Loi néi dau

Trong chuong trinh toan & bac THPT, vecto 1a mot khai niém quan trong, né ¢6 tinh khai quat
cao, c6 thé stt dung cho cé hinh phang 14n hinh khong gian va tham chi ca dai s6. Nho vecto,
ta ¢6 thé dua toa do vao bai todn hinh hoc do d6 tranh khoi nhiing sai 14m vé mat truc quan.
Ciing nho vecto, nhiéu bai toan hinh hoc phang, hinh hoc khong gian rat khé néu chi giai quyét
chiing bang hinh hoc thuan tiy, nhung lai tr& nén don gian hon khi ting dung vecto. Chinh vi
vay, nghién ctiu cac tng dung cta vecto vao viéc giai toan hinh hoc, tham chi ca dai s6 1a mot
van dé kha thd vi va y nghia.

D6i v6i vecto, nhitng khia canh ddng dé quan tam va c6 thé dung d€ giai quyét cdc bai todn
12 kh4 nhiéu, trong d6 c6 viéc chitng minh ba diém thang hang, ba dudng thang dong quy, hai
dudng thang vuong géc, hay chiing minh ciing nhu thiét 1ap cdc bat dang thiic ... Nhung trong
khuon khé mot chuyén dé nho, toi xin chi dé cap dén viéc Gng dung tich vo huéng cta hai
vecto vao viéc thiét 1ap va chitng minh bat dang thitc. Day 1a mot van dé khong con méi vé
tong quan va chii yéu van 12 khai thac c4c khfa canh sau:

e Sir dung tich vo huéng dé tinh khoang céch giita cac diém dic biét, cho cac khoang cach
d6 khong am hodac so sanh ching, ta dugc cdc bat dang thiic.

e Sir dung binh phuong vo6 huéng cua o 1a dai luong khong am (# 1a mot vecto duoc chon
dac biét)

e Néu i, ¥ 1a hai vecto bat ky thi 4.7 = |u]|¥]. cos(i, V)

tir d6 thiét 1ap va chiing minh cdc bat dang thiic

Tuy nhién khi nhin né duéi nhitng géc do chi ti€t hon, ta vin c6 thé thu dugc nhiéu bai todn
thu vi.

1. Khai thac hé thirc Jacobi

Hé thirc Jacobi
Cho tam gidc ABC, canh BC = a,CA = b, AB = ¢, diém M bén trong tam gidc. Dat:

_ SamBe _ SamAc _ SamvBa
Saasc’ Saasc’ SaaBc
Tacozx+y+2=1va _ . .
stMA+yMB+zMC =0 (1)
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Day la hé thic quen thudc va chiing minh né khong c6 gi khé khan. Tuy nhién tir day ta
c6 thé thu dugc rat nhiéu bat dang thic trong tam giac khi cho M 1a nhitng diém dac biét ciing
nhu khi xét méi quan hé gitta diém dac biét do.

Trude hét, cho O 1a mot diém bat ky trong mat phang, ta c6

(1) & 2(MO + OA) + y(MO + OB) 4+ 2(MO + OC) =
& (z4y+2)0M = 204+ yOB + 20C
— (v +y+2)2.0M? = 2°0A% + y*OB* + 2 0C°+
+ 22y0OAOB + 2yz0BOC + 22:0COA
& (z4+y+2)20M? = 220A% +y*OB? + 220C*+
+2y(OA? + OB* — ) + yz(OB? + OC? — a®) + z2(0A* + OC? — b?)
& (x+y+2)>20M* = (z+y+2)(20A* + yOB* 4+ 20C?) — (zyc* + yza® + x2b%)
& OM? = vOA* + yOB? + 20C? — (zyc® + yza® + z2b*)  (2)
1) Chon (O, R) la duong tron ngoai tiép tam giac ABC

He thic (2) tr6 thanh: OM? = R? — (zyc® + yza® + z2b*)  (3).
Cho M 1an luot 1a c4c diém dac biét trong tam gidc, ta ¢6 cdc bai toan sau:

Bai toan 1 Cho tam gidc ABC. Ching minh: a® + b? + ¢* < 9R?

1 212 4 2
Loi gidi. Khi M = G.tacd e =y = 2 = < nén OG* = B - %
Suy ra di€u phai ching minh. [
Bai toan 2 Cho tam giac ABC. Chtiing minh:
9 abc

AR > ——

a+b+c
b) R > 2r
Loi giai. Goi I 1a tam dudng tron noi ti€p tam giac ABC.
a)Khi M =1,tacé:

a b c
T = : = 2=
a+tb+c? T atb+c a+b+c
b
Thay vio 3) tacé: OI? = R? — — ¢ >
RS a+b+c
b) OI? = R? — =, = R? — 2Rr. Suy ra diéu phai chitng minh. |
p

Ta ¢ bai toan tuong tu trong khong gian:



Bai toan 2' Cho tt dién ABC'D ngoai ti€p mat cau (I, r) va ndi ti€p mat cau (O, R). Khi d6
R* > 9r* + OI”
Loi gidi. Goi Syu, Sg, Sc, Sp 1a dién tich cac mat BCD, ACD, ABD, ABC. Khi d6 ta c6
SadA+ Sp.IB+ Se.IC + Sp.ID =0
Véi moi M, ta cé

SaMA?+ Sp.MB? + So.MC? + Sp.MD?
= SATA* + Sp.IB* + S¢.IC?* + Sp.ID? + (S4+ Sp + S + Sp)M I*

Cho M = O, ta co

(Sy+Sp+Sc+ Sp)R* = Sy TA* + Sp.IB? + Sc. IC? + Sp.ID* + (S4 + Sp + Sc + Sp)OI?
Sy IA?+ Sp.IB* 4 S¢.IC? + Sp.ID?

OrI?
(Sa+ 55 + S0+ 50) +

& R?

Ta con chiing minh:

_ SAdA?+ Sp.IB? + S¢.IC? + Sp.1D?

T
(SA+SB+SC—|—SD)

> 9r?

That vay:

(SalA?+ Sp.IB*+ Sc.IC?* + Sp.ID?)(Sa+ Sp+ Sc+ Sp)
(SA + S+ Sc + SD)2

(SadA+ Sp.IB+ Sc.IC + Sp.ID)?

- (SA+SB+SC—|—SD)2

T =

Nhung[A}ha—TéSA.IAE?)V—TSA
= Sp A%+ Sp.IB*+ Sc.IC? + Sp.ID?* > 9V = 3r(Ss + Sp + Sc + Sp).
Vay T > 9r2. |

Ngoai ra, trong tam gidc con ¢6 mot s6 diém dac biét khdc nita ( chu yéu xét céc diém tao
ra cac hé thic dang (1) trong d6 z, y, 2 ¢6 quan hé¢ v6i cac canh tam giac):
Piém Giac-Gon
Cho tam gidc ABC, dudng tron noi tiép tam giac ti€p xic ba canh BC, C A, AB lan luot tai
Ay, By, C,. Khi dé ba dudng AA,, BB, CC, déng quy tai mot diém .J, goi la diém Gidc-Gon.
Diém .J théa man hé thic

— —

(p—0)p—c)JA+ (p—c)p—a)JB+ (p—a)(p—0b)JC =0



B
p-b C

Loi gidai. AA,, BB,,CC, dong quy la do

AB BiIC GiA - p-bp—c p—a_ .

ACBACB p—cp—ap—>b

va dinh 1y Céva

Mat khac:
SAJAB :p—b SAJAB :p—a
Sajac p—¢ Sajpc p—c
nén
Sasa(p—c¢) = Sajac(p —b) = Saspc(p—a) =T
Do do
T 1
_ SasBc p—a B p—a
o T T T 1 1 1
Saapc n i + +
p—a p—-b p—c p—a p—-b p-c
Tuong tu c6
1 1
p—b _ p—c
Yy=77 T T 7 1 T T
+ + + +
p—a p—b p—c p—a p—b p—c
suy ra diéu phai chiing minh. [

Cho M trung .J, ta c6 bai toan sau:

Bai toan 3 Cho tam gidac ABC'. Chiing minh:
Q)R> (p—a)(p=b)(p—c)
T p-a)p-0)+@-bp-)+p-cp-a

b)4R? + Rr > \/a2ryr. + b2rar. + c2rary
1 V2 +rR

Q) — >~
) 50 Z Rir + 4R)
trong do 7, 1, ¢, 7 1an lugt 12 ban kinh cac dudng tron bang ti€p va ndi ti€p tam giac ABC

)Kp—wf%%p—wﬂ%%p—dg]
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Loi gidi. a) Suy truc ti€p bing cdch thay x,y, z 0 trén vao hé thic
OM? = R* — (zyc® + yza® + zzb*)  (3)

S
p—a
S S S
+ +
p—a p—b p—c
Tq Tp Te
rT=——""Yy= )R =
Te+7Tp+7Tc Te+ 7+ 7¢ Te+ T+ 7Tc
Mar,+r,+7r.=4R + r nén

b) D€ ¥ ring néu S 1a dién tich tam gidc ABC thi z =

Suy ra

Ta Ty Te
xr = = Z =
4R+T’y AR+ 71’ AR +r

Thay vao h¢ thic (3) ta c6:
aPryre + b2 rgre + Arary

R? >
- (4R +r)?
hay
4R?> 4+ Rr > \/a%,rc + U?rore + CPramy
¢) Lai thay
1 1 1
_ p—a _ p—2>b _ p—c
=" I T Y= 71 1 T °= 71 1 1
+ + + + + +
p—a p—-b p—c p—a p—b p—c p—a p—b p—c

VNDG)Aﬁﬁrﬁ%(p—aﬂp—bﬂp—d==%;Vé0%%0@—b%+@—bﬂp—@%ﬂp—CXp—a):
52 52 52

p@—®+p@—®+p@—@
=7r(4R+r)taco

=7r(rg+r,+7e)

2
0.J* = R? 5 Sp(a® +0° + &) — (@’ +0° + )]

B p(r? + 4Rr)

Mat khac :
a4+ b+ = (a+b+c) —2(ab+ be+ ca),
maab+bc+ca—p*=(p—a)lp—b)+(p—-0bp—c)+(p—c)(p—a)=r(4R+r) nén

a? +b* 4+ =2p* —2r* — 8Rr

Tiép d6
a® 4+ b+ ¢ = 2p(p* — 3r* — 6Rr)



Suy ra

2

0.J* =R? s (4pRr + 4pr?)

B p(r? + 4Rr)
4p%r
. Ay
Gt agp Bt
T OJ? > 0tacd
Rr +4R* > \/4p*r(R+ )

hay
L VrP+rR

2p ~ R(r +4R)

Piém Lo-moan
Cho tam giac ABC, Ay, By, C 1an luot thuoc BC, C A, AB sao cho

AB & BC & GA B
AlC N bQ’BlA B 02701B B a?

Khi d6 ba duong AA,, BB, CC, déng quy tai mot diém L théa man

a?LA+ LB+ ALC =0

Loi gidi. Ba duong dong quy do dinh 1y Céva.
H¢ thic cin chiing minh ciing suy ra ngay tir cach xé4c dinh cdc diém A, By, C,. Ta co:
2 b2 2

a C

—_—, Y = , 2=
a2+b2+62y a? + b2 + 2 a? + b2 + 2

va zLA + yLE +2LC =0
Cho M trung L, ta dugc bai todn sau:

3a’b*c?

Bai toan 4 Cho tam gidc ABC. Ching minh: R? > @+ 1)

Loi gidi. Cach 1
Theo bai toan 2, ta co
9 abc
T a+b+c
Ma (a? + b* + ¢?)? > 3abc(a + b+ ¢) nén ¢6 diéu phai chiing minh.,
Cach 2
3a%b?c?

Ta c6 OL? = R? — R R > 0 suy ra diéu phai ching minh.




2) Cho M = I-tam dudng tron ndi tiép tam giac ABC
Khi d6 alA + bIB + ¢IC = 0 hay

. a b c
— = z =
a+b—|—c’y a+b+c’ a+b+ec

Cho O lan luot 1a cdc diém dic biét clia tam gidc ABC, ta ¢ céc bai todn sau:

Bai toan 5 a) 3(ab + bc + ca) > a* + b* + ¢* + 36Rr
a b c 3
> -

b + + >
)\/a2+3bc V2 +3ac 2+ 3ba T 2

Loi gidgi. a) Cho O = G-trong tam tam gidc, ta cé:

IG2 = LGA?_F b GBQ—l— C GCQ_ CLbC2+bC(12—|—aCb2 >0
a+b+c a+b+c a+b+c (a+ b+ c)?
1 4 2 abc
- - b 2 2 2
:>a—|—b+09(am”‘+ my o+ em) a+b+c

& dam? + 4bm; + 4em? > 9abe

& a(2b? 4 2¢% — a*) + b(2a® + 267 — b*) + ¢(2a® + 2% — ¢*) = abe

& 2ab(a + b) + 2be(b + ¢) + 2ca(c +a) > a® + b* + & + 9abe

& 2(a+b+c)(ab+ bc+ ca) > (a® +b* + ¢ — 3abc) + 18abe

& 2(a+b+c)(ab+be+ca) = (a+b+c)(a* + b+ —ab—be— ca) + 18.4RS
& 3(ab+bc+ca) > a® +b* + ¢ + 36Rr

b) Ciing tur

167 — a4 b CB 4+ qer_ abc? + bea? + ach?
a+b+c a+b+c a+b+c (a+b+c)?

ta c6
2(a®b + a*c + b*a + b?c + c*a + b)) = a® + b* + ¢ + 9abe ()

St dung bt déng thiic Bunhiacopxki, ta dugc

a b c
\/a2+3bc+ Vb2 + 3ac * V2 + 3ba
S (a+b+c)?
~ ava? + 3bc + bV + 3ac + e/ + 3ab
S (a+b+c)?
T Va+ b+ eV + b+ + abe




Vay can chiing minh

(a+b+c)? >§
Va+b+ceVad+ 0+ cE+9abe 2
& 4(a+b+c) =9(a® + b + ¢ + 9abe)
& 12(a’b + a’c + b%a + b*c + a + ¢*b) > 5(a’ + b + &) + 5Tabe

Nhung do (*) thi
12(a%b + a’c + b*a + bPc + *a + ¢*b) > 6(a® + b* + ¢*) + 5dabe > 5(a® + b* + ¢*) + 57abe
Ta ¢ diéu phai chiing minh. [

a’+ b+

Bai toan 6 Cho tam gidc ABC. Chiing minh a) 4R? >
a+b+c

b)4R? —8Rr > a®> + >+ —ab—bec—ca

Loi giai. a) Cho O = H, tacé

a?bc + b*ca + c2ab
a+b+c

aHA? + bHB? + cHC?* = (a+b+c)HI* +

Chi y ring HA? = 4R?* — a?, HB? = 4R? — 1?, hC? = 4R* — ¢2, ta ¢6 diéu phai ching minh.
b) Van cho O = H, ta ¢6

— 1 — — —

suy ra

TH?> =[(a+b)*+ (b+¢)*+ (c+a)’]R*+ (b+c)(c+a)(2R* — &)+

+ (c+a)(a+b)(2R* —a®) + (b+c)(a+ b)(2R* = b*) > 0
S4R*(a+b+c)?* = (b+c)(c+a)® + (c+ a)(a+b)a® + (b + c)(a + b)b?
S4R*(a+b+c) = a® + b+ + abe
S4R*(a+b+c) = (a+b+c)(a® +b* + & — ab — ac — be) + dabe
S 4R* —8Rr > >+ bV + ¢ —ab—bec — ca

[ |
*) Tir bat dang thic trén, thay a® + b> 4+ ¢ — ab — bc — ca = p? — 3r? — 12Rr, ta duoc:
4R® + 3r* 4+ 8Rr > p*

Ngoai ra, ta cdn ¢6 thé chi ra mdi quan hé ctia cac khoang céach dac biet: O, IG,OH, IH



Bai toan 7 Cho tam gidc ABC ¢6 O, G, H, I 1an lugt 1a tam dudng tron ngoai ti€p, trong
tam, truc tam, tam dudng tron noi ti€p. Chiing minh
1H
1G

b) Ol > —
o1=7

Loi gidgi. Trude hét, ta cé

oG —p_ L0+
9
0[2:R2_“—bc
a+b+c
33 4 3
[H2:4R2_a +b +c —I—abc
a+b+c
1 2 2 a® + b + ¢ + 3abe
IG? = ZTH*+ Z0I” = 20G?* = Z(®* + b¥* + ¢*) —
37073 9(a T+ 3(a+b+c)
a) D& dang ¢6 dugc (a” +b” + ¢*)(a + b+ ¢) > 9abe nén OG < OL.
Xét
3 3 3 A(g2 2 2
4OG2—IH2:a +b +c +abc_ (a +b ‘|‘C)
a+b+c 9
3 3 3 A(g2 2 2
'ﬁc%cmmgmmma b0+ abe 4o 40 +C)>0
a+b+c 9

That vay, bat dang thiic trén tuong duong véi
5(a® +b* + ¢*) + 9abe > 4ab(a + b) + 4be(b + ¢) + 4ca(c + a)
Diéu nay suy ra tir

a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

a® + b+ ¢ > 3abe
IH

Vay tacé OG > -

b) Dua vao bt dang thiic
a’>+ 0>+ <IR? va a® + b2 + & > 3abe

2abc

suy ra IG? <= 2R? —
a+b+c

= 2012 Ta c6 diéu phéi chiing minh. |



2. Khai thac bat dang thic @2 > 0

Xét vecto i = M A + yMB + z]\/fC, ta luon ¢ @2 > 0. Tir d6 suy ra

xyc? + yza® + zab?

TMA? +yMB? + :MC? >
r+y+z

()

D4u déang thic x4y ra khi M 1a tam ti cu theo bo s6 x, v, 2 clia ba diém A, B, C.
Ta lai thu dugc cac bai toan sau:
Bai toan 8 Cho tam gidc ABC'. Chting minh:

aMA? + bDM B? + ¢cMC? > abe
Loi gidi. Trong (*) cho z = a,y = b, z = ¢, ta ¢6 diéu phai ching minh. Déau dang thiic x4y
ra khi M 1a tam duong tron noéi ti€p tam giac ABC. [ |
Baitoan 8.1 Tim diém M trong tam gidc ABC saochoT = MA.MB.AB+MB.MC.BC+
MA.MC.AC nho nhét. Tim 7T khi do.

Loi giai. Ta s€ chiing minh T" > abc. That vay:

) a b c .
Xetx:MA,y:MB,z:Mc,taco
a4 b ¢ _aMBMC+bMCMA+cMAMB
rtYtE= gt s e T MAMB.MC
va

cMC+b.MB+a.MA
MAMB.MC

vyc + yza® + zaxb® = abe.
Thay vao (*), ta c6

abe.(¢. MC +b.MB + a.MA)
a.MB.MC +bMCMA+cMAMB

cMC+bMB+aMA>

hay
aMBMC+bMCMA+cMAMB > abe

Tuy nhién, néu nhin bai toan nay theo phép nghich dao, ta thiy né chi la hé qua truc ti€p bai
todn 8

That vay:

Xét phép nghich dao N, gia stt phép nghich dao nay bién AABC thanh AA'B'C".

Ta c6

1 1 1
I — r_ _-
MA——MA,MB MB,MC UC
v AB BC CA
AIBI - = BICI - - OIAI T
MA.MB’ MB.MC’ MC.MA
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suy ra

T > abe

& B'C'MA? +C'A'MB"” + B'AMC”? > AB'.B'C".C' A

Bai todn quay trd v€ bai todn trén. |

Bai toan 9 ( Chon doi tuyén Viét Nam di thi quoc t& 2003)
. : ) , .MA MB MC
Cho tam gidac ABC'. M la diém trong tam giac. Chiing minh trong cac ti s6 P
a C

) _ . 1
¢6 it nhat mot ti s6 khong bé hon —

V3
Loi gidgi. Ta chiing minh:
MA MB MC
+—+ >3

a b c

Ta cé
MA MB MC MAMB MBMC MCMA
+ + >3 + +

2
( a b c )72 3( ab be ca
Theo bai trén thi

)

MA MB MC,,
(—+ +—)
a b c
va day la diéu phai chiing minh. [

>3
Tur bai todn nay, ta c6 mdt bai todn tuong tu trong khong gian sau:

Bai toan 9' Goi R 1a ban kinh mat ciu ngoai ti€p ta dién A; A, A3 A, va S; 1a dién tich céac
mat doi dién cdc dinh A;, (i = 1;4). M la diém bét 1y trong khong gian. Chiing minh:

MA MA MA MA 2v/3
1 + 2 + 3 + 4 2 \/_
Sl SQ Sg S4 2R

Loi gldl Dat A2A3 = day; A1A3 = a9; AQAl = as; A1A4 = bl, A2A4 = bQ, A3A4 = bg.
va

3
T = Z(az2 +b7)

1=1

) . 3
Goi G 1a trong tam t dién, m; 1a do dai cac dudng trong tuyén tuong ting. Ta c6 GA; = 1
Do dé

(Vi 9m3 = 3(b7 + b3 + b3) — (af + a3 + a3)(*) va tuong tu cho m; )
Ta chiing minh Tv/T > 24v/3S;m;, i = 1;4 (1).
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That vay:
(1) & T? > 24°.3.57.m]

& T >12¢/52m?

Ma trong tam gidc 3 canh a, b, ¢ dién tich S luon ¢6 a® + b* + ¢ > 4v/385.
Ta duoc:

3T = 9m? 4+ 4(a® + a2 + a2) > 9Im? + 1638,
— 9m? + 835, + 8v35,

> 364/ S2.m3

hay T' > 12/5%2.mj3.
Tuong tu hoan toan, (1) dugc ching minh.

Lai c6:

MA;, AMAGA; _ 32V3MA,;.GA, 32[
= >
Si SSimi T\/T T\/_

Cong theo vé& cdc bat dang thitc thu duge, ta c6

(MG.GA; + GA?)

> ks 2O a0

i=1 !
Nhan xét ring T' < 162, ta ¢6 diéu phai chiing minh. |
Tur hé thic () trong 10i giai bai todn trén, ta c6 bai todn
Bai toan 10 Trong mot tit dién, dudng trong tuyén doi dién v6i mat c6 téng binh phuong céc
canh 16n hon thi 16n hon
Loi gidi. Két qua nay la h¢ qua truc ti€p tir h¢ thiic (+) bang cich xét hieu m; — m} |

Quay lai v6i bai todn , tdch diém M thanh 2 diém riéng biét M, M’ trong tam gidc, ta ¢4
bai todn
Bai toan 11 Cho tam gidac ABC, M, M' bén trong tam giac. Chiing minh:

a.MAMA+bMB.M B+ cMCMC > abe

12



C

Bai toan nay khong dé giai quyét vi nd kha tong quat , M, M’ hau nhu khong c6 méi lién
hé ndo. Tuy nhién, ta c6 thé giai quyét mot s6 bai todn trong cdc trudng hop riéng ciia nd

Bai toan 11.1 Cho tam giac ABC, I la tam dudng tron noi ti€p tam gidc. M bén trong tam
gidc .Chitng minh
aMATA+bMB.IB+c.MC.IC > abe

Loi gidi. Tacé a.MA.JA > a.MA.TA = a(MI.TA + 1A?)
Suy ra

a.MATA+b.MB.IB+c¢.MC.IC > MI(alA+bIB+ cIC) +al A> + bIB* + cIC? = abe
[ |
Tién gan ti bai todn téng quat hon mot chut, ta c6 bai todn sau:
Bai toan 11.2 Cho tam giac ABC, I 1a tam duong tron noi tiép tam giac. M, M’ bén trong
tam gidc sao cho ZM I M’ < 90°. Chitng minh
aMAMA+bMBM'B+cMC.M'C > abc
Loi gidi. Tac6 alA+bIB+cIC =0

Suy ra
i =aMA+bMB+cMC = (a+b+c)MI
T =aM'A+bM'B+cMC=(a+b+c)MI
Ma
i* = (aMA* + bMB* + ¢cMC?*)(a + b+ ¢) — abe(a + b+ ¢)
7 = (aM'A? +bM'B? + cM'C*)(a + b+ ¢) — abe(a + b + ¢)
nén

aMA® + bMB* + ¢cMC? = abe + (a—l—b—i—c)2]\/ff2 =abc+ (a+b+c)MI?
a

+b+c

aM'A? + bM'B? + ¢M'C? = abe + -

1 S
m(a +b+ C)QM’IZ =abc+ (a+b+c)M'I?
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— — 1

aMAMAZaMAMA= §(a.MA2 +a.M'A* — a.M'M?)
- — 1

b.MB.M'B > a.MB.M'B = §(b.MB2 +b.M'B* — b.M'M?)
— — ]_

a.MC.M'C > a.MC.M'C = §(c.M02 +e.M'C* — e.M'M?)

Vay a. MAM'A+bMB.M'B+a.MC.M'C
1

> §[aMA2 +bMB? + cMC? + aM' A% + bM'B? + ¢cM'C? — (a + b+ ¢)M' M?]
S a.MAM A+ b.lMB.M’B +aMC.MC

> abe + S(a+b+ o) (MI? + M'T* = M'M?)
Do ZMIM' < 90°nén MI? 4 M'I? — M'M? > 0.
Di¢u nay dan dén

aMAMA+bMB.M B+ cMC.MC > abe
Dau dang thic x4y ra khi va chikhi M = M' =1 |
*) Chi y:
1) Thuc ra trong 101 gidi cua hai bai todn 11.1 va 11.2 khong cin dén gia thiét M, M’ nam trong
tam gidc ABC
2) Trong bai toan 11 trén, khi M’ 1a tam dudng tron ngoai ti€p tam giac ABC', ta cé bai toan
quen thuoc
aMA+bMB-+c.MC > 4S8

Diéu nay cho thdy c6 thé khong can dén gia thigt ZMITM' < 90°, ¢6 nghia 1a bai todn 11 c6
nhiéu kha nang 1a mot két qua ding.
3) Phuong phdp chiing minh bai todn téng quét hoi khic so véi viéc chiing minh cdc trudng
hop dac biét va s& duoc dé cap ¢ phan sau.

3. Khai thac dinh nghia tich vo huéng

Tiép theo ta khai thac dinh nghia tich vo hudng

.7 = |if].|7]. cos(@, )
Dinh nghia nay dan t6i mot s6 tinh chat
1) 4.7 < .|V
2) 4.¥ 2 0 & cos(4,¥) > 0 & (4, 7) < 90°
Ta ¢6 mot so bai toan sau:
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Bai toan 12 Cho duong thing 2’ va hai diém A, B nim vé mot phia ctia né, M € xa'. Biét
rang
cosZAMz b

—— = —(a,b>0
cos/BMz a (a, )
Chitng minh v6i moi NV trén zz’, ta c6

aNA+bNB > aMA+bMB

Loi gidi. Ta c6

aNA+BNB = NAMA+ -2 NBMB

MA MB
b
WNA MA+WNB MB
~ MA MB
Con lai ta chitng minh:
MA MB
Y bm 0 < acos(NM, MA) +bcos(NM, MB) =0

+)Néu N € Mz thiacos(NM, MA)+bcos(NM, MB) = —acos ZAMaz+bcos ZBMz = 0
+) Néu N € Mz’ hoan toan tuong tu, ta ciing ¢6 a cos(NM, M A) + bcos(NM, MB) = 0.
Vay

aNA+bNB > aMA+bMB

Bai toan 13 Cho tam gidc ABC khong c6 géc nao vuot qua 120°. Tim diém M sao cho
MA + M B + MC nho nhét. Tim gia tri nho nhat khi d6
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M

N

B C
Loi gidi. Cho diém X bat ky, ta c6:

MAXA MAXA L XA

MA XA 7 XA XA

. XA XB X(
MA+MB+MC>MX“A+XB+X9+XA+XB+XC

X*A+X*B+X*C
XA ' XB ' XC
MA+ MB+MC > XA+ XB+ XC

Chon X sao cho = ( thi ta dugc

Con lai 1a phai chi ra X ¢6 dinh va tinh XA + X B + XC. bat =1 =7, =k
ta co

i,7) = —= hay (z,7) = 120°

suy ra (i + J)% = k% = cos ( 5

Tuong tu, (7, l;) = 120° va do d6 X 1a diém nhin ba canh tam gidc véi géc 120° (Diém Toricelli).
q XA XB XC - 7
N “1 X T did — v X 1 diém o6 dinh.
RO rang né€u X 1a diém Toricelli thi XA + XB + X 0 va X la diém co6 dinh
Mait khac

(XA+XB+XC)*= XA+ XB*+ XC?+2(XAXB+XB.XC+ XC.XA)

2 b2 2
WS

. . L.
(vi dinh 1y ham s6 cosin va cong thic tinh di¢n tich: S = §bc sin A)

. s a4+ b* 4 ¢ S
Vay MA + MB + MC dat gia tri nho nhat bang T+2S\/§kh1Mla diém

Toricelli cia tam gidc. [ |

Cic bai todn sau 12 hé qua cuia bai toan vé diém Toricelli.
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Bai toan 13.1 Cho tam gidc ABC. M 1a diém Toricelli ctia tam gidc. Chiing minh

1

> MA+b . MB+cMC < =(MA+ MB+ MC)?

wl

Loi giai. Pat MA =2, MB =y, MC = z, ta ¢6 céc hé thic
a2:y2—|—yz+22;b2:22+zx+x2;02:x2+xy—|—y2

Khi d6 ta chi can ching minh

1
(V*+yz+ 252+ (2 + 2o+ 2%y + (2 + 2y + )z < g(g;+y+z)3
Diéu nay tuong duong vdi
zy+yz+ zx < 7 +y + 22
Ta dugc diéu phai ching minh |

Bai toan 13.2 Cho z, y, 2 1a cac s6 thuc duong thoa man z + y + z = 1. Dat

a=\VyY+yz+220=V22+zo+ 1% c= 22+ 2y + 9>
Chitng minh: ab + bc +ca > 1

Loi gidi. Gia st cho diém M bit ky trong mat phang.

Dung cic diém A, B,C sao cho MA = x;MB = y; MC = z va ZAMB = /BMC =
ZCMA = 120°.

Khi d6 M A 1a diém Toricelli ctia tam gidc ABC c¢6 ba canh BC = ; CA = b; AB = c.

Ta can ching minh

2 b2 2
ab+bc+ca>1=MA+ MB+ MC = \/%msﬁ

hay
a? + 0+ >4SV3+ (a—0)? + (b—¢)* + (c — a)?

Pay 12 mot bat dang thitc ding [ |

Bai toan 13.3 (D¢ thi HSGQG Viét Nam 1998)
Tim gia tri nho nhét

Pz;y)=+(@+1)2+ @y — 124+ V(@ -1+ (y+1)2+ V(z+2)2+ (y + 2)?

Loi gzal Trongmatphangtoadoa:nyetdlem M (z;y) vacdc diém A(—1;1); B(1; —1); C(—2; —2).
Tac6 AB = (2;-2); BC = (—3;—1); CA = (1;3)

Suyrac= AB = 2v2;a = BC V10 = AC = bnén A, B, C 1a ba dinh mot tam gidc can

tai C', khong cé géc nao vugt qua 120°

17



Bai toan trd thanh: Tim gid tri nho nhat cha M A+ MB + MC.
a® + b + ¢

Theo bai todn 13, tacé6 MA+MB+ MC > \/ + 25v/3 va ddu bang xay ra khi

M 1a diém Toricelli ctia tam gidc ABC nén viéc con lai 12 tinh dién tich S cta tam gidc ABC.

AB.AC 4 1 2
Taco 25 =bec.sin A vacos A = C: = —=8nA=——.
b.c 415 V5 V5
Vay 25 = 8 Cu6i ciing, ta c6 P(x;%) dat gid tri nho nhat bing /14 + 8/3. [

Tuong tu, ta c6 mot bai todn trong khong gian sau:
Bai toan 14 Cho titdién ABCD. X 1a diém trong khong gian sao cho XA+ XB+XC+XD
nho nhat. Ching minh: X nhin cdc canh d6i dién cla ti dién dudi cdc géc bang nhau
Loi gidi. Goi X 1a diém sao cho

XA XB XC XD

XA xB " xc xp "

Khi d6 VM, ta c6
. XA XB XC XD

>
MA+MB+MC+AMLJWWXA+XB+XC+XIQ+XA+XB+XC+XD
suy ra
MA+MB+MC+MD>XA+XB+XB+ XD

DatX”A:XB_q,XC_EX*D_ftaCé

"XA "XB VX0 "XD "~

i+ +k+1=0

Suyra (i+7)2 = (k+1)2 = (i,j) = (k,1) hay X nhin AB va C'D duéi nhiing géc bing nhau.
Tuwong tu vGi cac cap canh doi dién con lai. [ |

Tiép d6 1a mot bai toan tuong tu trong phang

Bai toan 15 Cho tam gidc ABC. Khi d6 VM ta cé

aMB + bMC + ¢cMA > Va2b? + b2 + 2¢2

Loi gidi. Goi X 1a diém thda min
XB +bX*C N XA 5
“XBT'XCc Txa

Khi dé
. XB . X( XA
aMB +bMC +cMA > MX(a== +b O—I—c

~5 T 'xo XA)+aXB+bXC’+cXA
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hayaMA+bMB+cMC’ aXB+bXC+ cXA.
XB HXC’ S XA -

Dat k,t
S D A T i
—_»+b—» E —
. BC - CA - Al
Mat khéc, dat ' = —; j' = - k' = —, ta cling c6
a C

af%—bf’—f—c/g’:ﬁ
Do do6

—

@ivbr=c¢ | @+ +2abeosif) = ¢
(ai' + bj")? = ¢* a® + b? + 2abcos(7, ) = ¢

o~ e

Suy ra cos(7, ) = cos(#, j/) hay ZBXC = 180° — ZBC A
Tud6: LZXBC+ /XCB=/XCB+ /XCA= /ZXBC =/ZXCA.
Hoan toan tuong tu, ta c6:

/XBC =/XCA=/XAB =«

( X 1a mot diém Broca cuia tam gidc ABC)

B C
Ta di tinh X A, X B, XC theo a,c,b.
Ta cé

> = XA+ XC? —2XA.XC.cos LZAMC
= XA+ XC?-2XA.XC.cos A

XA b b
sinae sinZAXC  sin A
XC  a éXA—E
sinaw  sinC  XC a?
Suy ra: » ) ) ,
b*c bcb*+c¢” —a
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hay

XC? = ba = XC = b
C b + 0% + 2a? V@ 2+ 3a?
Tuong tu
bic cta

XA=

i XB =
Vazb? + b2 + c2a? Vazb? + b2 + 2a?

Vay aXB + bXC + cX A = Va2b? + b2c? + c?a?
Ta ¢6 di€u phai chiing minh. |

Tur bai toan trén, nhd cach tinh cac khoang cach tur diém Broca dén cac dinh tam gidc, ta
c6 bai toan sau:

Bai toan 16 Cho tam giac ABC, BC' = a,CA = b, AB = ¢. Ching minh:
b+ bPc+ Ea > a?b + VP + Pa?
Loi giai. Trude hét, ta ¢6 nhan xét sau: Vi moi M, N trong tam gidac ABC' thi

MA.sin Z/ZBNC + MB.sin Z/CNA+ MC.sin ZANB
> NA.sinZBNC + NB.sin ZCNA+ NC.sin ZANB

Ti€p d6 cho M va N 1a hai diém Broca cta tam gidc, chd y: ZBNC = 180° — B; Z/CNA =
180° — C'; ZANB = 180° — A va céch tinh nhu bai trén, ta c¢6 di€u phai ching minh. [ |

Tir bai todn 15 lai sinh ra mdt bai toan tuong tu nhu bai todn 13.3

Bai toan 15.1 Tim gia tri nho nhat

P(zyy) = V29[(z = 1)2 + (y +2)?] + V/29[(z — 3)2 + (y — 3)] + V/18[(2 +2)* + (y — 1)?]

Loi gidi. Xét trong hé toa do xOy céc diém M (z;y); A(—2;1); B(1; —2); C(3; 3) thi bai todn
trd thanh: Tim gia tri nho nhét cua

a.MB+bMC+c.MA

Theo bai 15 thi

a.MB+b.MC +c.MA > Va2h? + b2 + c2a?
va dau bang xay ra khi M 1a diém Broca thoa man /M BC = /MCA = /MAB |

Bay gio quay tro lai bai todn 11. Trudc hét, ta cé bai toan sau:
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Bai toan 11.3 (Du tuyén IMO 98)
Cho tam gigc ABC. M, N 1a cdc di€ém bén trong tam gidc sao cho /M AB = /NAC; /M BA =
ZNBC.
Khi d6

MA.NA N MB.NB n MC.NC

1
be ac ab

Nhu vay, bai todn trén chi ra diéu kién xdy ra dau bing trong bai todn 11, ta ¢6 101 giai bai toan
11 nhu sau:

Loi gidi bai todn 11. Goi N 1a diém théa man gia thiét trong bai todn trén.

A

N
B C

bat AMAB = /NAC = «a; /MBA = /NBC = §.
Theo dinh 1y Ceva dang sin thi ZMCB = ZNCA = 7.
Nhan xét rang:

MANA N MB.NB N MC.NC i
NA.bc NB.ac NC.ab

That vay:
Ta cé
SNBc.NA + SNAc.NB + SNAB.NC =0

Ta s€ chiing minh:

MA MB MC
NAbc  NB.ac _ NC.ab
Svge  Svac  Snpa
Ta cé:
MA _ MB
NA.b.C.SNBC N NB.b.(I.SNAC
MA . NA
< MB.b.C.SNBC N NB.b.a.SNAC
o sin 3 _ NA
sina.b.c. NB.a.sinf  NB.c.a.NA.b.sin«
1 1

< = = -
sino  sln«
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Diéu nay luon ding. Vay (1) dugc ching minh.

Lai ¢c6
MAM A B MAMANA
be - NA.be
MAMANA MANA . MANA
> = MM —
NA.bc be + NA.bc
Nén
MAMA MBMB MCMC _ MANA MBNB MC.NC
+ + > + + =1
be ac ab be ac ab
Bai toan dugc ching minh. |

Bai toan 17 Cho tam gidac ABC khong can, goi G, I, H lan luot 1a trong tam, truc tam, tam
duong tron ndi ti€p tam gidc. Chiing minh

ZGIH > 90°
— — 1
Loi gidi. Ta di ching minh: TH.IG = 5(47"2 — R?) 0.
2 P R
That vay, goi N la trung diem OH thi N la tam duong tron 9 diém va IN = 3"

Hon nita 1O? = R? — 2Rr va TH = 2IN — 10;3IG = 2IN + IO.
Vay 3IHIG = (4IN? — I0?).
Tir d6 suy ra diéu phai chitng minh.
[ |

4. Mot vai bat dang thitc dai so ching minh bang tich vo
huéng

Bai toan 18 Cho z;; y;( := 1,n) thoa man

Z%’ = Zyi =0
i=1 i1

Ching minh ring

n n

23 (a2 +y2) <) (J2R+

Loi gidi. Xét cac diém A;(z;;y;). Do



Hon nita OA; = /27 + y72.

Tu (1), ta co

zn: OA?= -2 04;,04;<2Y 0A;.04;
i=1 i<j 1<j

Suy ra
23°042 < (3 04,2
i=1 i=1

Day 1a diéu phéi ching minh.

[
*) Bai toan nay c6 thé phat biéu theo cdch khdc nhu sau:
Cho da gidc trong mat phang c6 n canh 13 ay; ay; . . . ; a,. Chiing minh ring
n n

S a) > 2 a)

i=1 i=1

Day la bai todn téng quét ctia bai todn: Trong tam gidc ABC canh a, b, c thi 2(ab + bc + ca) >
27 12 2

a®+b+c

*) Trong bai todn trén, ddu dang thic xay ra khi va chi khi v6i moi 4, j, géc gitta OA; va O 4;

12 180°. Diéu nay khong xay ra nén ta c6 bat dang thitc thuc su.

Bai toan 19 (Mathlink) Cho 6 s6 thuc a, b, ¢, z, y, z thda méan

(a+b+c)(z+y+2)=3;(a®+b*+ ) (2* +y*+2%) =4
Chiing minh: ax + by + cz > 0
Loi giai. Trong hé toa do Oxyz xét cac vecto

= (a,b,c);7 = 03(1 = (z,y,2); 25 = 05(2 = (y,z,2);253 = 0X3 = (z,2,y)

va goi «; 1a géc gitta vecto z; va .
Ta c6: |z;|.|d] = 2 va

3=(a=b+c)(x+y+2)= (] + 25+ 23)0 = 10 + 7%

hay

3
COS (X1 + COS (g + COS (xg = 5
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Hon nita: ax + by + cz = 714. Vay bét dang thic can ching minh tuong duong vé6i a;; < 90°.
Dé chiing minh, ta xét bo dé sau:

Bo dé: Cho ba vecto trong khong gian c6 do dai biang nhau va cdc géc tao boi hai trong ba
vecto d6 déu bang nhau. Xét mot vecto @ ma gbc tao bdi vecto d6 véi ba vecto da cho 1a
Qq, (g, O3 thoa man o > 90°. Khi do

3
COS (¥] + COS (vg + coS (g < B
Chiing minh. Goi ¢ 1a géc gilta cac vecto 71, T3, 3 da cho.
Gia str
~ . - e P !/ /
21 = (0;0;1); 2% = (m,n,cos ¢); 23 = (m',n, cos @)
m? 4+ n? =sin® ¢
m'? + n'? = sin® ¢
mm' + nn' = cos ¢ — cos® ¢

Giasu i = (p,q,7r),/p*+¢*+r?=1.Taco

coS vy + cos g + cosas =1+ pm + qn +rcos ¢ + pm' + qn' + 1 cos ¢
=r+pm+m)+qn+n)+r2cosd+1)

A

Do cosa; =17 < 0 nén
+) Néu ¢ > 90° thi cos ¢ < 0. Khi dé

AP HE+Fr)[(m+m) 2+ (n+n)? +4cos’g] =2+ 2cosp < 2

+) Néu ¢ < 90° thi cos ¢ > 0. Khi d6 A < p(m +m') + q(n +n’) nén

N o

A< (PP + @A) [(m+m') + (n+n)?] < V2(1 +cos ¢ — cos? ¢) <

B6 dé chitng minh xong.
Bai todn trén 13 hé qua truc ti€p clia bd dé nay. |

*) Ngoai bat dang thic thu duoc, ta con c6 mot loat céc bat dang thic tuong tu
ay+br+cz>20;ay+bz+cr>0;ax+bz+cy > 0;az+br+cy > 0;az+by+cxr >0
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Phu luc
P1. (Du tuyén IMO 98)

Cho tam gidgc ABC. M, N 1a cdc di€ém bén trong tam gidc sao cho /M AB = /NAC; /M BA =
ZNBC.
Khi dé6

MANA MBNB MC.NC
+ + =

1
be ac ab

Loi giai. Trén tia d6i cia tia NB 18y K sao cho /BCK = ZBMA. Khi d6 do ZMBA =
/K BC, ta ¢6 hai tam giac BM A va BCK dong dang.

Suy ra
CK - BC
AM  BM
hay
AM.BC
K= 1
C - U
A K
N
B C
Hon nita BK BC
nén
AABK ~ AMBC
va do do

AK CM BK BC
AB BM’' AB BM
hay AK = %; BK = AB.BC (2) Mat khiac, ZCKB = ZMAB = ZNAC nén ti

giac ANC K noi tiép. Theo dinh 1y Ptoleme, ta cé

AC.NK = AN.CK + CN.AK < AC(BK — BN) = AN.CK + CN.AK (3)
Thay (1), (2) vao (3) ta cé

Agj\i(] _BN) = AN.AM'BC +C’N.AB'CM

A
e BM BM
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hay
MANA n MB.NB n MC.NC

1
bc ac ab
|
P2
Cho tam giac ABC' ¢6 cac canh a, b, ¢ va dién tich S. Chitg minh
A+ +E>4V3S+ (a—0)2 + (b—c)* + (c—a)?*(1)
Loi gidi. Ta c6
(1) < 2(ab+ be + ca) > 4V3S + a®> + b + 2
1
45 > 435 4+ 45(cotgA tg B tgC'
< (sinA+sinB+sinC) V35 + 45(cotg A + cotgB + cotgC)
1 1 1
—— —cotgA) + (—— — cotgB) + (—— — cotgC) >
& (G — o) + (g — coteB) + (5 —coe0) > V3
1—cosA 1—cosB 1—cosC
>3
< sin A + sin B + sin C' V3
A B C
< tg(g) + tg(;) + tg(g) >3
Pay Ia bai toan quen thuoc. [ |

P3 ( Dinh ly Ceva dang sin)

Cho tam gidc ABC. Piém M, N, P thuoc cac canh BC, C A, AB. Chitng minh : AM, BN,CP
déng quy khi va chi khi
sin MAB sin NBC' sin PCA
sin MAC "sin NBA sin PCB
Loi gidi. Tru6c hét ta chitng minh bé dé: Cho 4 géc «, o, 3, 3’ thdéa man:
a+pf=ad + [ <180°
sina sina’ .
sinf  sinf’

1

Khidéa=ao';5=7".
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Chiing minh. Dung tam gidc ABC c6 A=a+ =o' + .
Lay M, M’ trén BC' sao cho

/BAM = o; ZCAM = 3

/BAM' =o; ZCAM' = 3"

Ta cé
MB  Samp  AM.AB.sina  AM'.AB.sina’ M'B

MC  Sime AMAC.sinf  AM'.AC.sinpg  M'C
Suyra M = M'"haya =o'; 8= ('

B C
M

Trd lai bai toan chinh, néu AM, BN, C'P déng quy tai O thi

sin MAB sin NBC sin PC A B sin OAB sinOBC sinOCA 0B OC OA B
sin MAC sin NBA sin PCB  sinOBA 'sinOCB sinOAC  OA OB OC

Nguoc lai, gia st ¢6
sin MAB sin NBC sin PCA

sin MAC sin NBA sin PCB 1
va AM céat BN tai O, theo phan trudc,
sin OAB sin NBC sin PC A _1

sin OAC sin NBA sin PCB

sin MAB _sin OAB

ra SnMAC — SinOAC.TheobodetmOeAM.
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