon léy hai

dinh phan biét s, t bét ky lan luot 1a diém phat va diém thu, tim luéng cuc dai trén mang va

ghi nhan lai 14t cat s-t. Sau d6 chdp s va t lai thanh mot dinh st va 13p lai. Cudi cung 1a chi ra

lat cét tong quat hep nhat trong sb cac 1at cit da ghi nhan. Cach 2 t6t hon cach 1 & chd: thay vi

n.(n-1)/2 1an tim ludng cuc dai ta chi can n-1 1an tim ludng cuc dai. Tuy vdy cach nay van

chua phai that tét.

C6 thé nhan xét réng tai mdi budc cua cach giai 2, ta co thé chon hai dinh s va t bat ky, mién

sa0 s # t. Vay ta s& tim mot “chién thuat” chon hai dinh s va t mot cach hop 1y dé c6 thé chi

ngay ra lat cit s-t ma khong can tim ludng cuc dai.

Cach 3: V&i mot tap A < V va mot dinh v € V, ta quan tam tdi gia tri c(A, {v}), vé mat truc

quan, c(A, {v}) cho biét dinh v gin v&i A “chat” tdi mirc nao.

Lay u 1a mot dinh bét ky trong V, dat A := {u}. Sau d6 ct chon dinh gin v&i A chit nhat thém

vao A cho toi khi A =V (Dung k¥ thuat twong ty nhu thuat toan Prim -PHAN 4, §9, 9.3). Goi

t 1a dinh duoc két nap cudi cling trong tién trinh nay va s 1a dinh dugc két nap lién trude t.

Dinh Iy 18: Lat cat (V\{t}, {t}) 1a 1at cat s-t hep nhét.

Chirng minh: V&i mot 1at cit s-t bat ky, ta sé ching minh rang kha niang thong qua cia lat cat

nay 16n hon hay bang kha ning thong qua ciia lat cat (V\{t}, {t}).

Xét mot 1at cat s-t bat ky &. Ta goi dinh v 1a hoat tinh néu v va dinh dugc két nap lién trude v

bi roi vao hai phan khac nhau cua lat cit &. Vi mdi dinh v, ta goi A, 1a tap nhitng dinh duoc

két nap vao A trudc dinh v. Goi &, 1a lat cat & han ché trén A, U{v} (lat cit &, dung dung cach
phan hoach cua 1at cit & nhung chi quan tim dén tap dinh AyU{v}). Ky hiéu w(€) 1a kha

nang thong qua cta lat cat &, ky hiéu w(&,) 1a kha ning thong qua cua 1at cit &,.
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Bé d@é: Néu v 1a dinh hoat tinh thi ¢(A., {v}) < wW(&,)

That vy, néu v 1 dinh hoat tinh dau tién duoc két nap vao A, khi d6 &, sé& chia tap A, U{v}
thanh hai tdp con ma mot trong hai tip con d6 bang {v} do v 1a dinh hoat tinh dau tién. Trong
truong hop nay ta co c(A,, {v}) = w(&,). Gia thiét quy nap rang b6 dé ding véi u, ta s& ching

minh bd dé ciing dung vai dinh hoat tinh v dugc két nap vao A sau u:

c(Av, {v)) = c(Au, {V}) T c(AVA, {v]) (Do Auc Ay)
< c(Ay {u}) +c(ANA,, {v}) (Do uphai gin véi A, chit hon hoic bang v)
< w(E) + c(ANA, {V)) (Gia thiét quy nap)
< w(&y) (Do uvav déu hoat tinh, A,\A, phai nam

khac phia véi v trong lat cit & = Khi tinh
w(&y), tap canh c6 mdt trong phép tinh w(§&,)
cling ¢c6 mat do A, < A,, tap canh ndi tir
AV\A, sang v cling c6 mat, hai tdp canh nay

khong giao nhau)

Ap dung b6 dé vai t 1a dinh hoat tinh, ta co c(A,, {t}) < w(&) = w(&). Tirc 12 kha ning thong
qua cua lat cit (V\{t}, t) nho hon kha ning théng qua cua lat cét &, diéu ndy dung v6i moi &,
day la diéu phai chirg minh.

Dinh Iy 19: Bai toan tim lat cat tong quat hep nhat trén db thi c6 thé giai quyét bang thuit toan
c6 do phuc tap O(n(m-+n)lgn), véi n va m 1an luot 14 s6 canh va sb dinh cua db thi.

Chirng minh: Véi viéc ap dung k¥ thudt gan nhan twong tu nhu thuat toan Prim két hop véi
viée st dung ciu trac Heap dé chon ra dinh gan véi A chit nhét, viéc xac dinh s, t va chon ra
lat cit s-t hep nhét c6 do phirc tap O((m+n)lgn). Sau khi ghi nhan 1at cit s-t hep nhét nay, ta
chap s va t lai thanh mot dinh st va lap lai véi dd thi G/ {s, t}. Téng congcoOn -2 lan lap, tu do
suy ra két qua.

Day 1a mot bai toan hay, viéc chimg minh tinh ding dén ctia thuat toan phai dua trén 1y thuyét
vé ludng cuc dai va lat cét s-t hep nhét, nhung dé 1ap trinh giai bai toan 1at cit tong quat hep

nhét thi khong can dong cham gi dén cac thuét toan tim luéng cuc dai ca.
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§11. BAI TOAN TIM BQ GHEP CUC PAI TREN PO THI HAI
PHIA

11.1. PO THI HAI PHIA (BIPARTITE GRAPH)

Céc tén goi dd thi hai phia mgt dang don dd thi vo huéng G = (V, E) ma tap dinh cua nd co
thé chia lam hai tap con X, Y ro1 nhau sao cho bat ky canh nao cua dd thi cling ndi mot dinh
cua X v&i mot dinh thudc Y. Khi do nguoi ta con ky hiéu G 1a (X U Y, E) va goi mot tap
(chang han tap X) 1a tip cac dinh trai va tdp con lai (chang han tip Y) la tap cac dinh phai
cta dd thi hai phia G. Cac dinh thudc X con goi la cac X dinh, cac dinh thudc Y goi la cac
Y dinh.

Hinh 85: Do thi hai phia

Pé kiém tra mot dd thi lién théng c6 phai 1a do thi hai phia hay khéng, ta c6 thé 4p dung thuat
toan sau:
Véi mot dinh v bat ky:

X:=(v}; Y:=0;

repeat
Y :=YUKS(X);
X =X UEK&(Y);

until (XN Y # @) or (X va Y 1a téi dai - khéng bd sung dugc nita);
ifXNY#@D then
(Khong phai d6 thi hai phia)
else
(pay 1a do thi hai phia, / o
X la tép céac dinh trai: céc dinh dén dugc t¥ v qua mdt s6 chan canh
Y 13 tap cac dinh phai: cic dinh dén duoc ti v qua mot s6 1& canh);

D6 thi hai phia gip rat nhiéu mo hinh trong thyc té. Chang han quan hé hén nhan giira tap
nhitng ngudi dan 6ng va tap nhiig nguoi dan ba, viée sinh vién chon truong, thiy gido chon

tiét day trong thoi khod biéu v.v...
11.2. BAI TOAN GHEP POI KHONG TRONG VA CAC KHAI NIEM
Cho mét do thi hai phia G = (X U Y, E) ¢ ddy X 14 tap cac dinh trai va Y 1a tap cac dinh phai

cua G. X = {x[1], x[2], ..., x[m]}, Y = {y[1], y[2], ..., y[n]}
Mot bo ghép (matching) cuia G 1a mdét tap hop céc canh ciia G d61 mdt khong cé dinh chung.
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Bai toan ghép doi (matching problem) 1a tim mot bd ghép 16n nhat (nghia 1a c¢6 s canh 16n

nhat) cia G

Xét mot bd ghép M cua G.

¢+ Cac dinh trong M goi la cac dinh da ghép (matched vertices), cac dinh khac la chua ghép.

¢ Cac canh trong M goi la cac canh da ghép, cac canh khac la chua ghép

% Néu dinh hudng lai cac canh cua dd thi thanh cung, nhiing canh chua ghép dugc dinh
huong tir X sang Y, nhitng canh da ghép dinh huéng tu Y vé X. Trén d6 thi dinh hudéng do:
Mot duong di xuat phat tir mét X dinh chua ghép goi 1a duong pha, mdt duong di tr mot
X _dinh chua ghép té61 mot Y _dinh chua ghép goi 1a duong mo.

Mot cach dé hiéu, c6 thé quan niém nhu sau:

< Mot dudng pha (alternating path) 1 mot duong di don trong G bat dau bang mot X_dinh
chua ghép, di theo mot canh chwa ghép sang Y, r6i dén mot canh da ghép vé X, roi lai dén
mot canh chwa ghép sang Y... ctt xen k& nhau nhu viy.

< Mot duong mé (augmenting path) 1a mot duong pha. Bat dau tir mot X_dinh chua ghép két
thic bang mot Y_dinh chua ghép.

Vi du: v&i d6 thi hai phia trong hinh Hinh 86 va bo ghép M = {(x[1], y[1]), (x[2], y[2])}

x[3] va y[3] l1a nhiing dinh chua ghép, cac dinh khéc 1a da ghép

buong (x[3], y[2], x[2], y[1]) 1a dudng pha

buong (x[3], y[2], x[2], y[1], x[1], y[3]) 1a duong mo.

11.3. THUAT TOAN PUONG MO

Thuat toan dudng md dé tim mot b ghép 16n nhat phat biéu nhu sau:

Budce 1:
Bit dau tir mot bo ghép bat ky M (thong thudng bo ghép dugc khdi gan bang bo ghép rong
hay dugc tim bang cac thuat toan tham lam)

Budce 2:

Tim mdt duong mo
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Budec 3:

% Néu budc 2 tim duoc dudng md thi mo rong bd ghép M: Trén dudng md, loai bo nhitng
canh da ghép khoi M va thém vao M nhiing canh chua ghép. Sau d6 lap lai budc 2.

% Néu budc 2 khong tim dugce dudng mo thi thuat toan két thic

(Khéi tao mdt bd ghép M);

while (Co duong mé xudt phat ti x toi mét dinh y chua ghép € Y) do
(Doc trén dudng md, xod bd khdi M cac canh di ghép v;‘a thém vao M nhiing canh chua ghép);
{Sau thao tac nay, dinh x va y tré thanh dd ghép, s6 canh dad ghép tdng lén 1}

Nhu vi du trén, véi bd ghép hai canh M = {(x[1], y[1]), (X[2], y[2])} va duong m¢& tim dugc
gom cac canh:

(x[3], y[2]) ¢ M

(v[2], x[2]) e M

(x[2], y[1]) ¢ M

(y[11, x[1]) e M

(x[1], y[3]) ¢ M

Vay thi ta s€ loai di cac canh (y[2], x[2]) va (y[1], x[1]) trong bd ghép cii va thém vao do cac
canh (x[3], y[2]), (x[2], y[1]), (x[1], y[3]) duoc bo ghép 3 canh.

11.4. CAI PAT

11.4.1. Biéu dién do thi hai phia

Gia sir d6 thi hai phia G = (X U Y, E) ¢6 cac X_dinh ky hiéu 1a x[1], x[2], ..., x[m] va cac
Y dinh ky hi€u 1a y[1], y[2], ..., y[n]. Ta s€ bi€u dién do thi hai phia nay bang ma tran A c&
mxn. Trong do:

A[i, j] = TRUE < c6 canh néi dinh x[i] v&i dinh y[j].

11.4.2. Biéu dién bd ghép

Dé biéu din bd ghép, ta sir dung hai mang: matchX[1..m] va matchY[1..n].

% matchX[i] 12 chi s6 cta dinh thudc tip Y ghép véi dinh x[i]

% matchY[j] 12 chi s cua dinh thudc tap X ghép véi dinh y[j].

Tic 12 néu nhu canh (x[i], y[j]) thudc bd ghép thi matchX[i] = j va matchY[j] = i.

Quy wdc ring:

% Néu nhu x[i] chua ghép véi dinh nao cta tap Y thi matchX[i] =0

% Néu nhu y[j] chua ghép véi dinh nao cta tap X thi matchY[j] = 0.

Suy ra

% Thém mét canh (x[i], y[j]) vao bo ghép < Pat matchX[i] :=j va matchY[j] :=1i;

% Loai mot canh (x[i], y[j]) khoi bd ghép < Pat matchX[i] := 0 va matchY[j] := 0;
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11.4.3. Tim dwong mé nhw thé nao.

Vi dudng mo bt dau tir mot X_dinh chua ghép, di theo mot canh chua ghép sang tap Y, roi

theo mot da ghép dé vé tap X, rdi lai mot canh chwa ghép sang tdp Y ... cudi cung l1a canh

chwa ghép t6i mot Y _dinh chua ghép. Nén c6 thé thay ngay rang d6 dai duong mo 1a 1é va

trén dudng mad s6 canh € M it hon s6 canh ¢ M 1a 1 canh. Va ciing d& thiy rang giai thuat tim

duong md nén st dung thuét toan tim kiém theo chiéu rong dé duong mé tim duge 13 dudng

di ngan nhat, giam bét cong viéc cho budc ting cip ghép.

Ta khoi tao mot hang doi (Queue) ban dau chira tit ca cac X_dinh chwa ghép. Thuat toan tim

kiém theo chiéu rong lam viéc theo nguyén tic lay mot dinh v khoi Queue va lai diy Queue

nhitng ndi tir v chua duge tham. Nhu vay néu thim téi mot Y_dinh chwa ghép thi tirc 14 ta tim

duong mo két thuc & Y_dinh chua ghép d6, qua trinh tim kiém dimg ngay. Con néu ta tham

t6i mot dinh y[j] € Y da ghép, dua vao sy kién: tir y[j] chi c6 thé téi dwoc matchY[j] theo

duy nhat mot canh da ghép dinh hudéng nguogc tir Y vé X, nén ta c6 thé danh dau thim y[j],

thim ludn ca matchY/[j], va diy vao Queue phin tir matchY[j] € X (Thim lién 2 budc).

Input: file van boin MATCH.INP

% Dong 1: chira hai s6 m, n (m, n < 1000) theo thir ti 1a s6 X_dinh va sd Y_dinh cach nhau it
nhét mot dau cach

% Cac dong tiép theo, mdi dong ghi hai sb i, j cach nhau it nhit mot dau cach thé hién co
canh nbi hai dinh (x[i], y[j]).

Output: file vin bAn MATCH.OUT, ghi by ghép cuc dai tim duoc

0 MATCH.INP | MATCH.OUT
0( 15 Match:
11 1) x[1] - y[1]
114 2) x[2] - y[4]
e‘ e 21 3) x[3] - yI3]
22 4) x[4] - y[2]
~Sol
O *
33
42
()] 43

®
O,

X Y

P 4 11 1.PAS * Thudt toan dudng mé tim bd ghép cuc dai

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%' - 1]%)
program Finding the Maximum Matching;
const

InputFile = 'MATCH.INP';

OutputFile = 'MATCH.OUT';

max = 1000;
var

m, n: Integer;

a: array[l..max, 1..max] of Boolean;

matchX, matchY: array[l..max] of Integer;

Trace: array[l..max] of Integer;
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procedure Enter;
var
i, j: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
FillChar(a, SizeOf(a), False);
Readln(f, m, n);
while not SeekEof(f) do
begin
ReadIn(f, i, j);
afi, j] := True;
end;
Close(f);
end;

procedure Init; {Khéi tao bd ghép rdng}
begin
FillChar (matchX, SizeOf (matchX), 0);
FillChar (matchY, SizeOf (matchY), 0);
end;

{Tim dudng md, néu thiy trd vé& mdt Y dinh chua ghép 1a dinh két thuc dudng md, néu khéng thay tra vé 0}
function FindAugmentingPath: Integer;
var

Queue: array[l..max] of Integer;

i, j, Front, Rear: Integer;
begin

FillChar(Trace, SizeOf (Trace), 0); {Trace[j] = X dinh lién truéc y[j] trén dudng mo)

Rear := 0; {Khoi tao hang doi rong)

for i := 1 tom do {Pay tit ca nhiing X dinh chua ghép vao hang doi}

if matchX[i] = 0 then

begin
Inc(Rear);
Queue[Rear] := i;
end;
{Thuat toan tim kiém theo chilu réng)
Front := 1;
while Front <= Rear do
begin

i := Queue[Front]; Inc(Front); {Liy mot X dinh ra khoi Queue (x[i])}
for j := 1 to n do {¥ét nhing Y dinh chua thim k& voi x[i] qua mjt canh chua ghép}
if (Trace[j] = 0) and a[i, j] and (matchX[i] <> j) then
begin {lénh if trén hoi thua dk matchX[i] <> j, diéu kién Trace[j] = 0 d& bao ham ludn didu kién ndy rdi)
Trace[j] := i; {Luu vét duong di)
if match¥[j] = 0 then {Néu j chua ghép thi ghi nhén dudng md va thoat ngay)
begin
FindAugmentingPath := j;
Exit;
end;
Inc(Rear); {Béy ludn matchY[j] vao hang doi}
Queue[Rear] := matchY[j];
end;
end;
FindAugmentingPath := 0; {0’ trén khong Exit duoc tic 1a khong con duong mé}
end;

(N6i réng bd ghép bang duong mo két thic & feY)
procedure Enlarge(f: Integer);
var
x, next: Integer;
begin
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repeat x f X f
x := Trace[f];
next := matchX[x]; next next
matchX[x] := £; [:>
matchY[£f] := x;
f := next;

until f = 0; start start

end;

procedure Solve; {Thudt todn dudng md}
var
finish: Integer;
begin
repeat
finish := FindAugmentingPath; (Pdu tién thi tim mt dudng md)
if finish <> 0 then Enlarge(finish); (Néu thiy thi ting cip va 1&p lai}
until finish = 0; {Néu khéng thdy thi ding)
end;

procedure PrintResult; {In két qua}
var
i, Count: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
WriteLn(f, 'Match: ');
Count := 0;
fori:=1tomdo
if matchX[i] <> 0 then
begin
Inc(Count);
Writeln(f, Count, ') x[', i, '] - y[', matchX[i], ']");
end;
Close(f);
end;

begin
Enter;
Init;
Solve;
PrintResult;
end.

Khao sat tinh ding dén cua thudt toan cho ta mot két qua kha thu vi:

Néu ta thém mot dinh s va cho thém m cung tir s t6i tit ca nhitng dinh cua tap X, thém mot
dinh t va n6i thém n cung tur tat ca cac dinh cta Y t6i t. Ta duge mot mang véi dinh phat s va
dinh thu t.
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Néu dit kha ning théng qua ciia cac cung déu 13 1 sau d6 tim ludng cuc dai trén mang thi theo
dinh 1y vé tinh nguyén, ludng duong tim dugc trén cac cung déu phai la sb nguyén (tic 1a
bang 1 hodc 0). Khi d6 d& thdy rang nhitng cung c6 ludng duwong bang 1 tir tip X t6i tap Y s&
cho ta mot bd ghép 16n nhat. Bé ching minh thuat toan duong mo tim duoc bd ghép 16n nhét
sau hitu han budc, ta s& chimg minh ring sé bo ghép tim duge bang thuat toan duong mé s&
bang gia tri ludng cuc dai ndi trén, dicu do ciing rat d& boi vi néu dé y k§ mot chit thi duong
mo ching qua 1a duong ting ludng trén mang thing du ma thdi, ngay cai tén augmenting path
da cho ta biét diéu nay. Vi vay thuat toan duong mé ¢ trudng hop nay 13 mot cach cai dit
hi¢u qua trén mot dang do thi dic biét, n6 1am cho chuong trinh sdng stia hon nhiéu so véi
phuong phép tim bd ghép dua trén bai toan ludng thuan tay.

Ngudi ta dd ching minh dugc chi phi thoi gian thuc hién giai thuat nay trong trudng hop xu
nhét s& 1a O(n’) déi véi dd thi day va O(n(n + m)logn) dbi voi @b thi thua. Tuy nhién, ciing
gidng nhu thuat toan Ford-Fulkerson, trén thuc té phuong phap nay hoat dong rat nhanh.

Bai tap

Bai 1

C6 n tho va m cong viéc (n, m < 100). MJi tho cho biét minh c6 thé lam duge nhitng viéc nao,
hdy phéan cong céc thg lam céc cong viéc do sao cho:

% Mbi tho phai lam it nhat hai viéc

s Mot viéc chi giao cho mét tho thuc hién

< S6 viéc thuc hién duoc 1a nhiéu nhat c6 thé.

Hudng dan: Dung dd thi hai phiaG=(XU Y, E), X tap cac thg va Y la tap cac cong viéc. St
dung thuat toan duong md véi cach hiéu duong mo 13 dudng pha xuit phat tir 1 tho chua
duoc phan du hai viéc va két thac & mot viéc chua duoc phan cong.

Bai 2

C6 n tho va m cong viée (n, m < 100). Mdi tho cho biét minh c6 thé 1am duoc nhirng viéc nao,
hay phan cong thuc hién cac cong viéc do sao cho:

% MObi cong viéc chi giao cho mot tho thuc hién

% SO cong viée phan cho ngudi the 1am nhidu nhat 14 cyc tiéu.

Hudng dan: Dung dd thi hai phia G=(X UY, E), X 1a tdp céc cong viéc va Y la tap tho. Véi
mot s6 nguyén k (1 < k < m), tim cach phan cong thuc hién cac cong viée sao cho khong tho
nao 1am qua k viéc. Co thé sir dung thuét toan dudng mo véi cach hiéu duong mé 1a dudng
pha xuét phat tir mot viéc chua duoc phan cong va két thuc & mot thg chua lam du k viée.

S6 k s& duoc thir 1an luot tir 1 téi m, x4c dinh sé k dau tién cho phép tim ra phép phan cong
thuc hién hét cac viéc va in két qua ra phép phan cong twong Gng voi s6 k d6. Co hai diéu
quan trong phai lwu y: Thir nhét 1a phép thir voi k = ko c6 thé tan dung két qua ctia phép phan
cong véi k = ko - 1 chir khong can thuc hién lai tir diu. Thir hai 13 viéc “cai tién” bang ap

dung thuat toan tim kiém nhi phan dé chi ra s6 k nhé nhat théa méan yéu cau phan cong toan
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bd cac cong viéc s& khong gitip ich gi ma s& chi lam chuong trinh cham di, 1y do 1 béi moi
1an tang cap dua trén duong mo thi sé viée dugc phan cong ciing chi tang 1én 1 ma thoi.
Bai 3
Xem lai bai toan Minimum Path Cover ¢ §10. Cai dit lai theo cach b6t cong kénh hon bang
cach st dung nhitng k¥ thuat da hoc dugc trong bai toan tim bo ghép cuc dai.
Bai 4
Cho @6 thi hai phia G = (X U Y, E). Hay chi ra mot tdp S gom it nhat cac dinh sao cho mbi
canh € E déu lién thudc véi it nhat mot dinh thudc S.
Huéng din: Co thé dua vé mo hinh bai toan ludng voi kha ning thong qua cta ca cic cung va
cac dinh: Pua mdt dinh phat gid s ndi t6i moi dinh € X, mot dinh thu giat ndi tir moi dinh
Y. Cac canh trong E dugc dinh chiéu tir X sang Y, kha ning thong qua ciia cac cung duoc dat
bang +oo. Kha ning thong qua cia cac dinh € X U Y dit bang 1. Sau d6 tim ludng cuc dai tir
s t6i t va lat cit hep nhét, 14t cit nay chic chin cit tai cac dinh, nhitng dinh bi cit s& duoge
chon vao tap S. Tuy nhién, bfmg mot sb suy ludn, ta co thé dua vé mo hinh bai toan bo ghép
cuc dai dé d& dang hon trong viéc cai dit bang phuong phép sau:
% Tim bd ghép cuc dai trén G
+ Khi tim xong bd ghép, tirc 1a thu tuc tim duong mo khong tim ra duong mo, ta xac dinh
duoc:
Tap Y ={Tép cac Y_dinh di dén dugc tir mot X_dinh chwa ghép qua mot dudng pha}
Tap X ={xeX|x di ghép va dinh ghép véix ¢ Y }
S PatS=X"uUyY’
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§12. BAI TOAN TIM BQ GHEP CUC PAI VOI TRONG SO
CUC TIEU TREN PO THI HAI PHiA - THUAT TOAN

HUNGARI
12.1. BAI TOAN PHAN CONG
Pay 1a mot dang bai toan phat biéu nhu sau: C6 m ngudi (danh sé 1, 2, ..., m) va n cong viéc
(danh s6 1, 2, ..., n), mdi ngudi c6 kha ning thuc hién mot sé cong viée nao d6. Bé giao cho

nguoi 1 thuce hién cong viéce j can mét chi phi la ¢[1, j] = 0. Can phan cho mdi thg mot viée va
mdi viéc chi do mot tho thuc hién sao cho sb cong viéc co thé thuc hién duoc la nhiéu nhat va
néu c¢6 > 2 phuong an déu thyc hién dugc nhidu cong viée nhat thi chi ra phuong an chi phi it
nhat.

Dung dd thi hai phia G=(X U Y, E) véi X 1a tdp m nguoi, Y 1a tdp n viéc va (u, v) € E voi
trong s6 c[u, v] néu nhu ngudi u lam dugc coéng viée v. Bai toan dua vé tim bd ghép nhidu
canh nhét cua G ¢ trong s6 nhé nhat.

Goi k = max(m, n). B6 sung vao tap X va Y mot s6 dinh gia dé | X | = ‘ Y ‘ =k.

Goi M 1a mét s6 duong du 16n hon chi phi ctia moi phép phéan cong c6 thé. Vi mdi cap dinh
(u,v):u e Xvav e Y.Néu (u, v) ¢ E thi ta b6 sung canh (u, v) vao E véi trong s6 1a M.

Khi d6 ta duoc G 1a mot do thi hai phia ddy di (Do thi hai phia ma giita mot dinh bét ky cia
X va mot dinh bét ky ctua Y déu c6 canh ndi). Va néu nhu ta tim duoc bo ghép day du k canh
mang trong s6 nhé nhét thi ta chi can loai bo khoi bo ghép d6 nhimng canh mang trong s6 M
vira thém vao thi s& dugc ké hoach phan cong 1 ngudi <> 1 viée can tim. Diéu nay d& hiéu boi
bo ghép diy du mang trong sb nho nhét tic 1a phai it canh trong s M nhét, tic 13 s6 phép
phan cong 14 nhiéu nhat, va tit nhién trong sé cac phuong an ghép it canh trong s M nhat thi

day 1a phuong an trong s nho nhét, tirc 1a tong chi phi trén cac phép phan cong 14 it nhat.

12.2. PHAN TiCH

Input: D6 thi hai phia ddy du G = (X U Y, E); X = {x[1], ..., x[k]}, Y = {y[1], ..., y[k]}.
Pugc cho bdi ma tran vudng C ¢& kxk, c[i, j] = trong s canh ndi dinh x[i] v6i y[j]. Gia thiét
c[i, j1= 0 (V1,])

Output Bo ghép day du trong s6 nho nhat.

Hai dinh 1y sau ddy tuy rat don gian nhung 1a nhiing dinh 1y quan trong tao co sé cho thuat
toan s€ trinh bay:

Dinh Iy I: Loai bo khoi G nhimng canh trong s6 > 0. Néu nhitng canh trong s6 0 con lai tao ra

bo ghép k canh trong G thi day 13 bo ghép can tim.
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Chirng minh: Theo gia thiét, cac canh ctia G mang trong s6 khong 4m nén bat ky bd ghép nao
trong G ciing c¢6 trong s6 khong 4m, ma bd ghép ¢ trén mang trong s 0, nén tat nhién d6 1a bo
ghép day du trong sé nho nhit.

Dinh Iy 2: Véi dinh x[i], néu ta cong thém mot sé A(dwong hay 4m) vao tit ca nhimg canh
lién thudc véi x[i] (trong dwong véi viée cong thém A vao tat ca cac phan tir thudc hang i cta
ma tran C) thi khong anh hudng t6i bo ghép diy di trong sé nho nhét.

Chirng minh: Vi mot b ghép day du bat ky thi c6 mot va chi mot canh ghép véi x[i]. Nén
viéc cong thém A vao tat ca cac canh lién thudc véi x[i] s€ lam tang trong s6 bo ghép do 1én A.
Vi vay néu nhu ban dau, M 1a bo ghép diy du trong s6 nho nhat thi sau thao tac trén, M van la
bd ghép day du trong s6 nho nhat.

H¢ qud: Vi dinh y[j], néu ta cong thém mot s6 A (dwong hay 4m) vao tit ca nhitng canh lién
thudc v6i y[j] (twong dwong vai viée cong thém A vao tit ca cac phan tir thudc cot j ciia ma
tran C) thi khong anh hudng t6i bo ghép day du trong sé nho nhat.

Twr day co thé nhin ra tw twong cia thudt toan: T do thi G, ta fim chién lwoc cong / trur
mot cdach hop Iy trong sé ciia cdc canh lién thudc vdi tieng dinh dé dwoc mot do thi méi vin
¢6 cdc canh trong sé khéng am, ma cdc canh trong sé 0 ciia do thi méi dé chira mét by
ghép ddy dii k canh.

Vi du: Bién d6i ma tran trong s6 ctia d thi hai phia 3 dinh trai, 3 dinh phai:

0 0 0 1 0 0 X[l]—y[3]

4o || 1| 7 |:> olfolle E:>i{§]]:§[[f]]

+1

12.3. THUAT TOAN
12.3.1. Cac khai niém:

bé cho gon, ta goi nhiing canh trong s6 0 cua G la nhttng 0 _canh.

Xét mot bo ghép M chi gdm nhitng 0_canh.

¢ Nhiing dinh € M goi 1a nhitng dinh da ghép, nhiing dinh con lai goi la nhitng dinh chua
ghép.

¢ Nhitng 0_canh € M goi la nhitng 0_canh da ghép, nhitng 0_canh con lai la nhitng 0_canh
chua ghép.

% Néu ta dinh hudng lai cac 0_canh theo cach: Nhimg 0_canh chua ghép cho hudng tir tip X
sang tap Y, nhiing 0 canh da ghép cho hudng tir tap Y ve tap X. Khi do:

% Puong pha (Alternating Path) 1a mot duong di co ban xuat phat tir mot X_dinh chua ghép
di theo cac 0 canh da dinh hudng ¢ trén. Nhu vay doc trén duong pha, cac 0 _canh chua
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ghép va nhitng 0_canh da ghép xen k& nhau. Vi dudng pha chi la duong di co ban trén do

thi dinh hudéng nén viéc xac dinh nhiing dinh nao co thé dén duoc tir x € X béng mot

duong pha co thé sir dung cac thuat toan tim kiém trén do thi (BFS hodc DFS). Nhirng dinh

va nhitng canh duoc duyét qua tao thanh mot cay pha gdc x

s Mot duong mé (Augmenting Path) 1a mot duong pha di tir mdt X dinh chua ghép té1 mot
Y _dinh chua ghép.

Nhu vay:

< Puong di tryc tiép tir mot X _dinh chua ghép téi mot Y _dinh chua ghép qua mot 0_canh
chua ghép cling 1a mot duong mé.

% Doc trén duong md, s6 0_canh chua ghép nhiéu hon s6 0 canh da ghép ding 1 canh.

12.3.2. Thuat toan Hungari

Budc 1: Khéi tao:

Mot bo ghép M =

Budc 2: Vi moi dinh x X, ta tim cach ghép x :

Bit ddu tir dinh X, thir tim duong mé bit diu & x* bang thudt toan tim kiém trén dd thi. C6

hai kha ning co thé xay ra:

% Hodc tim dugc duong mo thi doc theo duong md, ta loai bo nhirng canh da ghép khoi M va
thém vao M nhiing canh chwa ghép, ta dugc mot b ghép méi nhiéu hon bd ghép cii 1
canh va dinh x_ tré thanh da ghép.

% Hoac khong tim dugc duong mao thi co thé xac dinh duoc:

VisitedX = {Tap nhiing X_dinh c6 thé dén dugc tir x* bang mot duong pha}

VisitedY = {Tap nhiing Y_dinh c6 thé dén duoc tir x* bang mot duong pha}

Goi A 1a trong s6 nho nhét cua cac canh ndi gitta mot dinh thudc VisitedX véi mot dinh
khong thudc VisitedY. Dé théy A > 0 boi néu A = 0 thi ton tai mot 0 canh (x, y) voi
xeVisitedX va ye VisitedY. Vi x~ dén duge x bing mot dudng pha va (x, y) 1a mot
0 _canh nén X ciing dén duoc y bang mot dudng pha, dan t6i y € VisitedY, didu nay vo
ly.

Bién d6i d6 thi G: V&i Vx e VisitedX, trir A vao trong ) nhitng canh lién thudc véi x, Vi
Y y e VisitedY, cong A vao trong sb nhitng canh lién thudc véi y.

Lap lai thu tyc tim kiém trén do thi thir tim duong mo xuét phat & X cho t6i khi tim ra
duong mo.

Buére 3: Sau bude 2 thi moi X_dinh déu dugc ghép, in két qua vé& bd ghép tim duoc.

M5 hinh cai dit cta thuat toan c6 thé viét nhu sau:

M:=@;
for (x'eX) do
begin
repeat
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(Tim duong mé xudt phat ¢ x');
if (Khong tim thdy duong mé) then (Bién dbi do thi G: Chon A := .);
until (Tim thdy duong mo);
(Doc theo dudng md, loai bé nhiing canh di ghép khoi M va thém vdo M nhimmg canh chua ghép);
end;
(output: M 1a bd ghép can tim);

Vi du minh hoa:
Dé khong bi réi hinh, ta hiéu nhimg canh khong ghi trong sb 14 nhimg 0 canh, nhiing canh
khong vé mang trong s6 rat 16n trong trudng hop nay khong can thiét phai tinh dén. Nhiing

canh nét dam la nhitng canh da ghép, nhiing canh nét thanh 1a nhiing canh chua ghép.

D

|
i

X' = X,, tim thdy dwong mé
X, = X

2
Tang cap e‘

Ve
9‘00

)
(

Ve
G‘OQ

X' = X,, tim thdy duong mé
Xy 2> Y12 XY,

2
Tang cép e‘

{
i

X' = X,, tim thdy dwong mé
X3 = Y3

2
Tang cap e‘

Ve
6‘00
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X' = x,, khéng thay dwong
mo&

VisitedX = {X;, X,}

VisitedY = {y,}

Gia tri xoay A =1 (=c[3,2])
Trir trong s6 nhirng canh
lign thudc véi {x,x.} di 1
Cong trong sé nhirng canh
lién thudc vai {y,} 1én 1

X" = x,, khéng thay dwong mé
VisitedX = {X;, X,, X3, X,}
VisitedY = {y,, v, Y3}

Gia tri xoay A =2 (=c[3,4])
Tri trong sé nhirng canh lién
thudc voi {x, X,, X5, X,} di 2
Cong trong sd nhirng canh
lién thudc va&i {y,, ¥, ys} 1én 2

X" = x,, Tim thdy duong mé&
XYz X3 Yo, X Y1 X Y,
Tang cap

Xong

Pé y rang néu nhu khong tim thdy dudng mé xuat phat & x* thi qua trinh tim kiém trén d6 thi
s€ cho ta mot cay pha géc x*. Gié tri xoay A thuc chét 1a trong s6 nhé nhét ciia canh ndi mot
X _dinh trong cay pha véi mot Y _dinh ngoai cdy pha (canh ngoai). Viéc trir A vao nhitng canh
lién thudc véi X dinh trong cdy pha va cong A vao nhiing canh lién thudc véi Y_dinh trong
cay pha s& lam cho canh ngoai néi trén trd thanh 0 canh, cac canh khac van c6 trong s > 0.
Nhung quan trong hon 13 tdt cd nhitng canh trong cdy pha vin civ la 0_canh. Piéu d6 dam
bao cho qua trinh tim kiém trén d6 thi 1an sau s& xay dung duoc cdy pha méi 16n hon cay pha
cll. Vitap cac Y_ dinh da ghép 1a hitu han nén sau khong qua k budc, cay pha s€ quét td1 mot
Y dinh chua ghép, tirc 1a tim ra duong mo

12.3.3. Phwong phap ddi ngiu Kuhn-Munkres

Phuong phap Kuhn-Munkres di tim hai ddy s6 Fx[1..k] va Fy[1..k] thoa man:

% c[i,j] - Fx[i] - Fy[j] =0

% Tap cac canh (x[i], y[j]) thoa man c[i, j] - Fx[i] - Fy[j] = 0 chta tron mét bo ghép day du k

canh, dy chinh 14 bo ghép can tim.
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R rang néu tim dugc hai diy sb thoa mén trén thi ta chi viéc thuc hién hai thao tac:

% V&i mdi dinh x[i], trir tit ca trong s ctia nhitng canh lién thudc véi x[i] di Fx[i]

% V&i mdi dinh y[j], trir tit ca trong s ctia nhitng canh lién thudc véi y[j] di Fy[j]

(Hai thao tac nay twong dwong véi viée trir tat ca trong sd ciia cac canh (x[i], y[j]) di mot
luong Fx[i] + Fy[j] tac 1a c[i, j] .= c[1, j] - Fx[1] - Fy[j])

Thi dé thay d6 thi méi tao thanh s& gdm c6 cic canh trong s khong 4m va nhing 0_canh ciia

dd thi chira tron mot bo ghép day du.

I 2 3 4
I — 0 M M Fx[1] =2
2 0 M M Fx[2] =2
3 M 0 M | Fx/3] =3
4 M M 9 Fx[4] =3

Fy[l] =-2 Fy[2] =-2 Fy[3]=-3 Fy[4]=0
(C6 nhiéu phwong dn khéc: Fx = (0, 0, 1, 1); Fy = (0, 0, -1, 2) ciing diing)

Vay phuong phap Kuhn-Munkres dura viéc bién d6i dd thi G (bién dbi ma tran C) vé viéc bién
d6i hay day sb Fx va Fy. Viéc trir A vao trong sb tat ca nhitng canh lién thudc véi x[i] tuong
duong vé6i viée tang Fx[i] 1én A. Viéc cong A vao trong sd tit ca nhirng canh lién thudc voi y[j]
tuong duong véi giam Fy[j] di A. Khi can biét trong s6 canh (x[i], y[j]) 12 bao nhiéu sau cac
budc bién d6i, thay vi viét c[i, j], ta viét c[i, j] - Fx[i] - Fy[j].
So d6 cai dit phwong phap Kuhn-Munkres c¢6 thé viét nhu sau:
Budc 1: Khéi tao:
oM =0
% Viéc khoi tao cac Fx, Fy c6 thé co nhiéu cach mién sao c[i, j] - Fx[i] - Fy[j] > 0, don gian

nhat c6 thé dat tat ca cac Fx[.] va Fy[.] bang 0
Budc 2: V6i moi dinh x” X, ta tim cach ghép X nhu sau:
Bét dau tir dinh x, thir tim duong mé bit diu & X bang thudt toan tim kiém trén do thi (BFS
hodac DFS). C6 hai kha nang xay ra:
¢ Hoac tim dugc duong ma thi doc theo duong md, ta loai bo nhirng canh da ghép khoi M va

thém vao M nhiing canh chua ghép.
¢ Hoac khong tim dugc duong mo thi xac dinh dugc:

VisitedX = {Tap nhimg X_dinh c6 thé d&én dugc tir X' bang mot dudong pha}

VisitedY = {Tap nhitng Y_dinh c6 thé dén dugc tir X bang mot duong pha}

biat A .= min{c[i, j] - Fx[i] - Fy[j] | wx[i] e VisitedX; Vylj] ¢ VisitedY}

Vi Vx[i] € VisitedX: dat Fx[i] := Fx[i] + A;
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Vi Vylj] € VisitedY: dat Fy[j] .= Fy[j] - A;
Lap lai thu tuc tim dudng mé xuét phat tai X cho t6i khi tim ra duong mo.
Budrc 3:
Luu ¥ rang budc 2 luén tim ra duong mé vi dd thi d dugc 1am cho trd nén can bang (| X|=]Y])
va day du, ta chi viéc tra vé duong mo tim duoc.
Dang luu ¥ & phuong phap Kuhn-Munkres 1a phuong phap nay khong lam thay d6i ma tran C
ban dau. Piéu d6 thuc su hitu ich trong trudng hop trong sb cua canh (x[i], y[j]) khéng duoc
cho mot cach twong minh bang gia tri c[i, j] ma lai cho bang ham c(i, j): trong trudng hop nay,
viéc trir hang/cdng cot truc tiép trén ma tran chi phi C 1a khong thé thuc hién dugc.
12.3.4. Cai dat
a) Biéu dién bo ghép
Dé biéu din bo ghép, ta st dung hai mang: matchX[1.k] va matchY[1..k].
% matchX[i] 12 chi s6 cta dinh thudc tip Y ghép véi dinh x[i]
% matchY/[j] 12 chi s6 cua dinh thudc tap X ghép véi dinh y[j].
Tic 12 néu nhu canh (x[i], y[j]) thudc bd ghép thi matchX[i] = j va matchY[j] = i.
Quy udc:
% Néu nhu x[i] chua ghép véi dinh nao cta tap Y thi matchX[i] =0
% Néu nhu y[j] chua ghép véi dinh nao cua tap X thi matchY[j]=0
Suy ra:
¢ Thém mét canh (x[i], y[j]) vao bo ghép << Pat matchX[i] :=j va matchY[j] :=i;
% Loai mot canh (x[i], y[j]) khoi bd ghép < Pat matchX[i] := 0 va matchY[j] := 0;
b) Tim duong mé nhu thé nao
Ta s& tim dudng md va xay dung hai tip VisitedX va VisitedY bang thuét toan tim kiém theo
chiéu rdng, chi xét nhiing 0 _canh dinh hudng nhu da néi trong phan dau:
Khéi tao mot hang doi (Queue) ban dau chi c6 mot dinh x". Thuat toan tim kiém theo chiéu
rong lam viéc theo nguyén tic ldy mot dinh v khoi Queue va lai ddy Queue nhing ndi tir v
chua dugc thdm. Nhu vay néu thdm té1 mot Y _dinh chua ghép thi tuc 1a ta tim duong mé két
thuc ¢ Y _dinh chwa ghép d6, qua trinh tim kiém dimg ngay. Con néu ta thim t6i mot dinh yl[j]
€ Y da ghép, dua vao su kién: tir y[j] chi c6 thé t6i dwoc matchY[j] theo duy nhit mot 0 canh
dinh huéng, nén ta co thé danh diu tham y[j], thim ludn ca matchY[j], va ddy vio Queue
phan tr matchY[j] € X.
Input: file van ban ASSIGN.INP
% Dong 1: Ghi hai s6 m, n theo thir tu 1a sb tho va sb viéc cach nhau 1 dau cach (m, n < 1000)
% Céc dong tiép theo, mdi dong ghi ba sd i, j, c[i, j] cach nhau 1 d4u cach thé hién tho i 1am
dugc viée j va chi phi dé lam 1a ¢[i, j] (1 <i<m; 1 <j <n; 0 < c[i, j] < 1000).

Output: file vin ban ASSIGN.OUT, mé ta phép phan cong ti wu tim duoc.
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ASSIGN.INP

ASSIGN.OUT

{

Ol = =W WD -
=W W NN
O OO N o oo

o

Optimal assignment:
1) x[1] - y[1] 0
2) x[2] - y[4] 2
3) x(3] - y[2] 1
4) x[4] - y(3] 0

Cost: 3

P 4 12 1.PAS * Thuit toén Hungari

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%,.2%! - 1]%)
program Finding the Best Assignment;
const

InputFile = 'ASSIGN.INP';

OutputFile = 'ASSIGN.OUT';

max = 1000;

maxEC = 1000

maxC = max * maxEC + 1;
var

c: array[l..max, 1..max] of Integer;
Fx, Fy, matchX, matchY, Trace: array[l..max] of Integer;
m, n, k, start, finish: Integer;

procedure Enter; {Nhép dit liéu}

var
i, j: Integer;
f: Text;

begin
Assign(f, InputFile); Reset(f);
Readln(f, m, n);
if m > n then k :=melse k :=n;
fori :=1tokdo

for j :=1 to k do c[i, j] := maxC;

while not SeekEof (f) do ReadLn(f, i, j, c[i, j]);
Close(f);

end;

procedure Init; {Khoi tao by ghép rong va céc gid tri Fx[.], Fy[.])
begin

FillChar (matchX, SizeOf (matchX), 0);

FillChar (matchY, SizeOf (matchY), 0);

FillChar (Fx, SizeOf(Fx), 0);

FillChar (Fy, SizeOf(Fy), 0);
end;

function GetC(i, j: Integer): Integer; {Ham trd vé trong sb canh (x[i], v}

begin
GetC := c[i, j] - Fx[i] - Fy[j]/
end;

procedure FindAugmentingPath; {Thu tuc tim dudng md xuit phat & x[start])

var

Queue: array[l..max] of Integer; {Hing doi dung cho BFS, chi chta chi sb cac dinh € X}

i, j, Front, Rear: Integer;
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begin
FillChar (Trace, SizeOf (Trace), 0);
Queue[l] := start;
Front := 1; Rear := 1;
repeat
i := Queue[Front]; Inc(Front); {Ldy i ra khéi Queue, xét x[i]}
for j :=1tok do
if (Trace[j] = 0) and (GetC(i, j) = 0) then {Néy y[j] chua thim va k& v6i x[i] qua 0_canh}
begin
Trace[j] := i; {Luu vét dudng di)
if match¥[j] = 0 then {Néu y[j] da ghép thi ghi nhan va thodt ngay)
begin
finish := j;
Exit;
end;
Inc(Rear); Queue[Rear] := match¥[j]; (Khéng thi ddy matchY[j] vdo Queue, cho duyét tiép)
end;
until Front > Rear;
end;

procedure SubX AddY; {Phép xoay trong sb canh}
var
i, j, t, Delta: Integer;
VisitedX, VisitedY: set of Byte;
begin
{Trudc hét tim hai t4p VisitedX va VisitedY chtra chi sb cac dinh dén duoc t x[start] qua mot dudng pha}
VisitedX := [start];
VisitedY := [];
for j :=1 to k do
if Trace[j] <> 0 then
begin
Include (VisitedX, matchY[j]);
Include (VisitedY, j);
end;
{Tinh Delta := min(GetC(i, j)Ii € VisitedX va j ¢ VisitedY)}
Delta := maxC;
for i :=1 to k do
if i in VisitedX then
for j :=1 to k do
if not (j in VisitedY) and (GetC(i, j) < Delta) then
Delta := GetC(i, j);
{Xoay}
for t :=1tok do
begin
if t in VisitedX then Fx[t] := Fx[t] + Delta;
if t in VisitedY then Fy[t] := Fy[t] - Delta;
end;
end;

procedure Enlarge; (N¢i rong bd ghép béng dudng md két thic tai y[finish]}

var i finish i finish
i, next: Integer;
begin next next
repeat [j:>
i := Trace[finish];

next := matchX[i];
matchX[i] := finish;
matchY([finish] := i;
finish := Next;
until finish = 0; {finish = 0 © 1 = start}
end;

start start

procedure Solve; {Thudt toan Hungari}
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var
i: Integer;
begin
for i :=1 to k do
begin
start := i; finish := 0;
repeat ({Tim cach ghép x[start]}
FindAugmentingPath;
if finish = 0 then SubX AddY; {Néu khong tim ra dudng mé xudt phat t¥ x[start] thi xoay cc trong sé canh)
until finish <> 0;
Enlarge; {Khi di tim ra dudng md thi chi cdn tdng cp theo dudng mé)
end;
end;

procedure Result; {In két qua}
var
i, j, Count, W: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
Writeln(f, 'Optimal assignment:');
W :=0; Count := 0;
fori :=1tomdo
begin
j := matchX[i];
if c[i, j] < maxC then {Chi in quan tam t6i nhimg canh trong s6 < maxC}
begin
Inc(Count);
WriteLn(£, Count:3l ) o[, 1, '] - Y[', jr T, cld, J]);
W:=W+c[i jl;
end;
end;
Writeln(f, 'Cost: ', W);
Close(f);
end;

begin
Enter;
Init;
Solve;
Result;
end.

Nhan xét:

% C6 thé giai quyét bai toan phan cong néu nhu ma tran chi phi C ¢é phan tir Am bang cach
sua lai mot chit trong thu tuc khoi tao (Init): Véi Vi, thay vi gan Fx[i] := 0, ta gén Fx[i] :=
gi4 tri nho nhét trén hang i cuia ma tran C, khi d6 s& dam bao c[i, j] - Fx[i] - Fy[j] = 0 (V1, j).

% Sau khi két thuc thuét toan, tong tt ca cic phan tir & hai diy Fx, Fy bang trong s cuc tiéu
ctia bo ghép day du tim duogc trén d thi ban dau.

% Mot van dé nita phai hét ste can than trong vi¢c udc luong do 16m cua cac phﬁn tor Fx[.] va
Fy[.] khi khai bio mang, cac gi4 tri ndy c6 thé 16n hon rat nhiéu 1an so voi gia trj 16n nhat

ctia cac c[i, j]. Hay tu tim vi du dé giai thich tai sao.
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12.4. BAI TOAN TiM BQ GHEP CU'C PAI VOI TRONG SO CUC PAI TREN PO
THI HAI PHIA

Bai toan tim bo ghép cuc dai véi trong sé cuc dai ciing c¢6 thé giai nho phuong phap Hungari
bang cach doi dau tat ca cac phan tr ma tran chi phi.

Khi cai dit, ta c6 thé stra lai d6i chit trong chwong trinh trén dé giai bai toan tim bd ghép cuc
dai voi trong s6 cuc dai ma khong can doéi dau trong so. Cu thé nhu sau:

Budc 1: Khéi tao:

M=

X/

% Khoi tao hai ddy Fx va Fy thoa mén: Vi, j: Fx[i] + Fy[j] > c[i, j]; ching han ta c6 thé dat
Fx[i] := Phan tir [én nhit trén dong i cia ma tran C va dit cac Fy[j] :=0.
Budc 2: Vi moi dinh X" €X,, ta tim cach ghép X :
B4t dau tir dinh x, thtr tim dudng mé bét diu ¢ x*. C6 hai kha ning xay ra:
¢ Hodc tim duoc duong mé thi doc theo duong md, ta loai bo nhitng canh da ghép khoi M va
thém vao M nhirng canh chua ghép.
¢ Hoac khong tim dugc duong mo thi xac dinh duoc:
VisitedX = {Tap nhiing X_dinh c6 thé dén dugc tir x* bang mot duong pha}
VisitedY = {Tap nhitng Y _dinh c6 thé dén duoc tir x* bang mot duong pha}
Dit A == min{Fx[i] + Fy[j] - ¢[i, j] | Vx[i] € VisitedX; Vy[j] ¢ VisitedY}
Xoay trong s canh:
Vi Vx[i] € VisitedX: Fx[i] := Fx[i] - A;
Véi Vyl[j] € VisitedY: Fy[j] .= Fy[j] + A;
Lap lai tha tyc tim dudong mo Xuét phat tai X cho t&i khi tim ra duong mo.
Buéc 3: Sau budc 2 thi moi X _dinh déu da ghép, ta dugc mot bd ghép day du k canh voi
trong s 16n nhat.
Dé dang ching minh dugc tinh diing dén cua phuong phap, boi néu ta dit:
c'li, j] = -cli, j]; F'x[i] := - Fx[i]; F'y[j] = - Fy[j].
Thi bai toan trd thanh tim cip ghép ddy du trong sb cuc tiéu trén d6 thi hai phia véi ma tran
trong s6 c'[1..k, 1..k]. Bai toan ndy duogc giai quyét bang cach tinh hai diy d6i ngau F'x va F'y.
Tir d6 bang nhitng bién doi dai s6 co ban, ta ¢ thé kiém ching dugc tinh tuong duong giita
cac budc cia phuong phap néu trén voi cac budc cua phuong phap Kuhn-Munkres ¢ muc

trudc.

12.5. NANG CAP

Dua vao md hinh cai dat thuat toan Kuhn-Munkres & trén, ta ¢ thé danh gia vé do phuec tap

tinh toan 1y thuyét ctia cach cai dat nay:
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Thuét toan tim kiém theo chiéu rong dugc sir dung dé tim duong mé cé do phirc tap O(k?),
mdi 14n xoay trong sb canh mat mot chi phi thoi gian ¢& O(k?). Vay mdi lan ting cap, can toi
da k 1an do duong va k 14n xoay trong s6 canh, mat mot chi phi thoi gian ¢& O(k’). Thuét toan
can k 1an tang cdp nén do phuc tap tinh toan trén 1y thuyét ciia phuong phéap nay c& O(k™).

C6 thé cai tién mo hinh cai dat dé duoc mot thut toan véi do phuc tap O(k3 ) dua trén nhiing
nhan xét sau:

12.5.1. Nhan xét 1

Qua trinh tim kiém theo chiéu rong bit dau tir mot dinh X chua ghép cho ta mét cay pha gbc
X . Néu tim dugc duong mé thi dimg lai va tang cip ngay, néu khong thi xoay trong sé canh

va bat dau tim kiém lai dé duoc mot cdy pha méi 16n hon cay pha cii (Hinh 90):

Tim thay duwong mé

Hinh 90: Ciy pha “mgc” 16n hon sau mdi lin xoay trong s6 canh va tim dwong

12.5.2. Nhan xét 2

Viéc xac dinh trong sb nhé nhét cua canh ndi mot X_dinh trong cdy pha véi mot Y _dinh
ngoai cay pha co thé két hop ngay trong budc dung cdy pha ma khong lam ting cip phirc tap
tinh toan. Dé thuc hién diéu nay, ta st dung k¥ thuat nhu trong thuat toan Prim:

V6i moi y[jleY, goi d[j] := khoang cach tir y[j] &n cdy pha gbc x . Ban dau d[j] dwoc khoi
tao bang trong sd canh x, y[j]) (cdy pha ban ddu chi c6 dung mét dinh X).

Trong budc tim duong bang BFS, mdi 1an rat mot dinh x[i] ra khoi Queue, ta xét nhitng dinh
y[jleY chua thim va dat lai d[j]me := min(d[jles, trong s6 canh (x[i], y[j])) sau d6 méi kiém
tra xem (x[i], y[j]) c6 phai 1a 0 canh hay khong dé tiép tuc cac thao tac nhu trude. Néu qua
trinh BFS khong tim ra duong mé thi gia tri xoay A chinh 13 gi4 tri nho nhét trong cac d[j]
dwong. Ta b6t duge mot doan chuong trinh tim gia trj xoay c6 do phirc tap O(k?). Cong viée
tai mdi budc xoay chi 1a tim gia tri nho nhit trong cac d[j] duong va thuc hién phép cong, trir
trén hai diy dbi ngdu Fx va Fy, né c6 d6 phuc tap tinh toan O(k). THi da c6 k 1an xoay dé tim
dudng md nén tong chi phi thoi gian thuc hién cac 1an xoay cho téi khi tim ra dudng mé c&

O(k*). Luu ¥ rang dd thi dang xét 1a db thi hai phia ddy da nén sau khi xoay céc trong sé canh
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bang gié tri xoay A, tit ca cic canh ndi tir X_dinh trong cdy pha t6i Y_dinh ngoai cay pha déu
bi giam trong s di A, chinh vi vy sau mdi budc xoay, ta phai trir tit ca cac d[j] > 0 di A dé
gilr dugc tinh hop ly cua céac d[j].

12.5.3. Nhan xét 3

Ta c6 thé tan dung két qua cua qua trinh tim kiém theo chiéu rong & budc trude dé néi rong
cdy pha cho budc sau (grow alternating tree) ma khong phai dung cay pha lai tir dau (BFS lai
bat dau tir x)).

Khi khong tim théy duong md, budc xoay trong s6 canh s& duge thuc hién. Sau khi xoay, ta
s€ thdm ludn nhitng dinh y[j]leY chua thdm tao voi mdt X dinh da tham mot 0_canh (nhitng
y[j] chua thiam c6 d[j] = 0), néu tim thdy dudng md thi dimg ngay, néu khong thay thi day tiép
nhitng dinh matchY[j] vao hang doi va lap lai thuat toan tim kiém theo chiéu rong bat dau tir
nhitng dinh nay. Vay néu xét tong thé, mdi 1an tang cip ta chi thuc hién mot 1an dung cay pha,
tic 1a téng chi phi thoi gian ctia nhitng 1an thuc hién giai thuat tim kiém trén dd thi sau mdi
l4n tang cap chi con 1a O(k?).

12.5.4. Nhan xét 4

Thu tuc tang cap dua trén duong mé (Enlarge) c6 dé phuc tap O(k)

Tir 3 nhén xét trén, phuong phap d6i ngdu Kuhn-Munkres c6 thé cai dit bang mot chuong
trinh c6 d6 phtc tap tinh toan O(k’) béi n6 can k 1an ting cdp va chi phi cho mdi 1an 1a O(k?).
P 4 12 2.PAS * Cai dit phuong phap Kuhn-Munkres O(k’)

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2% - 1]%)
program Finding the Best Assignment;
const

InputFile = 'ASSIGN.INP';
OutputFile = 'ASSIGN.OUT';

max = 1000;

maxEC = 1000;

maxC = max * maxEC + 1;
var

c: array[l..max, 1..max] of Integer;

Fx, Fy, matchX, matchY: array[l..max] of Integer;
Trace, Queue, d, arg: array[l..max] of Integer;
Front, Rear: Integer;

start, finish: Integer;

m, n, k: Integer;

procedure Enter; (Nhdp dit liéu}

var
i, j: Integer;
f: Text;

begin
Assign(f, InputFile); Reset(f);
ReadIn(f, m, n);
if m> n then k :=melse k :=n;
fori :=1tok do

for j :=1 to k do c[i, j] := maxC;

while not SeekEof (f) do ReadLn(f, i, j, c[i, j]);
Close(f);

end;

procedure Init; {Khéi tao}
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begin
FillChar (matchX, SizeOf (matchX), 0);
FillChar (matchY, SizeOf (matchY), 0);
FillChar (Fx, SizeOf(Fx), 0);
FillChar (Fy, SizeOf(Fy), 0);

end;

function GetC(i, j: Integer): Integer; {Ham trd vé trong sb canh (x[i], v[i])}
begin

GetC := c[i, j] - Fx[i] - Fy[jl;
end;

procedure InitBFS; {Thi tuc dugc goi truéc khi bdt diu dung mot ciy pha)
var

j: Integer;
begin

Front := 1; Rear := 1;

Queue[l] := start;

FillChar(Trace, SizeOf(Trace), 0);

for j :=1 to k do

begin
d[j] := GetC(start, j); {d[j]: Khoang cich gan nhit tir mot X dinh trong cay pha dén y[j]}
arg[j] := start; {arg[j]: X dinh néi v6i y[j] dé tao ra khoang cich gan nhat dé}
end;
finish := 0;
end;

procedure Push(v: Integer);
begin

Inc(Rear); Queue[Rear] := v;
end;

function Pop: Integer;
begin

Pop := Queue[Front]; Inc(Front);
end;

procedure FindAugmentingPath; {Tim dudng md xudt phat tir x[start])
var
i, j, w: Integer;
begin
repeat
i := Pop; {LAy i khoi Queue, xét x[i])
for j ;=1 tok do
if Trace[j] = 0 then {Néu y[j] chua thim}
begin
W := GetC(i, j); {Tinh trong sb canh (x[i], y[i])}
if w = 0 then (Néu canh (x[i], y[j]) 1a 0 canh}
begin
Trace[j] :=1i;
if matchY[j] = 0 then
begin
finish := j;
Exit;
end;
Push (matchY[j]);
end;
if d[j] > w then {Cép nhdt lai d[j] theo cdy pha da néi rdng hon dinh x[i]}
begin
dj] :=w;
arg[j] :=i;
end;
end;

Lé Minh Hoang



< 302 we Chuyén dé

until Front > Rear;
end;

procedure SubX AddY; (Phép xoay trong sb canh}
var
Delta: Integer;
i, j: Integer;
begin
{Truéc hét tinh Delta := Gia tri nhé nhit trong sb cac d[j] md y[j] chua thim}
Delta := maxC;
for j :=1 to k do
if (Trace[j] = 0) and (d[j] < Delta) then Delta := d[j];
{Xoay}
Fx[start] := Fx[start] + Delta;
for j :=1 to k do
if Trace[j] <> 0 then
begin
i := matchY[j];
Fy[j] := Fy[j] - Delta;
Fx[i] := Fx[i] + Delta;
end
else
d[j] :=d[j] - Delta;
for j :=1 to k do
if (Trace[j] = 0) and (d[j] = 0) then {Xét nhing y[j] nbi véi cay pha qua mot 0 _canh méi phat sinh}
begin
Trace[j] := arg[j];
if match¥[j] = 0 then {y[j] chua ghép & tim thiy dudng mé k&t théc & y[j]}

begin
finish := j;
Exit;
end;
Push(matchY[j]); {y[j] d& ghép, ddy matchY[j] vdo Queue chd duyét tiép)

end;
end;

procedure Enlarge; {N6i réng bd ghép béi dudng mé k&t thic & y[finish]}

var i finish i finish
i, next: Integer;
begin next next
repeat [j:}
i := Trace[finish];
next := matchX[i];
matchX[i] := finish;
matchY[finish] := i; start start

finish := Next;
until finish = 0; {finish = 0 & 1 = start}
end;

procedure Solve; {Thit ghép ldn luot céc dinh t x[1] téi x[k]}
var
i: Integer;
begin
fori :=1tokdo
begin
start := i; {Tim cach ghép x[start]}
InitBFS;
repeat
FindAugmentingPath;
if finish = 0 then SubX AddY;
until finish <> 0;
Enlarge;
end;
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end;

procedure Result; {In két qua)
var
i, j, Count, W: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
Writeln(f, 'Optimal assignment:');
W :=0; Count :=0;
fori :=1tomdo
begin
j := matchX[i];
if c[i, j] < maxC then
begin
Inc(Count);
Writeln(f, Count:3, ') x[', i, '] - y[', 3, "1 ', cli, 31);
W:=W+c[i jl;
end;
end;
WriteLn(f, 'Cost: ', W);
Close(f);
end;

begin
Enter;
Init;
Solve;
Result;
end.
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§13. BAI TOAN TiM BQ GHEP CUC PAI TREN PO THI

13.1. CAC KHAI NIEM

Xét @6 thi G = (V, E), mot bd ghép trén d6 thi G 1a mot tap cac canh d6i mot khong co dinh

chung.

Bai toan tim bd ghép cuc dai trén do thi tong quat phat biéu nhu sau:

Cho mdt dd thi G, phai tim mo{t bo ghép cuc dai trén G (bo ghép co nhiéu canh nhét).

V61 mot by ghép M cua dd thi G, ta goi:

¢+ Nhitng canh thugc M dugc goi la canh da ghép hay canh dam

+¢ Nhiing canh khong thudc M duoc goi 1a canh chua ghép hay canh nhat

% Nhitng dinh d4u mut cua cac canh dam duge goi 1a dinh da ghép, nhitng dinh con lai goi
la dinh chwa ghép

< Mot duong di co ban (duong di khong co dinh ldp lai) dugc goi 1a dwdng pha néu no bat
dau bang mot canh nhat va ti€p theo la cac canh dam, nhat nam noi tiép xen k€ nhau.

% Mot chu trinh co ban (chu trinh khong c6 dinh trong lap lai) dugc goi la mot Blossom néu
no di qua it nhat 3 dinh, bat dau va két thic bang canh nhat va doc trén chu trinh, cadc canh
dam, nhat nam ndi tiép xen k& nhau. Pinh xuét phat ctia chu trinh (ciing 1a dinh két thuc)
dugc goi 1a dinh co sé (base) cia Blossom.

< Puwong mé 13 mot dudng pha bat ddu ¢ mot dinh chua ghép va két thiic & mot dinh chua
ghép.

Vi du: Vé6i @6 thi G va bd ghép M trong Hinh 91:

Puong (8, 1, 2, 5, 6, 4) 1a mdt duong pha

Chu trinh (2, 3, 4, 6, 5, 2) 1a mdt Blossom

buong (8, 1, 2, 3, 4, 6, 5, 7) la mot duong md

buong (8, 1, 2, 3,4, 6, 5,2, 1, 9) tuy c6 cac canh ddm/nhat xen k& nhung khong phai duong

pha (va tat nhién khong phai duong mé) vi day khong phai la duong di co ban.

Hinh 91: P thi G va mdt b ghép M

Ta d& dang suy ra dugc céc tinh chat sau:
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% Duong mo cling nhu Blossom déu 1a duong di do dai 1¢ voi s6 canh nhat nhiéu hon sb
canh dam ding 1 canh.

% Trong mdi Blossom, nhing dinh khong phai dinh co s¢ déu 1a dinh da ghép va dinh ghép
voi dinh d6 cling phai thudc Blossom.

< Vi Blossom 12 mét chu trinh nén trong mdi Blossom, nhiing dinh khong phai dinh co s&
déu ton tai hai duong pha tir dinh co s¢ di dén no, mot duong két thuc bﬁng canh dam va
mot dudng két thuc bang canh nhat, hai dudng pha nay duoc hinh thanh bang cach di doc
theo chu trinh theo hai huéng ngugc nhau. Nhu vi du & Hinh 91, dinh 4 ¢6 hai dudong pha
di dinh co so 2 di t6i: (2, 3, 4) 1a duong pha két thic bang canh dam va (2, 5, 6, 4) 1a
duong pha két thic bang canh nhat

13.2. THUAT TOAN EDMONDS (1965)

Co s& cua thuét toan 13 dinh 1y (C.Berge): Mot bo ghép M ctia d6 thi G 1a cuc dai khi va chi
khi khong ton tai duong mo ddi voi M.

Thuat toan Edmonds:

M:=@;
for (V dinh u chua ghép) do
if (Tim duong md xudt phat ti u) then
(Doc trén duong md: Loai bé nhing canh dém khéi M; Thém vao M nhimg canh nhat);
(Tra vé M 1a bd ghép cuc dai trén G);

Diéu kho nhét trong thuat toan Edmonds 14 phai xay dung thuat toan tim dudng mé xuét phat
tir mot dinh chua ghép. Thuat toan d6 dugc xay dung bang cach két hop mot thuat todn tim
kiém trén db thi v6i phép chap Blossom.

Xét nhimg dudng pha xuét phat tir mot dinh x chua ghép. Nhimg dinh c¢6 thé dén duogc tir x
bing mot dudng pha két thiic 1a canh nhat dugc gan nhan “nhat” (goi tat 13 dinh nhat), nhiing
dinh co thé dén dugc tir x bang mot dudng pha két thuc 1a canh ddm duoc gan nhin “dam”
(goi tit la dinh dam).

Véi mot Blossom, ta dinh nghia phép chap (shrink) 1a phép thay thé cac dinh trong Blossom
béng mot dinh duy nhét. Nhiing canh ndi gitta mot dinh thudc Blossom téi mot dinh v nao do6
khong thugc Blossom dugc thay thé bang canh ndi giita dinh chap nay véi v va gitt nguyén
tinh dam/nhat. C6 thé kiém chimg duoc nhan xét: sau mdi phép chap, cac canh ddm van duogc

dam bao 13 bd ghép trén dd thi mai:
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2

= dinh co’ sé& clia blossom

Hinh 92: Phép chiap Blossom

Thuat toan tim dudng mé xuét phat tir dinh x c6 thé phat biéu nhu sau.

Trude hét dinh xudt phat x dugc gan nhan dam.

Tiép theo 1a thuét toan tim kiém trén d6 thi bit du tir x, theo nguyén tac: tir dinh dam chi
duoc phép di tiép theo canh nhat va tir dinh nhat chi dugc di tiép theo canh dam. Mdi khi
tham t6i mot dinh, ta gan nhan dam/nhat cho dinh d6 va tiép tuc thao tac tim kiém trén d6 thi
nhu binh thuong. Ciing trong qua trinh tim kiém, mdi khi phat hién thdy mot canh nhat ndi hai
dinh dam, ta dimg lai ngay vi néu gan nhan tiép s& gip tinh trang mot dinh ¢ ca hai nhin
dam/nhat, trong truong hop nay, Blossom duoc phat hién (xem tinh chat cia Blossom) va bi
chap thanh mot dinh, thuat toan duge bat dau lai véi d6 thi méi cho t6i khi tra 10i duge cau
hoi: “c6 ton tai dudng md xudt phat tir x hay khong?".

Néu duong mé tim dugc khong di qua dinh chap nao thi ta chi viéc ting cip doc theo duong
mo. Néu dudng md c¢6 di qua mot dinh chép thi ta lai nd dinh chap d6 ra thanh Blossom dé

thay dinh chap nay trén dudng mé bang mot doan duong xuyén qua Blossom:

Luu y rang khong phai Blossom ndo ciing bi chap, chi nhitng Blossom anh huéng t6i qua

trinh tim duong mé méi phai chap dé dam bao rang dudng mé tim duoc 1a duong di co ban.
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Tuy nhién viéc cai dat truc tiép cac phép chap Blossom va ng dinh khé ric rdi, doi hoi mot
chwong trinh v&i do phic tap O(n*).

Duéi dy ta s& trinh bay mot phuong phap cai dat hiéu qua hon véi do phuc tap O(n’),
phuong phéap nay cai dat khong phtic tap, nhung yéu cau phai hiéu rat rd ban chat thuat toan.

13.3. THUAT TOAN LAWLER (1973)

Trong thuat toan Edmonds, sau khi chiap mdi Blossom thanh mot dinh thi dinh d6 hoan toan
lai c6 thé nam trén mot Blossom méi va bi chap tiép. Thuat toan Lawler chi quan tim dén
dinh chap cudi cung, dai dién cho Blossom ngoai nhat (Outermost Blossom), dinh chap cudi
cung nay dugc dinh danh (danh s6) bing dinh co so ciia Blossom ngoai nhat.

Ciuing chinh vi thao tdc chap/nd noi trén ma ta can mo rong khai ni¢m Blossom, co thé coi
mot Blossom 1a mét tip dinh né ra tir mét dinh chap cht khong don thuan chi 1a mot chu

trinh pha co ban ntra.

Xét mot Blossom B c6 dinh co so 1a dinh r. V6i VveB, v # 1, ta luu lai hai duong pha tur r to1

v, mot dudng két thuc bang canh ddm va mot dudng két thuc bang canh nhat, nhu vay c6 hai

loai vét gin cho mdi dinh v (hai vét nay dugc cap nhat trong qué trinh tim dudng):

% S[v] 1a dinh lién trude v trén dudng pha két thuc bang canh ddm, néu khong ton tai dudng
pha loai nay thi S[v] = 0.

% T[v] la dinh lién trudc v trén duong pha két thic bang canh nhat, néu khong ton tai duong
pha loai nay thi T[v] = 0.

Bén canh hai nhan S va T, mdi dinh v con c6 thém:

+* Nhan b[v] 1a dinh co s¢ cua Blossom chira v. Hai dinh u va v thudc cung mot Blossom <
b[u] =b[v].

% Nhan match[v] 1a dinh ghép véi dinh v. Néu v chua ghép thi match[v] = 0.

Khi d6 thuit toan tim dwong mé bit diu tir dinh x chwa ghép c¢é thé phat biéu nhw sau:

Buwdc 1: (Init)

% Hang doi Queue dung dé chira nhitng dinh ¢am cho duyét, ban dau chi gdbm mot dinh dam
X.

% Vi moi dinh u, khoi gan b[u] =u va match[u] = 0 vdi Vu.

% Gan S[x] # 0; voi Vuzx, gan S[u] =0

% Voi Vv: gan T[v] =0

Budc 2: (BFS)

Lip lai cac budc sau cho t6i khi hang doi rong:

V&i mdi dinh dam u léy ra tir Queue, xét nhitng canh nhat (u, v):

% Néu v chua thim:

Neéu:
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= v la dinh chua ghép — Tim thdy dudng mo két thuc ¢ v, dimg
» v la dinh da ghép — thdm v — tham luén match[v] va déy match[v] vao Queue.
Luu vét: Cap nhat hai nhan Sva T
% Néu v di thim
> Néu v 1a dinh nhat hodc b[v] = b[u] = bo qua
> Néu v 1a dinh dam va b[v] # b[u] ta phat hién dugc blossom méi chira u va v, khi do:

= Phat hién dinh co so: Truy vét dudng di ngugc tir hai dinh ddm u va v theo hai dudng
pha vé niit gbc, chon lay dinh a 1 dinh dam chung gip dau tién trong qua trinh truy
vét ngugc. Khi d6 Blossom m&i phét hién sé& c6 dinh co so 13 a.

= Gan lai vét: Goi (a=1[1], i[2], ..., i[p] = w) va (a =][1], j[2], ..., j[q] = V) 14n luot 14
hai dudng pha dan tir a t&i u va v. Khi d6 (a = i[1], i[2], ..., i[p] = w, jlq] =V, j[q-
1], ..., j[1] = a) 1a mot chu trinh pha di tir a t&i u va v rdi quay tré vé a. Bang cach di
doc theo chu trinh nay theo hai hudng nguoc nhau, ta c6 thé gan lai tit ca cic nhan S
va T ctia nhitng dinh trén chu trinh. Luu y ring khong duoc gan lai nhin S va T cho
nhimg dinh k ma b[k] = a, va v6i nhitng dinh k c6 b[k] # a thi bat budc phai gan lai
nhan S va T theo chu trinh nay bat ké S[k] va T[k] trudc d6 da c6 hay chua.

» Chép Blossom: Xét nhitng dinh v ma b[v]e{b[i[1]], b[i[2]], ..., b[i[p]], b[j[1]],
b[j[2]], ..., b[j[q]]}, gan lai b[v] = a. Néu v 1a dinh ddm (c6 nhdn S[v] # 0) ma chua
dugc duyét t6i (chua bao gio dugc ddy vao Queue) thi ddy v vao Queue chd duyét
tiép tai nhitng budc sau.

Budrce 3:
Néu budc 2 tim ra duong mo thi tra vé dudng ma, néu budc 2 khong tim thdy dudng mo
va thoat ra do hang doi rong thi két luan khong tim thiy duong mé.

Sau day 1a mot s6 vi du vé cac truong hop tir dinh ddm u xét canh nhat (u, v):

Trwong hop 1: v chua tham va chua ghép:
S:2 T:3

S:2
u Vv : u
X T

X T:A

<

= Tim thiy duong mo (1, 2, 3, 4)
Truong hgp 2: v chua tham va da ghép
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S:2 . . .
S:2 T:3 S:4
D—( =) (—(D)—=
u Vv E> u \%
X T x T

= Thiam ca v 1an match[v], gan nhan T[v] va S[match[v]]

Truwong hgp 3: v da tham, la dinh ddm thudc cung blossom vdi u

bl1=3

= Khong xét, bo qua

Trwong hop 4: v da tham, 1a dinh ddm va b[u] # b[v]

= Phat hién Blossom, tim dinh co s a = 3, gan lai nhin S va T doc chu trinh pha. Day hai
dinh ddm moi 4, 6 vao hang doi, Tai nhitng budc sau, khi duyét téi dinh 6, s€ tim théy duong
mé két thuc ¢ 8, truy vét theo nhan S va T tim dugc duong (1, 2, 3,4,5,7, 6, 8)

Tu tudng chinh cua phuong phap Lawler 1a dung cac nhan b[v] thay cho thao tac chap truc
tiép Blossom, ding cac nhin S va T dé truy vét tim duong md, tranh thao tic nd Blossom.
Phuong phap nay dya trén mot nhan xét: Mdi khi tim ra duong mé, néu duong mo d6 xuyén
qua mdt Blossom ngoai nhét thi chic chin né phai di vao Blossom nay tir nat co s¢ va thoat
ra khoi Blossom bang mét canh nhat.

13.4. CAI PAT
Ta s€ cai dat phuong phap Lawler véi khudn dang Input/Output nhu sau:
Input: file van bin GMATCH.INP
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% Dong 1: Chura hai s6 n, m 1an luot 1a s6 canh va s6 dinh cua dd thi cach nhau it nhit mot
dau cach (n < 1000)
% m dong tiép theo, mbi dong chura hai $6 u, v tuong trung cho mét canh (u, v) cla dd thi

Output: file vin bAn GMATCH.OUT, ghi bo ghép cuc dai tim dugc

GMATCH, INP | GMATCH,OUT
qli’ ‘l" 10 11 1) 16
12 2) 28
16 3) 34
24 4) 510
O—XD s |85
34
O—O—@ ¥
56
O—@ |5
5 10
(1) 1y
79

Chuong trinh nay stra d6i mot chit mo hinh cai dit trén dua vao nhan xét:

% v 1a mdt dinh ddm néu va chi néu v = x hodc match[v] 1a m{t dinh nhat, vay dé kiém tra
mot dinh v ¢6 phai dinh ddm hay khong ta c6 thé kiém tra bang biéu thuc:

(v =x) or (match[v] <> 0) and (T[match[v]] <> 0) = TRUE

% Néu v 1a dinh dam thi S[v] = match[v]

Cac bién dugc sir dung véi vai tro nhu sau:

¢ match[v] Ia dinh ghép véi dinh v

+¢ b[v] la dinh co s& ctiia Blossom chira v

% T[v] 1a dinh lién trudc v trén dudng pha tir dinh xudt phat t6i v két thiic bang canh nhat,
T[v] = 0 néu qué trinh BFS chua xét t6i v.

% InQueue[v] 1a bién Boolean, InQueue[v] = True < v 13 dinh dam di duoc diy vao Queue
dé cho duyét.

% start va finish: Noi bat dau va két thuc duong mé.

P 4 13 1.PAS * Phuong phép Lawler ap dung cho thudt toan Edmonds

{$MODE DELPHI} (*This program uses 32-bit Integer [-2%..2%! - 1]%)
program Finding the Maximum Matching in General Graph;

const
InputFile = 'GMATCH.INP';
OutputFile = 'GMATCH.OUT';
max = 1000;

var

a: array[l..max, 1..max] of Boolean;

match, Queue, b, T: array[l..max] of Integer;
InQueue: array[l..max] of Boolean;

n, Front, Rear, start, finish: Integer;

procedure Enter;
var
i, m, u, v: Integer;
f: Text;
begin
Assign(f, InputFile); Reset(f);
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FillChar(a, SizeOf(a), False);
Readln(f, n, m);
fori:=1tomdo
begin
Readln(f, u, v);
afu, v] := True;
a[v, u] := True;
end;
Close(f);
end;

procedure Init; {Khoi tao by ghép réng}
begin

FillChar (match, SizeOf(match), 0);
end;

procedure InitBFS; {Thi tuc ndy duoc goi dé khdi tao truéc khi tim dudng mé xudt phat tu start)
var

i: Integer;
begin

{Hang doi chi gom mot dinh dam start)

Front := 1; Rear := 1;

Queue[l] := start;

FillChar (InQueue, SizeOf (InQueue), False);

InQueue[start] := True;

{Cac nhan T dugc khoi gan = 0}

FillChar(T, SizeOF(T), 0);

{Nit co s¢ cua outermost blossom chia i dugc khoi tao 1a i}

for i := 1 to ndo b[i] :=i;

finish := 0; (finish = 0 nghia 14 chua tim thiy dudng mo)
end;

procedure Push(v: Integer); (Pdy mot dinh dim v vio hang doi)
begin

Inc(Rear);

Queue[Rear] := v;

InQueue[v] := True;
end;

function Pop: Integer; {Ldy mot dinh dim khoi hang doi, trd v& trong két qué ham}

begin
Pop := Queue[Front];
Inc(Front);

end;

{Kho nhit clia phuong phép Lawler 1 thi tuc ndy: Thu tuc xi 1y khi gdp canh nhat ndi hai dinh dém p, q}
procedure BlossomShrink(p, q: Integer);
var

i, NewBase: Integer;

Mark: array[l..max] of Boolean;

{Thi tuc tim nit co s& bing céch truy vét nguoc theo dudng pha tir p va q}
function FindCommonAncestor(p, q: Integer): Integer;
var
InPath: array[l..max] of Boolean;
begin
FillChar (InPath, SizeOf(Inpath), False);
repeat (Truy vét tu p}
p :=blp]; {Nhdy téi nit co so cia Blossom chiia p, phép nhay ndy dé tdng téc do truy vét}
InPath[p] := True; {P4nh diu nut d6)
if p = start then Break; {Néu di truy vé dén noi xudt phat thi dimg)
p := T[match[p]]; {Néu chua v& dén start thi truy 1ii tiép hai budc, theo canh ddm rdi theo canh nhat}
until False;
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repeat {Truy v&t ti q, tuong ty nhu ddi véi p)
q := b[q]; (
if InPath[q] then Break; {Tuy nhién neu cham vdo dudng pha cla p thi ding ngay}
q := T[match[q]];
until False;
FindCommonAncestor := q; {Ghi nhén dinh co s moi}
end;

procedure ResetTrace(x: Integer); {Gén lai nhan vét doc trén dudng pha ti start toi x}
var
u, v: Integer;
begin
V= X;
while b[v] <> NewBase do {Truy vét dudng pha ti start téi dinh dam x)
begin
u := match[v];
Mark[b[v]] := True; {P4nh d&u nhin blossom clia cac dinh trén dudng di)
Mark[b[u]] := True;

v := Tu];
if b[v] <> NewBase then T[v] := u; (Chi dit lai vét T[v] néu b[v] khong phdi nit co so méi)
end;

end;

begin {BlossomShrink}
FillChar (Mark, SizeOf (Mark), False); (Tt ca céc nhan b[v] dugc khéi tao 1a chua bi danh diu}
NewBase := FindCommonAncestor(p, q); {xdc dinh nit co sé}
ResetTrace(p) ; ResetTrace(q); {Gan lai nhdn}
if b[p] <> NewBase then T[p] := q;
if b[q] <> NewBase then T[q] := p;
{Chép blossom ¢ gan lai céc nhan b[i] cho dinh i néu blossom b[i] bi dénh déu)
for i :=1 tondo
if Mark[b[i]] then b[i] := NewBase;
{Xét nhiing dinh dam i chua dugc dua vao Queue ndm trong Blossom méi, day i va Queue dé chd duyét sau)
fori :=1tondo
if not InQueue[i] and (b[i] = NewBase) then
Push(i);
end;

{Thi tuc tim dudng mo}
procedure FindAugmentingPath;
var
u, v: Integer;
begin
InitBFS; {Khoi tao}
repeat {BFS}
u := Pop; (ROt mot dinh ddm u ra khdi hang doi}
{Xét nhiing dinh v k& u qua mdt canh nhat md v khéng nim cing blossom voi u)
forv:=1tondo
if (a[u, v]) and (match[u] <> v) and (b[u] <> b[v]) then
if (v = start) or (match[v] <> 0) and (T[match[v]] <> 0) then {Néu v 1a dinh dém)
BlossomShrink (u, v) {thi gan lai vét, chap blossom...}
else
if T[v] = 0 then {Néu v 13 dinh nhat chua thdm toi)
if match[v] = 0 then {Néu v chua ghép nghia tim duoc dudng md k&t thic & v, thoat)

begin
T[v] = u;
finish := v;
Exit;
end
else {Néu v di ghép thi ghi vét duong di, thdm v, thidm ludn cd match[v] va ddy matchlv] vao Queue)
begin
Tlv] :=u;
Push (match([v]);
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end;
until Front > Rear;
end;

procedure Enlarge; {N6i rong bo ghép boi dudng md b&t diu tu start, k&t thic & finish)
var
v, next: Integer;
begin
repeat
v := T[finish];
next := match[v];
match([v] := finish;
match[finish] := v;
finish := next;
until finish = 0;
end;

procedure Solve; {Thudt toan Edmonds}
var
u: Integer;
begin
foru :=1tondo
if match[u] = 0 then
begin
start := u; {Voi mdi dinh chua ghép start}
FindAugmentingPath; {Tim dudng md bat du tiu start)
if finish <> 0 then Enlarge; {Néu thdy thi néi rong bo ghép theo dudng mo nay)
end;
end;

procedure Result; {In by ghép tim duogc}
var
u, count: Integer;
f: Text;
begin
Assign(f, OutputFile); Rewrite(f);
count := 0;
foru:=1tondo
if match[u] > u then {Via tranh in ldp canh (u, v) va (v, u), via loai nhiing dinh khong ghép dugc (match[.]=0)}
begin
Inc(count);
WriteLn(f, count, ') ', u, ' ', match[u]);
end;
Close(f);
end;

begin
Enter;
Init;
Solve;
Result;
end.

13.5. PQ PHU'C TAP TiNH TOAN
Thii tuc BlossomShrink c¢6 d phirc tap O(n). Thu tuc FindAugmentingPath can khong qué n

lan goi thu tuc BlossomShrink, cong thém chi phi cta thuat toan tim kiém theo chiéu rong, co
d6 phirc tap O(n®). Phuong phap Lawler can khong qua n 1an goi thi tuc Find AugmentingPath

nén c6 do phirc tap tinh toan la O(n’).
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Cho dén nay, phuong phap t6t nhat dé giai bai toan tim by ghép tong quat trén do thi dugc
biét dén 1a cia Micali va Vazizani (1980), né c6 do phitc tap tinh toan la o(& m) Ban c6

thé tham khao trong céc tai liéu khéc.
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